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PREFACE. 


I HAVE endeavoured in the following Treatise to exhibit the 
subject in a simple manner for the benefit of beginners, and 
at the same time to include in one volume all that students 
usually require. In addition, therefore, to the propositions 
which have always appeared in such treatises, I have intro- 
duced the methods of abridged notation, which are of more 
recent origin ; these methods which are of a less elementary 
character than the rest of the work, are placed in separate 
Chapters, and may be omitted by the student at first. 

The examples at the end of each Chapter, will, it is hoped, 
furnish sufficient oxercise on the principles of the subject, 
as they have been carefully selected with the view of illus- 
trating the most important points, and have been tested by 
repeated experience with pupils. At the end of the volume 
will be found the results of the examples, together with hints 
for the solution of some which appear difficult. 

The propertics of the parabola, ellipse, and hyperbola, have 
been separately considered before the discussion of the general 
equation of the second degree, from the belief that the subject 
is thus presented in its most accessible form to students in 
the early stages of their progress. 

I. TODHUNTER. 


St Joun’s Couiecr, 
July, 1855. 


" In the fourth edition tke work has been carefully revised, 
and a large amount of new matter has been introduced, 
chiefly relating to the more recent methods of investigating 
the properties of the conic sections. The work was originally 
designed for early students, and in the additions which have 
been made this object has been constantly regarded. 
Accordingly great attention has been given to the explanation 
and illustration of the principles of the methods which are 
employed ; so that it will be easy for a student hereafter to 
develope these principles to any required extent. 

The favour with which the work has been received in- 
dicates that it has been found adapted for the purpose of 
elementary instruction ; and the hope may be expressed that 
the improvements now effected will increase its utility. 


Muy, 186;. 
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PLANE CO-ORDINATE ‘GEOMETRY. 


CHAPTER I. 
CO-ORDINATES OF A POINT. 


1.. In Plane Co-ordinate Geometry we investigate the 
properties of straight lines and curves lying in one plane 
by means of co-ordinates ; we commence by explaining what 
we mean by the co-ordinates of a point. 





Let O be a fixed point in a plane through which the 
straight lines X’OX, Y'OY, are drawn at right angles. Let 
P be any other point in the plane; draw PA parallel to OY 
neeting OX at M, and PN parallel to OX meeting OY at 
V. The position of P is evidently known if OM and ON 
re known; for if through N and J straight lines be drawn 
arallel to OX and OY respectively, they will intersect at P. 

The point O is called the origin; the straight lines OX 
nd OY are called axes; OM is called the abscissa of the 
oint P; and ON, or its equal MP, is called the ordinate of 


ie point P. Also OMand MP are together called co-ordi- 
ates of the point P. 


2. Let OM=a, and ON=B), then according tv our defi- 
itions we may say that the point P has tts abscissa equal to a, 
id its ordinate equal to b; or, more briefly, the co-ordinates 


TC. S. 1 
Is 


2 CO-ORDINATES OF A POINT. 
b 


of the point P are a und b. We shall often speak of the 
point which has a for ‘its abscissa and 0b for its ordinate, as 
the point (a, b). 


3. A distance measured along the axis (_X is however 
most frequently denoted by the symbol z, and a distance 
measured along the axis OY by the symbol y. Hence OX 
is called the axis of 2, and OY the axis of y, Thus a and y 
are symbols to which we may ascribe different numerical 
values corresponding to the different points we consider, and 
we may express the statement that the co-ordinates of the 
point # are a and J, thus; for the point 2, 2=a and y=. 





4. The straight lines X’O.X, Y'OY’, being indefinitely 
produced divide the plane in which they lie into four com- 
partments, It becomes therefore necessary to distinguish 
points in one compartinent from points in the others. For 
this purpose the following convention 1s adopted, which the 
reader has already seen in works on Trigonometry ; straight 
lines measured along O.\ are considered positive and along 
OX’ negative; straight lines measured along OY are con- 
sidered positive, and along OY" negative. (See Trigonometry, 
Chap. iv.) If then we produce PN to a point Q such that 
NQ=NP, we have for the point 0, z=—a, y=6. If we 
produce PM to & so that MR= MP, we have for the point 
R,x=a, y=—b. Finally, if we produce PO to S so that 
OS = OP, we have for the point S,z=—a, y=— 0. 


POLAR CO-ORDINATES OF A POINT. + 


5. In the figure in Art. 1 we have taken the angle YOY 
a right angle; the axes are then dalled rectungular. If the 
angle YOX be not a right angle, the axes are called oblique. 
All that has been hitherto said applies whether the axes are 
rectangular or oblique. We shall always suppose the axes 
rectangular unless the contrary be stated; this remark applies 
both to our investigations and to the examples which are given 
For the exercise of the student. 


6. Another method of determining the position of a point 
in a plane is by means of polar co-ordinates. 


Let O be a fixed point, and OX a fixed straight line. 
Let P be any other point; join vp 
OP; then the position of P is a 
determined if we know the an- ; a 
gle XOP and the distance OP. a EES, 
‘The angle is usually denoted by Se 
6 and the distance by r. 


O is called the pole, OX the initial line; OP the radius 
vector of the point L, and POX the vectorial angle. 

7. The position of any point might be expressed by 
positive values of the polar co-ordinates 6 and 7, since there 
is here no ambiguity corresponding to that arising from the 
four compartments of the figure in Art. 4. It is however 
found convenient to use a similar convention to that in 
Art. 4; angles measured in one direction from OX are con- 
sidered positive and in the other negutive. Thus if in the 
ficure AVP be a positive angle, XO will be a negative 
angle; if the angle XOQ be a quarter of a right angle, we 
may say that for XOQ, @=— 4 
not absolutely necessary to introduce negative angles, Wut con- 
venient ; the position of the straight line OQ, for instance, 
might be determined by measuring from OX in the positive 
vis . . 
y well as by measuring in the 


It is, ag we have stated, 


direction an angle = 27 — 


e e e T 
negative direction an angle = $° 


4 LENGTH OF THE STRAIGHT LINE 


Also positive and negative values of the radius vector are 
admitted. Thus, suppose*the 


co-ordinates of P to be 1 and P 


; T 
a, that is, let XOP = ri and + 


OP =a; produce PO to IP’, so 
that OP’ = OP, then P may @& 
be determined by saying its 
co-ordinates are y and —a. Thus when the radius vector is 
a negative quantity, we measure it on the same straight line 
as if it had been a positive quantity but in the opposite direc- 
tion from 0. 

Hence if 8 represent any angle and ¢ any length the 
same point is determined by the polar co-ordinates B and 
—c as by the polar co-ordinates a -+ 8 and c. 


8. Let 2, y denote the co-ordinates of P referred to O.Y 
as the axis of a, and a straight line through O at right angles 
to O.Y as the axis of y. Also let @ and r be the polar co-, 
ordinates of 2. If we draw from P a perpendicular on OY, 
we see that 

a=rcos6, and y=r sin 8. 

These equations connect the rectangular and polar co-ordi- 
nates of a point. From them, or from the figure, we may 
deduce 


x+y =r", v= tan 6. 


We proceed to investigate expressions for some geome- 
trical quantities in terms of co-ordinates, 


9. Zo find an expression for the length of the straight 
line joining two points. 

Let P and @ be the two points; @ the inclination of the 
axes OX, OF. Draw PAL YN parallel to OY; let x,, y, be 
the co-ordinates of P, and a,, y,, those of Q. Draw PR 
parallel to O.Y. Then, by Trigonometry, 

PY=PH + QH-2PR. QR cos PRQ 
Me+2PR. OR cos w. 


JOINING TWO POINTS. 5 


But PR=a2,—2z,, and QR=y,—y,; therefore 
PQ= (z,— 7,)°+ (y,— y,)° + 2x, —%,) (Y.— y,) Cos w...(1), 
and thus the distance PQ is determined. 


If the axes are rectangular, we have 


PQs (1-2) + (yyy cceereeerecereees 52). 





The student should draw figures placing P and Q in the 
different compartments and in different positions ; the equa- 
tions (1) and (2) will be found universally true. 


From the equation (2) we have 

PH HaetyPt ast y2—2 (a, e+ YyYq) -eeee (3). 
The following particular cases may be noted. 
If be at U then 2,=0 and y,=0; thus PQ'=a,*+ y,". 


If P be on the axis of x and Q on the axis of y, then 
y,=0 and «,=0; thus PY =a? +7 


Let 6,, 7, be the polar co-ordinates of P, and @,, r, those 
of Q; then, by Art. 8, 


x,=r,cos6,, y,=r,sin8, x,=7, con 6, y,=r, sin 6, 
Substitute these values in (3) and we have 
PO = 73+ 7,3 — 2r,r, cos (8,— 8,). 


This result can also be obtained immediately from the tri- 
angle POQ formed by drawing straight lines from 2’ and Q 
to the origin. 


6 CO-ORDINATES OF A POINT. 


10. To find the co-ordinates of the point which dindes in 
a given ratio the straight ne joining two given points. 





Let A and B be the given points, z,, y, the co-ordinates 
of A, and a,, y, those of B; and let the given ratio be 
that. of nN, to Ny. Suppose C the required point, so that 
AC: CB:: n, Draw the ordinates AL, BM, CN; and 
AR parallel to "OX mecting CN at D. Let a, y be the co- 
ordinates of C. 


It is obvious from the figure that 


LN _AD_ AC 
NM DR CB? 
that is, ins he he 


bade 9 
Le Ny, 


therefore wm Te FMT, 
nm, + n, 
e e + n y 
Similar] we a | 
ilarly, y sary 


In this Article the axes may be oblique or rectangular. A 
simple case is that in which we require the co-ordinates of the 
point midway between two given points ; then n, =n, and 


w= (z,+2,), y=h(y,+y,). 


AREA OF A TRIANGLE. 7 

4 

11. To express the area of a triangle tn terms of the co- 
ordinates of ws angular points. e 


Let ABC be a triangle ; let x,, y, be the co-ordinates of 
A; &,, y, those of B; x,, y, those of C. Draw the ordinates 
AL, BM, CN. The area of the triangle is equal to the 
trapezium A BML + trapezium BCN.M — trapezium ACNL. 


Y 





O L M WN x 


The area of the trapezium ABMZL is 4 LM (AL + BM). 
This is obvious, because if we join BL we divide the trape- 
zium into two triangles, one having AJL for its base and the 
other B.A, and each having 2M for its height ; 


thus, trapezium ABML = 4 (x, —2,) (y, + ¥,) 3 
also, trapezium BCNM = } (2,—-,) (y, + 9,) 3 
and, trapezium ACNLZ = }(a,—-,) (y, + 9,) ; 
therefore triangle ABC 


=4${(x,—@,)(y, + ¥,) + (% — %,)(y, + Ys) — @ — %,) (Y,4+Ys)). 

This expression may be written more symmetrically thus: 

4 {(,— 2) (y+ 9.) + @— 2) (Ys +.) +, — 24) (Yt %)}---(1)- 
By reducing it, we shall find the area of the triangle 

=} (ry, — X,Y, + 2,4, — LY + L,Yy— UyY,}ereeceees (2). 


If the axes be oblique and inclined at an angle @, the area 
of the trapezium ABML =} LM (AL + BM) sina, and simi- 
larly for the other trapeziums, Thus the arca of the triangle 


8 LOCUS OF AN EQUATION. 


¢ 

will be found by multiplying the expressions given above 
by sin o. . 

; However the relative situations of A, B, C may be changed, 
the student will always find for the area of the triangle the 
expression (2), or that expression with the szgn of every term 
changed. Hence we conclude, that we shall always obtain 
the area of the triangle by calculating the value of the expres- 
sion (2), and changing the sign of the result if 1t should prove 
negative, 


Locus of an equation. Equation to a curve. 


12. Suppose an equation to be given between two unknown 
quantities, for example, y-a2—2=0. We sce that this 
equation has an indefinite number of solutions, for we may 
assign to x any value we please, and from the equation deter- 
mine the corresponding value of y. Thus corresponding to 
the values J, 2, 3,... of a, we have the values 3, 4, 5,... of y. 
Now suppose a line, straight or curved, such that it passes 
through erery pont determined by giving to a and y values 
that satisfy the equation y—a—2=0; such a line is called 
the locus of the equation. It will be shewn in the next 
Chapter that the locus of the equation in question is a straight 
line. We shall sce as we proceed that generally every equa- 
tion between the quantities 2 and y has a corresponding locus. 

But instead of starting with an equation and investigating 
what locus it represents, we may give a geometrical definition 
of a curve and deduce from that definition an appropriate 
equation ; this will likewise appear as we proceed ; we shall 
take successively different curves, define them, deduce their 
equations, and then mvestigate the properties of these curves 
by means of their equations. We shall in the next Chapter 
begin with the equateon to a straight line. 

The connexion between a locus and an equation is the 
fundamental idea of the subject and must therefore be care- 
fully considered; we shall place here a formal definition 
which we shall illustrate in the next Chapter by applying it 
to a straight line. 


The equation which expresses the invariable relation 
which exists between the co-ordinates of every point of a 
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e 
curve 1s called the equation to the curve; and the curve, the 
co-ordinates of every point of whigh satisfy a given equation, 
as called the locus of that equation. 


13. The student has probably already become familiar 
with the division of algebraical equations into equations of 
the first, second, third... degree. When we speak of an 
equation of the n™ degree between two variables we mean 
that every term is of the form A azty® where @ and 8 are zero 
or positive integers such that a+ 8 is equal to n for one or 
more of the terms but not greater than n for any term, and A 
is a constant numerical quantity ; and the equation is formed 
by connecting a series of such terms by the signs + and —, 
and putting the result = 0. 


EXAMPLES. 


1. Find the polar co-ordinates of the points whose rect- 
angular co-ordinates are 


(1) v=1, y=1; (2) a=—-1, y=2; 
(3) #x=—1, y=1; ($4) w=-1, y=-1; 
and indicate the points in a figure. 


2. Find the rectangular co-ordinates of the points whose 
polar co-ordinates are 


(1) O=F,r=8; (2) 0=-", r=3; 
3) O=5, r=-3; (4) @=-", r=—3; 


and indicate the points in a figure. 


3. The co-ordinates of P are —1 and 4, and those of Q 
are 3 and 7; find the length of LQ. 


4. Find the area of the triangle formed by joining the 
first three points in Example 1. 


5. A is a point on the axis of 2 and Ba point on the 
axis of y; express the co-ordinates of the middle point of 
AB in terms of the abscissa of A and the ordinate of B; shew 
also that the distance of this point from the origin = 4 AB. 


10 EXAMPLES. CHAPTER I. 


6. ‘Transform equation (2) of Art. 11 so as to give an 
expression for the area of a triangle in terms of the polar 
co-ordinates of its angular points. Also obtain the result 


directly from the figure. 


7. A and B are two points and O is the origin; express 
the area of the triangle AOB in terms of the co-ordinates 
of A and JB, and also in terms of the polar co-ordinates of 


A and B. 


8. A, B, C are three points the co-ordinates of which are 
expressed as in Art. 11; suppose D the middle point of AB; 
join CD and divide it at G so that CG=2GD: find the 


co-ordinates of G. 


9. Shew that each of the triangles GAB, GBC, GAC, 
formed by joining the point G in the preceding Example to 
the points A, J, C, is equal in area to one-third of the 
triangle ABC, See Art. 11. 


10. A and B are two points; the polar co-ordinates of A 
are @,, 7,; and those of Bare 0, r, A straight line is drawn 
from the origin O bisecting the angle 4 OB; if C be the point 
where this straight line meets 4B shew that the polar co- 


ordinates of C are 6= 4 (6, +6,) and r= arr, cos $ (0, — 6) ; 
rr, 


11. Find the value of CD* and AD* in Example 8 in 
terms of the co-ordinates there used ; and shew that 
AC?+ BO =2C0D + 2AD*. 
12. Find the value of GA’, GB*, and GC’, in Example 9 
in terms of the co-ordinates there used ; and shew that 


3 (GA’+ GB + GC") = AB’ + BC? + CA’. 


(11) 


CHAPTER II. 


ON THE STRAIGHT LINE. 


14. To find the equation to a straight line. 





We shall first suppose the straight line not parallel to 
either axis. 

Let ABD be a straight line meeting the axis of y at J. 
Draw a straight line OF through the origin parallel to A BD. 
In ABD take any point P; draw PM parallel to OY, meet- 
ing OX at Mand OE at Q. 

Suppose OB =c, and the tangent of HOX =m; and let 
x, y be the co-ordinates of P; then 


=c+ OMtan VOM=c+mz. 


Hence the required equation is 
y= mME+ C. 


OB is called the intercept on the axis of y; if the straight 
line crosses the axis of y on the negative side of O, c will be 


negative. 


12 EQUATION TO A STRAIGHT LINE. 


We denote by m the tangent of the angle QOM or BAO, 
that is, the tangent of the angle which that part of the 
straight line which is above the axis of 2 makes with the 
axis of x produced in the positive direction. Hence if the 
straight line through the origin parallel to the given straight 
line falls between OY and OX, m is the tangent of an acute 
angle and is positive; if between OY and OX produced to 
the left, m is the tangent of an obtuse angle and is negative. 
So long as we consider the same straight line m and ¢ remain 
unchangeable, they are therefore called constant quantities or 
constants, But x and y may have an indefinite number of 
values since we may ascribe to one of them, as z, any value 
we please, and find the corresponding value of y from the 
equation y=mr+e; 2 and y are therefore called variable 
quantities or variables. 

If the straight line pass through the origin, c= 0, and the 
equation becomes y = mz. 


15. We have now to consider the cases in which the 
straight line is parallel to one of the axes. 

If the straight line be parallel to the axis of 2, m=0, and 
the equation becomes y= c. 

If the straight line be parallel to the axis of y, m becomes 
the tangent of a right angle and is infinite; the preceding 
investigation is then no longer applicable. We shall now 
give separate investigations of these two cases. 

Lo snvestigate the equation to a straight line parallel to one 
of the axes. 





First suppose the straight line parallel to the axis of 2. 
Let BC be the straight line meeting the axis of y at B; sup- 


pose OB=b. 
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{ 

Since the straight line is parallel to the axis of x, the or- 
dinate PAf of any point of it is equal to OB. Hence calling 
y the ordinate of any point P, we have for the equation to the 
straight line y =O. 

Next suppose the straight line parallel to the axis of y. 
Let AD be the straight line meeting the axis of z at A; sup- 
pose O.f=a. Since the straight line is parallel to the axis of 
y, the abscissa of any point of it is 0.4. Hence calling o 
the abscissa of any point, we have for the equation to the 
straight line x =a. 


16. We have thus shewn that any straight line whatsoever 
is represented by an equation of the first degree; we shall 
now shew that any equation of the first degree with two 
variables represents a straight line. 

The general equation of the first degree with two variables 
is of the form 

Aue + By + CH=0 veccecseeceseneeee (1), 
A, B, C being finite or zero. 
First suppose B not zero; divide by J}, then from (1) 


C A : 
Y= ~Pr ptr pistduedistons ole): 
Now we have seen in Art. 14, that if a straight line be 


: C 

drawn meeting the axis of y at a distance — 7 from the 
origin and making with the axis of 2 an angle of which the 
tangent Is — f , then (2) will be the equation to this straight 
line. Hence (2), and therefore also (1), represents a straight 
line. 

If A=0, then by Art. 15 the straight line represented by 
(1) is parallel to the axis of x. 

If B=0, then (1) becomes 

Ax+ C=), 
C 

or CTI=— A ; 
and from Art. 15 we know that this equation represents a 
straight line parallel to the axis of y. 

Hence the equation 4z+ By + C= 0 always represents a 
straight line. 


14 EQUATION IN TERMS OF THE INTERCEPTS. 


17. Equation in terms of the intercepts. The equation to 
a straight line may also be expressed in terms of its intercepts 
on the two axes, 





Let A and B be the points where the straight line meets 
the axes of 2 and y respectively. Suppose OA =a, OB=b. 
Let P be any point in the straight line; z, y its co-ordinates ; 
draw PAL parallel to OY. Then by similar triangles, 


PM _ AM. 
OB” AO’ 
ae 
that is, os 
therefore = + es 
a 6 


18. It will be a useful exercise for the student to draw the 
straight lines corresponding to some given equations. Thus 
suppose the equation 2y +382 =7 proposed ; since a straight 
line is determined when two of its points are known, we may 
find in any manner we please two points that he on the 
straight line, and by joining them obtain the straight line. 
Suppose then a= 1, it follows from the equation that y = 2; 
hence the point which has its abscissa = 1 and its ordinate = 2 
is on the straight line. Again, suppose a= 2, then y=}; the 
point which has its abscissa = 2 and its ordinate = 4 is there- 
fore on the straight line. Join the two points thus deter- 
mined, and the straight line so formed, produced indefinitely 
both ways, is the locus of the given equation. The two points 
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that will be most easily determined are generally those in 
which the required straight line cuts the axes. Suppose z= 0) 
in the given equation, then y={, that is, the straight line 
passes through a point on the axis of y at a distance } from 
the origin. Again, suppose y=0, then z=], that 1s, the 
straight line passes through a point on the aris of x at a dis- 
tance { from the origin. Join the two points thus deter- 
mined, and the straight line so formed, produced indefinitely 
both ways, is the locus of the given equation. What we have 
here ascertained as to the points where the straight line cuts 
the axes, may be obtained immediately from the equation ; 
for if we write it in the form 


Be fy 
7 °7 


and compare it with the equation in Art. 17, 


1, 


agen 
ae) 1, 


we see that a = § and b=§. 


Again, suppose the equation y= 2 proposed. Since this 
equation can be satistied by supposing «=0 and y=0, the 
origin is a point of the straight line which the equation repre- 
sents; therefore we need only determine one other point in it. 
Suppose 2=1, then y=1; here another point is determined 
and the straight line can be drawn. The straight line may 
also be constructed by comparing the given cquation with 
the form in Art. 14, 

¥ = m2. 


This we know represents a straight line passing through the 
origin and making with the axis of z an angle of which the 
tangent is m. Hence y= represents a straight line passing 
through the origin and inclined at an angle of 45° to the 
axis of z. 


Similarly the equation y=— a represents a straight line 
inclined to the axis of 2 at an angle of which the tangent 1s 
—1; that is, at an angle of 135. Hence this equation repre- 
sents a straight line through O bisecting the angle between 
OY and OX produced to the left in the figure to Art. 14. 


16 EQUATION IN TERMS OF THE PERPENDICULAR. 
€ r 

19. The student is recommended to make himself tho- 
roughly acquainted with the previous Articles before proceed- 
ing with the subject. In Algebra the theory of indeterminate 
equations dves not usually attract much attention, and the 
student is sometimes perplexed on commencing a subject in 
which he has to consider one equation between two unknown 
quantities, which generally has an infinite number of solutions. 

Our principal result upto the present point is, that a straight 
line corresponds to an equation of the first degree, and the 
student must accustom himself to perceive the appropriate 
straight line as soon as any equation is presented to him. The 
straight line can be determined by ascertaining two points 
through which it passes, that is, by finding two points such 
that the co-ordinates of each satisfy the given equation, and 
the straight line being thus determined, the co-ordinates of 
any point of it will satisfy the given equation. 


20. Lyuation to a straight line in terms of the perpendicular 
from the origin, and the inchination of this perpendicular to the 
avis. 





Let OQ be the perpendicular from the origin O on a 
straight line 422. Take any point / in the straight line; 
draw PAL perpendicular to OA, ALN perpendicular to OQ, 
and 22 perpendicular to JZN. Suppose OQG= p, and the 
anvle OO.l=a. Let x, y be the co-vrdinates of 2’; then 

OQ= ON+NQ= ON+ PR 
= OMcos QOA+PMsin PUR 
= 2COS a+ y SID a. 


RELATIONS BETWEEN THE CONSTANTS. 17 


Therefore the equation to the straight line is 
xcosat+y sit'a=p. 
21. We have given separate investigations of the dif- 
ferent forms of the equation to a straight line in Articles 14, 
17, 20; any one of these forms may however be readily de- 


duced from any other by making use of the relations which 
exist between the constant quantities, 


The quantity which we have denoted by 8 in Art. 17, 
that is OB, is denoted by c in Art. 14; 


therefore OS Cossvin cre eisnsengamsouaee (1). 
In Art. 17, 
4 = tan BAO =tan (7 — BAX) =—tan BAX: 


in Art. 14 we have denoted the tangent of BAX by m, 
b 


therefore BM netetet eres cnnees (2). 
In Art. 20, OA cosa= OQ, and OBsina = OQ; that is, 

P =ACOSA= OSIN G.....seseeeenes (3); 

therefore from (2) and (3), 7 = —CObLG......ceceeeene (4). 


Also if the equation 
Azx+ By + C=0, 


represent the straight line under consideration, then by 
Art. 16, 


~S=m, ~ Ceca) Seeeaesice sinew (5); 
therefore - cot a, and Fam pee vsnnnee sae (6). 


By means of these relations we. may shew the agreement 
of the equations in Arts, 14, 17, 20, or from one of them 
deduce the others. 


T.c. 8S. 2 


18 - OBLIQUE CO-ORDINATES. 


22. The student may exercise himself by varying the 
alg which we have used in investigating the equations. 
Thus, for example, in the figure to Art. 17, suppose the point 
P to be in BA produced, so that it falls below the axis of 2. 
We shall still have 

PM_AM , PM 2c 
OB” AO’ b a 

Now since P is below the axis of a, its ordinate y is 
a negative quantity, hence we must,not put PM=y but 
PM=-—y, because by PM we mean a certain length esti- 
mated positively. Thus 

oa 


—~%=7="% and therefore, as before, ~ + J =, 
b a a b 


Oblique Co-ordinates. 
23. Equation to a straight line. 


We shall denote the inclination of the axes by o. 


Suppose first, that the straight line is not parallel to 
either axis. Let ABD be a straight line meeting the axis 
of y at BD. Draw a straight line OF through the origin 
parallel to ABD. In ABD take any point P; draw PM 
parallel to OY, meeting OX at Mand OF at Q. Suppose 
OB =c, and the angle QOM= a. 





Let x, y be the co-ordinates of P; then 
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But ie, ; therefore QML 22 


OM “sin ( —a) sin (wo — a)’ 
Hence the required equation is 
x sina 
Y= sin (w — a) a 
sin @ 
If we put m for ——_-—. the equation becomes 
sin (w — a) 
y=ME+C, 


asin Art. 14. The meaning of c is the same as before; m is 
the ratio of the sine of the inclination of the straight line to 
the axis of a to the sine of its inclination to the axis of y. 
Since sina is always positive, a will be positive or negative 
according as sin(w —a) is positive or negative ; thus as before 
m will be positive or negative according as the straight line 
through the origin parallel to the given straight linc falls 
between OY and OX, or between OY and OX’. The mean- 


ing of m coincides with that in Art. 14 when o = z, for then 


m = tan a. 

24. Since Mm = Seay 

sin (w — a) 
therefore m (sin w COS a — COS w SIN. @) = BIN @ ; 
therefore m (sin w — cos w tan a) = tan a; 
therefore snes, 
1 + m cop w 
H as m sin w 
a Sa Lael +/(14 2m cos w +m’) ’ 
1 +m cos@ 


008 a= EV + 2m con +m)" 
Since sina is positive, we must take the upper or lower 
sign according as 2 is positive or negative. 


25. The investigations in Arts. 15 and 17 apply without 
alteration to the case of oblique axes, and those in Art. 16 
with the requisite change in the meaning of the constant m. 


2—2 


20 EQUATION IN TERMS OF THE PERPENDICULAR. 


26. To find the equation to a strarght line in terms of the 
perpendicular from the oregin, and the inclinations of the per- 
pendicular to the axes. 





Let OQ be the perpendicular from the origin on a straight 
line AB; let OV=p, OA=a, OB=b. If we suppose 
QOA =a, we have QOB=o—a; denote this by 8; then 


OQ=acosa; therefore a= oe en 
COs @ 


ze . wee se 
OQ=bcosf; therefore b oe! 


Substitute in the equation, Art, 17, = + ; =1, and we 


obtain a cos a +y¥ cos B =p. 
_ 27. The following form of the equation to a straight line 
1s often useful, 





Let Q be a fixed point in any straight line AB; h, & its 
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co-ordinates; let P be any other point in the straight linc; 
x, y its co-ordinates; let QP=7,°and the angle BAX =a. 
Draw the ordinates PM, QN; and QR parallel to OX; then 


oes = suppose, and te ee ” suppose 
rr Sin@ POS r sino a 
thus a — h = y—k = 
i n 
For the equation to the straight line it is sufficient to put 
r— ih — ae 
“ =f . but it is useful to remember that each of 


these quantities is equal to 7. 


The constants / and » are connected by a certain con- 
dition. For, by Art. 9, 


(a —h)? + (y—k)* +2 (x—h) (y—k) cosw=r'; 
substitute for x —h and y—/k: thus 
1? + n° + Qin cos w= 1. 


If the axes are rectangular, / and n become respectively 
cos a@ and sin a, that is, the cosines of the inclinations of the 
straight line to the axes of « and y respectively. 


In the preceding figure P falls to the right of Qanda—h 
is positive. If P were to the left of Q then 2—h would be 
negative. Thus since «—A=Jlr, the product lr must be 
capable of changing its sign; this leads us to consider r as 
positive or negative according to circumstances. When there- 
fore we write the equation to a straight line under the form 


and ascribe to / and n the values given above, we conclude 





that each of the expressions zo* and y—* is numerically 


equal to the distance between the point (h, &) and the point 
(x, y), but that the sign of each expression will depend upon 
the relative positions of the two points. 


22 POLAR EQUATION TO A STRAIGHT LINE. 


Polat Co-ordinates. 


28. Polar equation to a straight lune. 


) 
A 


Let AB be a straight line, OQ the perpendicular on it 
from the origin, OX the initial line, Pany point in the straight 
line. Suppose OQ=>p, and the angle QOX=a. Let r, 6 
be the polar co-ordinates of P; then 


OQ= OP cos POQ; 
that is, p = 7 cos (8 — a). 


This is the polar equation to the straight linc. 


29. The polar equation may also be derived from the 
equation referred to rectangular co-ordinates. Let 


Az + By + C=0 


be the equation to a straight line referred to rectangular co- 
ordinates. Put r cos @ for x, and r sin 6 for y, Art. 8; thus 


Ar cos 0+ Brsin 64+ C=0...........00.. (1) 
is the polar equation. This equation may be shewn to agree 
with 


Per C08 (6 4) iccissicessleiiens (2). 
For by Art. 21 we have 





A C_ p 
“Bx cota and Bo ane: 
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Hence (1) becomes 
cot ar cos O4+rsing — -?— =), 
sin a 
which agrees with (2). 
30. The equation to a straight line passing through the 


origin is, by Art. 14, 
y= mz. 


Put yr cos @ for 2 and rsin@ for y; the equation then 
becomes 
rsin @= mr cos 6; 


therefore tan =m; 
therefore # =a, constant ; 


this is therefore the polar equation to a straight linc passing 
through the origin. 


31. We will collect here the different forms of the equa- 
tion to a straight line which have been investigated, 


y= mete, Arts. 14 and 23. 


x =constant, or, y=constant, Arts. 15 and 25. 


T+%-1=0, Arts. 17 and 25. 
a b 


xcosa+ysina—p=0, Art. 20. 





y= ar z+e, Art, 23. 
xcos a+ ycos8 — p= 0, Art. 26. 
cohynk, * saan 
p=r cos (8—a), Art. 28. 


Ar cos 6+ Brsin@+ C=0, Art. 29. 
6 = constant, Art. 30. 


EXAMPLES. CHAPTER II. 


EX:AMPLES. 


Draw the straight lines represented by the following 


equations : 
(1) 
(3) 
(5) 
(7) 
(9) 


yt+2e=4; (2) 2y—-a=2; 
yt+u=—2; (4) w—2y=4; 
y+2x=0; (6) 1 = 0s (6-7) 
2=1; (8) O=%; 

6=0; (10) @=1. 


( 25 ) 


CHAPTER III. 
PROBLEMS ON THE STRAIGHT LINE. 


32. WE proceed to apply the results of the preceding 
Articles to the solution of some problems. 


To find the form of the equation to a straight line which 
passes through a given point. 


Let z,, y, be the co-ordinates of the given point, and 
suppose 


to represent the straight line. Since the point (z,, y,) 18 on 
the straight line, its co-ordinates must satisfy (1); hence 


By subtraction, 
y—Yy, =m (x—z,) eee cccccccrvetsersece (3) ; 


this is the required cquation. 


33. The equation (3) of the preceding Article obviously 
represents what is required, namely, a straight line passing 
through the point (z,,y,). For the equation is of the first 
degree in the variables z, y, and therefore, by Art. 16, must 
represent some straight line. Also the equation is obviously 
satisfied by the values a=2,, y=y,; that is, the straight 
line which the equation represents does pass through the 
given point. The constant m is the tangent of the angle 
which the straight line makes with the axis of z, and by 
giving a suitable value to m we may make the cquation (3) 
represent any straight line which passes through the assigned 
point. 


The geometrical meaning of equation (3) is obvious. For 
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let AB be any straight line passing through the given point 
Q. Let P be any point, on the straight line; 2, y its co- 





ordinates. Draw the ordinates PV, QN; and QZ parallel to 
OX; then 


on = tangent POR 


that is, 2-4 — tan BAX=m, 
L- 2, 
which agrees with equation (3). 


34, In Art. 32 we climinated c between the equations (1) 
and (2) and retained m; we may if we please climinate m 
and retain ce. From (2) 


ai 
=a 
Substitute in (1), thus y = eed a+c; 
i 
therefore yx, — xy, +c (x—x,) =0. 


This equation obviously represents a straight line passing 
through the given point, because it is an equation of the first 
degree and is satisfied by the values z=a@,, y = y,. 

35. To find the equation to the straight line which passes 
through two given points. 

Let 2,, y, be the co-ordinates of one given point; 2,, y, 
aes of the other; suppose the equation to the straight line 
to 


GN A sesaiew ds fad oiesiceseaees (1). 
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Since the straight line passes through (z,, y,) and (a,, ¥,), 


4; = MZ, ++ ¢ Ce eneereesoncoeesesosens (2), 
¥Y,= MI, TO incuvwssseesenawuneaetis (3). 

From (1) and (2) by subtraction, 
¥—-Y, =m (e#—2,) TOerrrrerren tae re (4). 


From (2) and (3) by subtraction, 
Ya Y, =m (x, — &), 
hence m=2— 9, 
L,— 2, 
Substitute the value of m in (4) and we have for the 
required equation 


— 1 = TON i T—-2 COOKE ROAR EOHRE SCHEER ESHER EHES ’ e 
¥y y, 0S ) (5) 


We may also write the equation thus, 
(x, — 2,) (y — Y,) = (Ye Y:) (BA A) veveeeee (6). 


Some particular cases may here be noted. Suppose y,=y,, 
then (6) becomes (a, —2,) (y—y,) =90, therefore y=y,; the 
required straight line is thus parallel to the axis of z Simi- 
larly if we suppose z,=z,, then (6) becomes (y,—y,) (w—2,) =0, 
therefore z=a,; thus the required straight line is parallel to 
the axis of y. Lastly, suppose the point (z,, y,) to be the 
origin; hence z,=0 and y,=0; thus (6) becomes 2, y= yy. 
The student should illustrate these particular cases by figures. 


36. The equation (6) of Art. 35 becomes by reduction 

X,Y — LY, + XY, — X,Y, + LY, — Ly = 0. 
If we compare the expression on the left-hand side of this 
equation with the expression in brackets in equation (2) of 
Art. 11, we see the only difference is that we have 2 and y in 
the place of a, and y, respectively. Thus the equation 
informs us that the area of the triangle formed by joining 
(x, y), (2> ps) (z,, y,) vanishes, as should evidently be the 
case since the vertex (a, y) falls on the base, that is, on the 
straight line joining (z,, y,) to (a, 4,)- : 


28 PARALLEL LINES. 


37. To find the equation to the straight line which passes 
through a given point and divides the straight line joining 
two other given points in a given ratio. 

Let (4, k) be the first given point; let (z,, y,), (a, y,) be 
the two other given points; let the given ratio in which the 
straight line joining the last two points is to be divided be 
that of n, to n,; then, by Art. 10, the co-ordinates of the 


point of division are 
ly t MgC — MY, MY, 
n, + nN, , n, +n, 
Hence by equation (5) of Art. 35 the equation required is 
1,Y +4; —k 


a ao Nn, +N, _ py, 
y—h NLT, 7 eon 
nN, + Ns 
or y ae k = % (y,—k) +n, (y, —h) (x cos h). 


n, (x, a h) + n, (2, — h) 
38. To find the form of the equation to a straight line 
which 1s parallel to a given straight line. 


Let the equation to the given straight line be 


and the equation to the other straight line 


y=rme+e rere Tere reer eee (2), 


Since the straight lines represented by (1) and (2) are 
parallel, they must have the same inclination to the axis of 
x; hence 

m= m,. 

Thus (2) becomes 

y=macte. 


The quantity c remains undetermined since an indefinite 
number of straight lines can be drawn parallel to a given 
straight line. 


INTERSECTION OF STRAIGHT LINES. a4 


39. To determine the co-ordinates of the point of inter 
section of two given straight lines. , 


Let the equation to one straight line be 
PEM AO: si sioasencassetovaites (1), 


aud the equation to the other 


The co-ordinates of the point where the straight lines 
intersect must satisfy both equations; we must therefore find 
the values of « and y from (1) and (2), Thus 


Om ey — 7M, — Cm, , 


acme ieee a m~—-m ? 
2 1 tg My, 


these are the required co-ordinates. 

40. To find the condition in order that three straight lines 
may meet at a pornt. 

Let the equations to the straight lines be respectively 
yemerte,...1), y=mete...(2), y=mate,...(3). 


The co-ordinates of the point of intersection of (1) and 
(2) are 





a= Baas ee ye te 
m, — m, m,— mM, 


If the third straight line passes through the intersection 
of the first and second, these values must satisfy (3). Hence 
the necessary and sufficient condition is 


cm, — cm, _ m,!c, —¢,) 


Cy 
m,— mM, m,— m, 


that 13, 
C,m, ~ CM, + Cm, — Cyn, +0,m, — Cm, = 0, 
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41. To find the angle between two given straight lines. 





Let ABC be one straight line and DEC the other ; let 
the equation to the former be y=m,x+c,, and the equation 
to the latter y =m,z + ¢,. 

Then tan ACD = tan (CA X— CDX) 

 _ tanCAX—tanCDX _ m,—m, 
~ 1+tan CAX tan CDX” 14mm,’ 

From this we may deduce 

=. _ttmm, __. 

cos AOD = my) (LE my) 
SLs Sly 

in AO Te my (mY 

42. To find the form of the equation to a straight line 
which 18 perpendicular to a given straight line. 


Let y = mz +c be the equation to the given straight line, 
and y= m+ c the equation to another straight line. Then 
the tangent of the angle between these straight lines is 


isan : 
1+ mm“ 
If these straight lines are perpendicular to each other, 
1+mm’ = 0; therefore mm! =~ =, 


x 
Hence y =—— +0 


represents a straight line perpendicular to the straight line 
e : ¥ = ML + Cc. 
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: 43, The result of the last Article may also be obtained 
thus. ° 


Let AB be the given straight line, so that tan BAX =m. 
Let CD be a straight line perpendicular to AB; then 


tan DCX = ~ tan DCO =—cot BAO=— >. 
Hence the equation to CD is 


=~ — tC 
Y = : 


where c = OD. 


44. To find the equation to the straight line which passes 
through a given point, and is perpendicular to a given straight 
lune. 


Let z,, y, be the co-ordinates of the given point, and 
Y = MIA Crrrscersescssevecccscere (1) 


the equation to the en daa line. The form of the 
equation to a straight line through (z,, ¥,) 18 


Y ~ Y= MN (LH L,) ereeeee errr (2); 
If (2) is perpendicular to (1), we have m'm +1 =0. 


Hence the required equation is 


1 
Y¥-Y,=—7 (@— Hy) 


32 STRAIGHT LINES WHICH MAKE 


45. Zo find the equations to the straight lines which pass 
through a given point and make a given angle with a given 
straight line. 





Let AB be the given straight linc; C the given point; 
h, k its co-ordinates; 8 the given angle. Let the equation 
to AB be 
y= mx+ eo. 
Suppose CD and CE the two straight lines which can be 
drawn through C, cach making an angle 8 with AB. Then 


‘ m + tan B 
tan CDX = tan (BAX + 8) = twas @ 
tan CENX = = tan CEA = tan (8 rae Ne A 4hdd l+m tan 8 e 
Hence the equation to CD is 


_. m+tanB , 4, . 
y-*= Tieng @— "5 
and the equation to CE is 
= m— tan 8 nn 
ia OE : 


46, The following particular cases of the preceding results 
may be noted. 


(1) Suppose m=0; then the given straight line is 
parallel to the axis of z, The required equations then are 


y—k=tan 8 (2—h), and y—k=-— tan B («@ —A). 
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(2) Suppose m=; then the given straight line is 
parallel to the axis of 3 y. And since 


m+tanB _ re mn tan 8 
l—m tan B ary: 


ne 


1 
we have when m= x, and therefore ~ = 9, for the equation 


to CD, y-k=- (c—h) =— cot B (« —h). 


tan Ma 
Similarly the equation to CH’ becomes y—h = cot B(a—A). 


(3) Suppose m= tan B. In this case the equation to CD 


2tan 8 
becomes 1 y—k= 2g eo h), that is, y—k =tan 28 (2—h), 


The equation to CE becomes y—h=0, so that CH is 
parallel to the axis of z. 


(4) Suppose m=cot 8. The equation to CPD may he 
written in the form (y — &) (1-2 tan 8) =(m + tan 8) (“@—A), 
and we see that when m =cotB the left- hand side is zero; 
thus the required equation is then «— = 


The equation to Cir becomes y — k= cut 8— tan 8 (a —h) 
_ cos? B — sin’ 
F oosBain B C72) =e 28 (eH) 


(5) Suppose m=—tanB. Then the equation to CV 
becomes y—A =0; and the equation to CH becomes 


_ ~2tanB we ; _ 
ymh=y ang @ h) = — tan 28 (a —h). 


(6) Suppose m=—cot 8. Then the equation to CD 


becomes y—~k= a sala (2 —h) = — cot 28 (4 —h). 


The equation to CE may be written in the form 
(y—k) (1+ m tan 8) = (m—tan B) (« —h), 
T.c.S 3 
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and we see that when m =—cot 8 the left-hand member is 
zero; thus the required equation is then z—h = 0, 


(7) Suppose B= ae The equation to CD may be written 
pp 5) q y 


_mcotB+1, _ 
y~ ha ota om 4") 


When 8= we have cot 8=0; thus the equation 
becomes 
y—k=— = (eh). 
Similarly the equation to C# takes the same form ; and thus 
the result agrees with that of Art. 44. 


We have discussed these particular cases as an example of 
the manner in which the student should test his comprehen- 
sion of the subject by applying the gencral formulz to special 
examples. He will find it useful to illustrate these cases by 
figures. 


47, To find the length of the perpendicular drawn from 
a given point upon a given straight line. 


Let AB be the given straight line; D the given point; 
h, kits co-ordinates. Let the equation to AB be 


Y= MEAC .. cc cecevccnccercsecceccees (1). 
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The equation to the straight line through D perpendicular 
to AB is, by Art. 44, 
1 


y—k=—-— («—h) si nicbaweawteeieanees (2). 
Let «,, y, be the co-ordinates of L; then, by Art. 9, 
DE* = (a, — h)? + (y, — b)* cecscocecscnees (3). 


It remains then to substitute for «7, and y, their values in 
(3). Now, since 2,, y, are the co-ordinates of EZ, which is 
the point where (1) and (2) meet, we have 


y,=me2,+c¢e, and y,-k=— = (r,—h); 

oe mk +h—me 

therefore mr,+c¢=k— = (r,—h), and a= Login} 
mk — mh — mc m 
thus L—-h= as ee ee (k— mh —c). 
1 mh+c—k 

fue a aes l+m ’ 
therefore by (3) DE’ 

— mM 2, (k—mh—c)’? _ (&— mh —c)? 

= Teme om ey ay at 
Hence DE = aac: 


7 V(1 +m?) * 

The radical in the denominator may be taken with the 
positive or negative sign, according as the numcrator 1s posi- 
tive or negative, so as to give for DE a positive value. 


We may also obtain the value of DE thus; draw the ordi- 
nate DM mecting the straight line AB at H; then 


DE= DH sin DHE= DIT cos HAM. 
Now OM=h; therefore HM=mh+c, and DM=k;, 
therefore DH =k—mh-—c. 


a | 
Also tan HAM = ™ 5 therefore " HAM == W(L+ my ’ 
k—mh—c 
h eo 
therefore DE V+ m4) 


3—2 
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Hence if on the straight line y—mx—c=0 a perpen- 
dicular be drawn from the point (h,, &,) and also a per- 
pendicular from the point (h,, &,), the ratio of the first 
perpendicular to the second is equal to the numerical ratio 
of k,—mh,—c¢ to k,— mh, ~—c. 


48. To find the length of the straight line drawn from a 
given point in a given direction to meet a given straight line. 


Let (h, k) be the given point; and suppose a straight line 
drawn from this point at an inclination a to the axis of « to 
ineet the straight line 


Ae By C A ctesnetesoiewes (1). 
Let r be the required length; «,, y, the co-ordinates of 
the point where the straight line drawn from (h, k) meets (1); 


then, by Art. 27, 
g—-h=reosa, y,-kK=rsing.........0.. (2). 
But (z,, y,) 18 on (1), 
therefore A (h+r cosa)+ Bik + r sina) +C=0; 
Ah+Be+C 
therefore r= —-,-- =~. 

A cosa+ Bsina 

49. In this Chapter we have used equations of the form 
y=ma+c to represent straight lines. The student may 


exercise himself by solving the problems by means of the 
more symmetrical forms of the equation to a straight line, 


dlc + By+ C=0, <+7-1=0, xcosa+tysina—p=0, 


The results of course can be easily compared with those we 
have obtained. For example, if in Art. 47 we represent the 
given straight line by the equation 42+ by+C'=0, the result 


obtained should coincide with the value of poe aa when for 
v/(1 +m’) 
t 
m we write os and = for c; that is, the result must be 


Ah+ Be+C 


oon ERS yet te a 
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Similarly, if the given straight line be represented by 
xcosa+tysina—p=0, 
we shall find for the perpendicular on it from (A, k) 
+ (hcosa+ksina—p). 
Thus if the equation to a straight line be in the form 
xcosat+ysina—p=0, 
the length of the perpendicular drawn from a point on this 
straight line is the numerical value of the erpression on the 
left-hand side of this equation, when for x and y are substituted 
the co-ordinates of the given point. ‘This result is of such great 
Importance that we shall proceed to examine it more closely. 
50. We may however previously observe that if the equa- 
tion tu a straight line be given in any form, we can immedi- 
ately transtorm it so that it may be expressed in terms of the 
length of the perpendicular from the origin and the inclination 
uf this perpeudicular to the axis of ww. For example, suppose 
the equation to be 
Ia + By +4=0. 
Change the sign of every term so that the last term may be 
negutive; thus the equation becumes 
Divide by ,/(2* + 3’); thus 
ne 3y 4 
V13 V13 V/13 


This is of the form 


(). 


xcosa+tysing—p=0, 
3 _ 4 
ee a 


and cos 4=— , sina=— 


as 
V13 
In this example a is an angle lying between 7 and - : 


Any other example may be treated in a similar manner, 
the rule being the following. Collect the terms on one side, 
and if necessary, change tlic signs so that the equation may 
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be in the form Ax+By—C=O0, where C is positive; then 
divide by ./(A’+ B’); thus the equation becomes 


Ce Ae ee es eee 
V(A* +B) V(A*+ Bt) (AP + BY? 
this is of the required form, and 


C 


A ; B 
4s» SINA=——, — , P= 5 ee 
(A? + B) V(4t+ BS’ P= (4+ By 
Thus every equation representing a straight line may be 
brought to the form xcosa+ysina—~p=0, where p is a 
positive quantity, unless the straight line passes through the 
origin, and then p= 0. 


cos a= 


When we use the equation x cosat+ysina—p=0 we shall 
always suppose p positive. 


51. The straight line whose equation is 
xcosatysina—p=0 


might be called “the straight line (p, a),” since the constants 
p and a determine the straight line ; but when there is no risk 
of confounding it with another straight line, it may be more 
shortly called “the straight line a,” and the equation may be 
expressed shortly, thus, “a= 0.” 


We shall now give another investigation of the expression 
for the length of the perpendicular from a given point on the 
straight line (p, a). 


Let AB represent the straight line (p, a), O the origin, P 
the point (x, y), so that P and O are on opposite sides of AB. 


\ 
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Draw OQ, PZ perpendicular to AB, and PM parallel to OY; 
through Jf draw a straight line parallel to 48, mecting OQ 
and 2, produced if necessary, at Q and Z’ respectively. 

Then OY = OMcosa=zcosa; PZ'’= PMsina=y sina; 

PZ= 00+ PZ' — OQ=2 cosat+ysina—p. 

If Pand O be on the same side of AB we shall obtain for 

the length of the perpendicular 
p-—xcosa—ysin a. 


It will be found that these results will hold for all varieties 
of the figure. 


52. Or we may proceed as follows. 
Let LCOSAAYSINA— PM =O. ececseeeeneee (1) 


ve the equation to a straight line, and let a’, y’ be the co- 
srdinates of the point from which a perpendicular is drawn 
apon the straight line; it is required to find the length of 
shis perpendicular. ‘The equation to any straight line which 
's parallel to (1) and on the same side of the origin, may be 
written thus, 

LCOKA+ YSINA—P =i. .ccereereeceeees (2); 


where p’ is the perpendicular from the origin upon this straight 
line. If this straight line pass through the point (c’, y'), we 
must have 

xcosaty' sina—p' =(); 
therefore p =x cosaty’ sina. 


The length of the perpendicular from (c’, y') on (1) will be 
p’—p if the point and the origin are on different sides of the 
straight line, and p~—p’ if they are on the same side ; that 1s, 

x' cosaty sina—p 
in the former case, and in the latter case 
p—x copa—y sina, 

If the straight line parallel to (1) be on the opposite side 

of the origin, its equation will be 
a cos (r+a)+ysin(r+a)—p =, 
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“where p is the length of the perpendicular from the origin 
upon it. If this straight line pass through the point (2’, y’) 
we must have 

e cssat+y snatp =0; 
therefore p =—2' cosa—y' sina. 


The length of the perpendicular from (x’, y‘) ou (1) will be 
the sum of » and p, that is, 


p—z cosa—y' sina 
We imay now suppress the accents on 2 and y, and we 
have the same conclusion as before. 


53. Thus the length of the perpendicular from the point 
(r, y) on the straight line 


xcosatysina—p=0 
1s reosat+ysina—p, or p~-~xcosa—ysing, 


according as the point (2, y) and the origin are on different 
sides of the straight linc or on the same side of it. 

The student will perceive that we speak here of the point 
(x, y) and the straight line 2 cos a+ ysina—p=0, and that 
we use the sane symbols x, y, in speaking of the point and of 
the straight line. But we do not mean that the point (a, y) 
is to be on the straight line, that is, we do not mean the x and 
vy which are.co-ordmates of the point (a, y) to have the same 
values as they have for any point in the straight hoe 


Zcosa+ysina—p=0. 


We might use 2’, y' as eo-ordinates of the point to prevent 
confusion, but it is found convenient to adopt the notation 
here used, as the advantages more than compensate for the 
increased attention which is required from the student in dis- 
tinguishing the different meanings of the symbols. 


54. We have in Art. 51 left the student to convince him- 
self by drawing the figures in different ways, that the length 
of the perpendicular from the point (z, y) on the straight line 
(p, @) 1s always + (xcosa+ysina—p), the upper or lower 
sign being taken according as (x, y) and the origin are on 
different sides, or on the same side of the straight line (p, a). 
We may also arrive at the result imperfectly, thus. We may 
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first shew, as in Art. 47, that the length of the perpen- 
dicular must always be equal to one of ‘the two expressions 
+ (vcosa+ ysina—p), and may then proceed to distinguish 
the cases. Now the expression xcosa+ ysina—p is nega- 
tive when the point (2, y) is the origin, because it becomes 
then —p; also this expression cannot change its sign so 
long as (vr, y) is taken on the same side of the straight line 
(p, “a) as the origin because at cannot change tts sign “without 
passing through the value zero, and it cannot vanish until the 
point (x, y) is on the straight line. Hence the expression re- 
mains negative so long as (wv, y) is on the same side of the 
straight line (p, a) as the origin, Similarly, if the expression 
Is positive when the point (wr, y) has any one position on the 
other side of the straight line (p, a), it will continue positive 
so long as (7, y) 1s on that side of the straight line; and it 
may be easily shewn that the expression can be made posi- 
tive by suitable values of « and y; hence it is always positive 

while (x, y) is on the opposite side from the origin. We call 
this an imperfect method, because the sentence in italies on 
which the method depends, has probably not sufficiently at- 
tracted the student's attention up to this period of his studics 
to produce perfect conviction. 


55. If the equation toa straight line be #cos a+y sina=0, 
so that »=0, we shall still have t+ (wcosa+y sin a) us the 
length of the perpendicular from the point («, y) on it. We 
may discriminate as follows: let the ec mation be so written 
that the coefficient of y is positive; then for points on the saine 
side of the straight line as the positive part of the axis of y, 
the perpendicular i is rcosa+ysing; for points on the other 
side it Is —(ecusa+ysin 2). This is cusily shown by com- 
paring a few figures, or as in Art. 54. 


Oblique Azes. 


56. The results in Arts. 32—40 hold whether the axes 
are rectangular or oblique; in Art. 33, however, m must have 
that meaning which is required when the axes are oblique. 

To find the angle between two straight lines referred to 
oblique axes. 

Let w be the angle between the axes; y=m,x+c, the 
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equation to one straight line; y=m,z+c, the equation to the 
other, Let a,, a, be the angles which these straight lines 
make with the axis of «; and 8 the angle between them. 


By Art, 24 
m, Sin w m, sin w 


tan@==a-- 5 tana = 8 
1 +m, COs @ 1 + m, Cos @ 


Mm, SIN @ oa m, sin @ 
Hence tan 8 or tan (z,—4,) = Ll+m,coswm 1 ms COs @ 
1+ mm, SIN @ 
(1+m,cos w) (1+ m, cos @) 
(m,—m,)sin@ 


~ 14 (m, + m,) COS @ -+- 71,1, " 
Hence the condition that the straight lines may be at right 
angles is 
1+ (m, +m,) cos w + m,m, = 0. 
57. To find the length of the perpendicular drawn from 
a given point on a straight line. 


We shall proceed as in the latter part of Art. 47; the 
student may also obtain the result by the method in the 
former part of that Article. 





Let AB be the given straight line; D the given point; 
h, k its co-ordinates. 


Let the equation to AB be y= mz+c. 
Draw DHM parallel to OY, and DE perpendicular to 4B; 


then 
DE = DH sin DHE. 
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reos@—r,cos8 ss rsin@—r, sind 

therefore - — yb tee Ed, 
r,cos6,—r,cos6, r,sin 8, —r, sin 8, 

After reduction we obtain 

rr, sin (0, — 6) +7,r, sin (8, —8,) + 7,7 sin (0 — 8,) = 0...(6). 

This equation has a simple geometrical interpretation ; for 
if we draw a figure and take 0 for the origin and A, B, P for 
the points (r,, 4,), (r,, 6,), (7, @), respectively, we see that 
equation (6) is the expression of the fact that one of the tri- 


angles OAP, OBP, OAB, is equal in area to the sum of the 
other two. 


59. We have seen that a straight line is the locus of an 
equation of the first degree; as we proceed it will appear that 
if an equation be of a degree higher than the first, the cor- 
responding locus will be generally some curve ; we may notice 
liere some exceptional cases. 


Suppose the equation 
x — 4ax + 407 + y?= 0 
be proposed ; this equation may be written 
(a — 2a)" + y' =0. 
Hence we see that the only solution is 
y=0, v= 2a, 
Thus the corresponding locus consists only of a single 
point on the axis of 2 at a distance 2a from the origin. 
Again, suppose the equation to be 
g+y+1=0. 
No real values of # and y will satisfy this equation; in 
this case then there is no corresponding locus, or as it 1s 
usually expressed, the locus is impossible. Thus, the locus 


corresponding to a given equation may reduce to a single 
point, or it may be impossible. 


60. We have seen that the equation to a single straight 
line is always of the first degree; an equation of a higher 
degree than the first may however represent a locus consist- 
ing of two or more straight lines. For example, suppose 


therefore y = @......6006(2), OF Y= —Liseeecseee Ce 
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If the co-ordinates of a point satisfy either (2) or (3), they 
will satisfy (1); that is, every point which is comprised in 
the locus (2) is comprised in (1), and every point which is 
comprised in (3) is also comprised in (1). Hence (1) repre- 
sents two straight lines which pass through the origin, and 
make respectively angles of 45° and 135° with the axis of wr. 


Again take the general equation of the second degree be- 
tween two variables 
ax’ + bay +cy'+dx+eyt+f=0; 
and let us determine when it represents two straight lines, 
We have 
cy’ + (be +e)ytar'+dc+ f=0. 
Hence considering this as a quadratic equation in y, and 
solving in the usual way we obtain 


ae on eee 
~ = 2c 
The expression under the radical sign is 

(L? — 4ac) 2? + 2 (be — 2c!) x + &* — ef; 


if this expression is an exact square with respect to x it is 
obvious that the proposed equation of the second degree 
breaks up into two equations of the first degree between 
x and y, and so represents two straight lines. 


The condition which is necessary and sufficient to censure 
that the expression under the radical sign 1s a perfect square 
with respect to x is, by Algebra, Chapter xxul, 


(be — 2cd)* = (b* — 4ac) (e* — 4cf). 


61. An equation which only involves one of the varia- 
bles, represcuts a series of straight lines parallel to one of the 
axes. Thus, if there be an equation f(x) = 0, we obtain by 
solving it a scrics of values for x, a8 @=4, T=1,,...... and 
each of these equations represents a straight line parallel to 
the axis of y. Similarly f(y) =0 represents a series of 
straight lines parallel to the axis of x. 


Pe 


An equation of the form f (%)=0 represents a series of 


straight lines passing through the origin; for by solving the 
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equation we obtain a series of values for ie as’ =m, : = Meyoee 
and each of these equations represents a straight line passing 
through the origin. Of course if an equation f(z) =0, 
FI (y) = 0, or f (2) =( have no real roots, the corresponding 
locus is impossible. 


The equation Ay’ + Bry + Cz’ =0 may be put in the form 
2 
A (2) +B2+C=0. 
a x 


Y 


Since this is a quadratic in -, We obtain two values for it, 


” ” 
suppose z =m, and a =m,; hence the equation generally 
represents two straight lines passing through the origin. If 
B* be less than 44, then m, and m, are impossible, and the 
only solution of the given equation is #=0, y=0; that is, 
the locus is a single point, namely, the origin. 


62. It is obvious that if the locus represented by an 
equation f(x, y) =0 passes through the origin, the values 
c=), y=0 must satisty the equation. We can thus imme- 
diately determine by inspection whether a proposed locus 
passes through the origin or not. 


63. In Art. 39 we determined the co-ordinates of the 
point of intersection of two given straight lines: the pro- 
position may obviously be generalised. Let / (2, y) =0, 
J, (x y) =0, represent two curves, then the co-ordinates of 
the points where they meet will be determined by solving 
these simultaneous equations. It may be shewn that if one 
equation be of the mm" degree and the other of the n, the 
number of common points cannot exceed mn. (See Theory 
of Equations, Chapter xx.) 


64 We will exemplify the Articles of this Chapter by 
applying them to demonstrate some properties of a triangle. 


The straight lines drawn from the angles of a triangle to 
the middle potnts of the opposite sides meet at a pornt. 
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Let ABC be a triangle, D, FE, F the middle points of the 
sides; take A for the origin, 4B for the direction of the axis 


Y re 


A ¥F B xX 
of a, and a straight line through A at right angles to AB for 


the axis of y. Let AB=a, and let a’, y' be the co-ordinates 
of CL Since Dis the middle point of CB, the abscissa of D is 


4 (x + a) and its ordinate - (Art. 10); since / is the middle 


U , 
: : se 0 ; ; yo, 
point of AC, the abscissa of E is) and its ordinate if ; since 
ad aut 


F is the middle point of AJ, its abscissu is 5 and its ordi- 


) 
nate zero. Hence by Art. 35, 
the equation to AD is y = 2 ee (1); 


. ae y (x—a) . 
the equation to BDiis y = al Og inn Qi 
- 1: y (2ur — a) ‘ 
the equation to Ch’ is y Sy es (33). 
To find the point of intersection of (2) and (3) we put 
y (e—a)_ y (2x—a) 
a—2a  %'~a 
therefore (#—a) (22'—a)=(2x—a) (x — 2a); 
therefore S8az=a (x +a); therefore x = } (2 +a). 


) 


Substitute this value of xz in (2) and we find y =", . 


We have thus determined the co-ordinates of the point 
of intersection of (2) and (3); moreover we see that these 
values satisfy (1); hence the straight line represented by (1) 
passes through the intersection of the straight lines repre- 
sented by (2) and (3), which demonstrates the proposition. 
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The straight lines drawn from the angles of a triangle 
perpendicular to the opposite sides meet at a point. 
The equation to BC is (Art. 35) 
y 


t 
zr ~a 





(x—a); 


y= 


hence the equation to the straight line through A perpen- 
dicular to BC is (Art. 44) 


The equation to AC is y=, 23 hence the equation to 


the straight line through B perpendicular to AC is 


a j 
ti ee) saissuecememsenueasn (5). 


The straight line through C perpendicular to AB will be 
parallel] to the axis of y, and its equation will be (Art. 15) 


Now at the point of intersection of (5) and (6) we have 


ld 


U 
x 
L=2, aa, (x —a); 


and as these values satisfy (4), the straight line represented 
by (4) passes through the intersection of the straight lines 
represented by (5) and (6). 

The straight lines drawn through the middle points of the 
sides of a triangle respectively at right angles to those sides 
meet at a point. 


The equation to the straight line through D at right 
angles to BC is 


YQ @-a/ ate’ 
a ry (2- “z= ) ec eccnesecees (7). 


The equation to the straight line through £ at right 
angles to CA is 
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The equation to the straight line through F at right angles 
to AB is 


o= 5 sAcaaebeeinmennetaw slats (9), 


Now at the point of intersection of (8) and (9) we have 
a yo iw fa ey. 
t= 5, Y= 377 (5-5) 
these values satisfy (7); hence the straight lines represented 
by (7), (8), and (9), meet at a point. 

Let us denote by P the point of intersection of the three 
straight lines in the first proposition, by @ the point of inter- 
section of the three straight lines in the second proposition, 
and by & the point of intersection of the three straight lines 
in the third proposition ; we will now shew that 2’, Q, and Li 
lie in one straight line. The co-ordinates 


of P are c =} (x + a), y= "43 


, 
of Qare r= .2', y= (@—2); 
y 
of 72 are x= oe TN 
9” y 2 Dy’ 


Hence the equation to the straight line passing through 
Pand Q is' 


, 


’ 
’ of (a—a a s 


4 
y Ey ioe) 
y=. = barre (2 3 ). ceecncee (1Q). 
In this equation put z= 5 , then 
x 


“a-2)-% an a Y 
Gat CO 02) yen), 


~> 


t(Qc-a) \6 3 
w(a-v) y¥ ¥_y¥ _@(a-2) 
therefore i soem 2y/ me 3 + § = ) = dy’ . 


Hence the point F is on the straight line represented b: 
(10), for the co-ordinates of Zt satisfy (10). 
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EXAMPLES. 


1. Find ‘the equations to the straight lines which pass 
through the following pairs of points: 


(1) (0, 1), and (1, —1). (2) (2, 3), and (2, 4). 
(3) (1,1), and (—2,—2). (4) (0, —a), and (0, —b). 


2. Find the equations to the straight lines which pass 
through the point (4, 4) and are inclined at an angle of 45° 
to the line y = 2z. 


3. Find the equations to the straight lines which pass 
through the point (0, 1), and are inclined at an angle of 30° 
to the line y+ a= 2. 


4, Find the equations to the straight lines which pass 
through the origin and are inelined at an angle of 45° to the 
straight line @ = 2. 

5. Find the equations to the straight lines which pass 
through the origin and are inclined at an angle of 60° to the 
straight line a+ y/3=1. 


6. Find the angle between the straight lines «+ y=1, 
y=a+ 2; also find the co-ordinates of the point of intersec- 
tion. 


7. Find the angle between the straight lines 2+ y/3=0 
and w— y/3 =2. 
8. Find the angle between z+ 3y=1 and «—2y=1. 


9, Find the equations to the straight lines passing 
through a given point.in the axis of 2, and making an angle 
of 45° with the axis of a. 


10. Find the equation to the straight line which passes 
through the origin and is perpendicular to the straight line 
aty=2, 

11. Find the perpendicular distance of the point (1, — 2) 
from the straight lime «+ y—3= 0. 

12, Find the length of the perpendicular from the point 


(a, 6) on the straight line - + : = 1, 
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13. Find the co-ordinates of the point of intersection of 


ee ee oy _ 
the straight lines Pes 1 and Zt 1, 


14, Find the equation to the straight line which passes 
through the point (a, b), and through the intersection of the 


straight lines - + ; =1 and : + Y= 1. 
15. Shew what loci are represented by the equations: 
(1) a+y7'=0, (2) a—y'=0, 
(3) a+ay=0, (4) ary =0, 


(5) a'+y%+a’°=0, (6) aw(y—a)=0. 
16. Interpret 
(1) (w—a)(y—b)=0, 
(2) (wa) + (yb =0, 
(3) (@—yta)+(wty—a)'=0. 
17. What straight lines are represented by the equation 
y’ — Ary + 327 = 0? 
18. Shew that 3y*°— 8xy — 34? + 302 — 27 =0 represents 
two straight lines at right angles to one another. 
19. Find the equations to the diagonals of the four-sided 
figure, the sides of which are represented by the equations 
cg=4, y=5, yer, y=2u. 
20. ABCDEF is a regular hexagon; take A for the 
origin, AB as axis of 2, and a straight line through A at 


right angles to AB as axis of y; find the equations to all the 
straight lines joining the angular points of the hexagon. 


21. Given the co-ordinates of the angular points of a 
triangle, find the equation to the straight line which joins the 
middle points of two sides. 


22, Find the tangent of the angle between the straight 
lines 

y—mz=0 and myt+a=0, 
when referred to oblique axes, 


49 
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23. Shew that whether the axes be rectangular or oblique 
the straight lines y+2=0 and y—x=0 are at right angles. 


24, Given the lengths of two sides of a parallelogram 
and the angle between them, write down the equations to the 
two diagonals and find the angle between them; taking one 
of the corners as origin, and the two sides which meet at that 
Corner a8 axes. 


25. Inthe figure to Art. 75, take BA and BC as the axes 
of x and ¥; suppose BA=a, BC =c; and let h, & be the 
co-ordinates of D; then form the equations to AC, BD, 
AD, CD. 

26. With the notation of the preceding Example, find 
the co-ordinates of the middle point of AC and those of the 
middle point of BD, and form the equation to the straight 
line passing through these two points. 

27. With the same notation find the co-ordinates of the 
middle point of ZF, and thus shew that this point lies on 
the straight line joining the middle points of AC and BD. 


28. If = +4 =1 and a +e =1 be the equations to two 
straight lines, which with the co-ordinate axes (rectangular or 
oblique) contain equal areas, and 2’, y’ be the co-ordinates of 
the point of their intersection ; shew that 

y’ ij ae 3’ 


ge Rig ee 


aoa-a 
29. What points on the axis of # are at a perpendicular 


distance a from the straight line —+ : =1? 


30. Form the equation for determining the abscissa of a 
point, in the straight line of which the equation is ~ + ; =I, 
whose distance from a given point (a, 8) shall be equal to a 
given straight line c, Shew that there are in general two such 
points, and in the particular case in which those points coincide 


c’ (a’ + b") = (aB + ba — ab)*. 
31. Find the tangent of the angle between the two straight 
lines represented by the equation Ay’ + Bry + Cz*=0, 


EXAMPLES. CHAPTER III: 53 


32. Find the points of intersection of the straight lines 
2+2y—5=0, 2x+y—7=0, and y—2—-1=0; and shew 


that the area of the triangle formed by them 1s a 


33. The area of the triangle formed by the straight lines 


y=xtanaz, y=artanB, y=ctanyte, 
- o _Bin (a—8) cow'y 
2 sin (a—) sin (8—y¥)’ 
34. Given the equations to two parallel straight lines, 
find the distance between them. 


30. Determine the angle between the straight lines 


<= 4-cos 6+3 sin 8, © = 3 cos6— 4 sin 8 


36. Interpret /'(6)=0; for example, sin 36 = 0, 


37. Ifthe axes be inclined at an angle @, the condition 
that the straight lines Ar+ By+ C=0, A'n+ By + C= 0, 
may be equally inclined to the axis of « in opposite diree- 
tions is 

BPR 


At a= 7 cos @. 


38. In the preceding Example, if besides being equally 
inclined to the axis of « the straight lines pass through the 
origin and are perpendicular to one another, the equation to 
the straight lines is 2 + 22y cos w + y’ cos 2w = 0. 


39. Two parallel straight lines are drawn at an inclina- 
tion @ to the axis of # through the two points whose co-ordi- 
nates are a, 6, and a, 0b’; shew that the distance between 
these straight lines is (b’—b) cos 6 — (a’—a)sin 6. Hence 
determine the rectangle whose sides pass through four given 
points, and whose area is given. 7 


40. A square is moved so as always to have the two 
extremities of one of its diagonals upon two fixed straight 
lines at right angles to each other in the plane of the square; 
shew that the extremities of the other diagonal will at the 
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same time move upon two other fixed straight lines at right 
angles to each other. 


41. ABand BC are two straight lines at right angles to 
each other, A is a fixed point, B moves along a given straight 
line, and AB to BC is a given ratio; determine the locus 


of C. 

42, OX and OY are fixed straight lines meeting at any 
angle; a straight line of given length slides along OX, and 
another straight line of given length slides along OY. Find 
the locus of a point which is so taken that the sum of the 


areas formed by joining it to the ends of the moving straight 
lines is constant. 


43. Shew that the straight lines FC, KB, AL, in the 
figure to Euclid 1. 47, meet at a point. 


44, If on the sides of a triangle as diagonals, parallelo- 
grams be described, having their sides parallel to two given 
straight lines, the other diagonals of the parallelograms will 
meet at a point. 


45. If from a fixed point O a straight line be drawn 
OABCD... meeting at A, B, C, D,... any given fixed straight 
lines in one plane, and if 


1 1 1 1 
Ox oA* OBT OGT 
X being a point in OA, the locus of X is a straight line. 


46. Shew that the area of the triangle contained by the 
axis of y and the straight lines y=ma+e, y=mMr+e,, 18 


(c¢,—c,)* 
2 (m, = m,) ° 


47, Determine the area of the triangle contained by the 
straight lines y=m,e+c¢, y=mecte, y=mrteo,. 


48. The area of the triangle formed by the three straight 


, i OO ae ab. 
lines y=ar—-, y=be- J, yaar, Is 


(a—6) (b-c) (ca) 
8 


CHAPTER IV. 


STRAIGHT LINE CONTINUED. 


65. WE have seen that cach of the equations | 
Ag+ By+C=0, A’e+ By+C'=0, 


represents a straight linc. We will now interpret the equa- 
tion 
Ar+ By + C+r(A'@ + By + C')=0...... (1), 


where 2» is some constant quantity. 


J. Equation (1) must represent some straight line, because 
it is of the first degree in the variables z, y. (Art. 16.) 


IJ. The straight line represented by (1) passes through 
the intersection of the straight lines represented by 


Ae By eC 0 vente ccncwiss (2), 
Mit Boyt C=O vecceccscsecescsseees (3). 


For the values of x and y which satisfy stmultaneously (2) 
and (3) will obviously satisfy (1); that is, the point at which 
(2) and (3) intersect lies on (1). 


III. By giving a suitable value to the constant » the 
equation (1) may be made to represent any straight line 
which passes through the intersection of (2) and (3). 


For let z,, y, denote the co-ordinates of the eal of inter- 
section of (2) and (3); suppose any straight line drawn through 
this point, and let «,, y, be the co-ordinates of another point 
in it. Now we have already shewn in II. that the straight 
line (1) passes through (#,, y,); we have therefore only to 
shew that by giving a suitable value to 2X the straight line 
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(1) can be made to pass through (z,, y,), because two straight 
lines which have two common points must coincide. Substi- 
tute «,, y, for « and y respectively in (1), and determine A so 
as to satisfy the equation. Thus 

Ag, + By, + C 

A'a, + b'y,+ CU" 

Now use this value of 4 in (1); then the equation 


Ar,+ By,+C , 4 Re 
Ax + By + OFT By tC (A'r + By + C0’) =0...(4) 


ta 


represents a straight line passing through (z,, y,) and (a,, y,). 


We have thus shewn that by giving a suitable value to A, 
the cquation (1) will represent any straight line passing 
through the intersection of (2) and (3). 


66. The preceding Article 1s very important, and com- 
monly presents difficultics to beginners. The student should 
not leave it until he is thoroughly familiar with the three 
propositions which are contained in it. The first proposition 
1s Obvious. To demonstrate the second proposition the student 
may, if he pleases, actually find the valucs of # and y which 
satisfy simultaneously Ar+By+ C= 0, and A’a+ B’y+ C’=0, 
and convince himself, by substituting these values, that they 
do satisfy Aa+ By+ C+d(A'a+ By + C')=0. There 1s, 
however, no necessity for solving the first equations, because 
it is evident that values of z and y which make Ar + By+C 
and A'«+ J'y+C" vanish simultaneously must also make 
Ar+ By + C+2A(A'r+ By + C’) vanish, because they make 
each of the two members of the expression vanish. The third 
proposition of the preceding Article is usually the most dif- 
ficult: the student is apt to think it needs no demonstration. 
It may be obvious, however, that by giving different values 
to A, different straight lines are represented, and that we can 
thus obtain as many straight lines as we please, but this does 
not shew that we can by a suitable value of in (1) represent 
any straight line passing through the intersection of (2) and (3). 

For example, if the straight lines (2) and (3) be DSE and 


FSG respectively, it might have happened that all the straight 
lines represented by (1) fell within the angle /SD and none 
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within FSE. It requires to be demonstrated then that by 


F 


giving to Xa suitable value in (1) we can obtain the equation 
to any straight line through &. 


67. It is often convenient to denote by a single symbol 
the expression which we equate to zero in our investigations 
in this subject; for example, in Art. 51 we have used the 
symbol « as an abbreviation for zcosat+ysina—p. In 
like manner we may denote such expressions as due + By + C, 
¥y— mx —c, +5 »». by single symbols, as w, v,... wy... 
Now it will be seen that the demonstration in Art. 65 applies 
to any form of the equation to a straight line as well as to 
the form Av+ By + C=0 which we have used, Hence the 
result may be enunciated thus: if w=0 and v=0 be the 
equations to two straight lines, and > a constant quantity, 
the equation u+ Av =0 will represent a straight line passing 
through the intersection of the two straight lines; and by 
giving a suitable value to A, the equation will represent any 
straight line passing through the intersection of the two 
straight lines. 


68. If u=0 and v=0 be the equations to two straight 
lines, then as we have shewn, u+Av=0 will represent a 
straight line passing through their intersection ; it is sometimes 
convenient to use the more symmetrical form lu + mv =0, 
where J and m are both constants. It is obvious that what has 
been said respecting the first form applies to the second; in 


fact the second is deducible from the first by writing se for 2X. 


It must be remembered throughout this Chapter that J, m, 
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N,...r,... are constants, though for shortness we may omit to 
state it specially in every Article. 


69. Similarly ifu=0, v=0, w=0, be the equations to 
three straight lines, and 1, m, n be constants, the equation 
Lu +d + NW =O ccc cecceceeeseeee (1) 


will represent a straight line. Moreover, by giving suitable 
values to l, m, n we may in general make this equation re- 
present any straight line whatsoever. For suppose we wish 
this equation to represent the straight line passing through 
(x,, y,) and (a,, y,). Let w,, v,, w, denote the values of u, », 
w respectively when we put 2, for x and y, for y; and let u,, 
v,, w, be the respective values when xz, and y, are put for z 


and y respectively. Then determine the values of 7 and 
from the equations lu, + mv, + nw,=0 and lu,+ mv,+ nw,=0; 
y 

mY 
dag 


i? +) 0= 0, and we obtain 


suppose we thus find 7 = - , and | ; substitute these values 


in the equation uv + 


fe 
U + x 


vt 5 w= 0, or Au+pv+vw=0), 
which represents the straight line passing through the points 
(x,, y,) and (z,, y,). 


We have said above that the equation (1) can an general 
be made to represent any straight line, because there are 
exceptions which we now proceed to notice. 


When the straight lines represented by u=0, »=0, and 
w=( meet at a point, the equation (1) represents a straight 
line which necessarily passes through that point. For since 
the three given straight lines meet at a point, wu, v, and w 
vanish simultaneously at that point; therefore lu+ mv + nw 
also vanishes at that point, so that the straight line repre- 
sented by equation (1) passes through that point. 


When the three given straight lines are parallel the equa- 
tions u=0, »v=0, w=0 will be of the forms 


Az + By+C,=0, Axv+By+ C,=0, Av+ By+C,=0, 
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and thus equation (1) may be reduced to 


LC, +mC,+nC, _ 
wees, 
and this equation represents a straight line parallel to the 
given straight lines. 





- Thus if the three given straight lines meet at a point or 
are parallel, equation (1) will not represent any straight line ; 
for the straight line represented by equation (1), in the former 
ease passes through the point at which the given straight 
lines meet, and in the latter case is parallel to the given 
straight lines. 


We may shew that there is no other exception. For the 
general investigation is always conclusive except when A, p, 
and »y all vanish, that is, when 


V,W,—0,0,=0, wu,—w,u,=0, ur,—uy,=0...... (2). 


We shall now shew that when equations (2) are satisfied, 
the three given straight lines cither all mect at a point or are 


parallel. 


First suppose that the points (x,, y,) and (2,, y,) are not 
on any of the three given straight lines; so that nune of the 
quantities U,, U,, W,, Us, U,, W, Vanish. 


: vw 
From the first of equations (2) we have ; = - ; hence by 


Art. 47 it follows that the ratio of the perpendiculars from 
(v,, ¥,) and (2,, y,) on the straight line v=0, is the same as 
the ratio of the perpendiculars from the same points on the 
straight line w=0. Hence it will follow geometrically cither 
that the straight lines v = 0 and w=) are both parallel to the 
straight line joining (a,, y,) and (z,, y,), or else that these three 
straight lines meet at a point. Similar results follow from the 
second of equations (2), and from the third of equations (2). 
Hence in this case if equations (2) are satisfied, the three 
given straight lines either meet at a point or are parallel. 


Next suppose that one of the two given points is situ- 
ated on one of the three given straight lines; suppose for 
example that w,=0. Then from the first of equations (2) it 
follows that either v7,=0orw,=0. Suppose we take v,=0. 
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Then from the second and third of equations (2) we deduce 
either that w,=0 or else that w, =0 and v,=0; in the former 
case the three given straight lines all pass through the point 
(x,, y,); in the latter case the straight lines v=0 and w=0 
both pass through the two points (z,, y,) and (z,, y,), that is, 
two of the given straight lines coincide so that all three will 
reduce either to two intersecting straight lines or to two par- 
allel straight lines. Suppose we take w,=0 in conjunction 
with w,=0. Then the straight line w=0 passes through the 
given points (x,, y,) and (#,, y,). From the third of equa- 


tions (2) we have “1 = “1; and thus the straight lines u=0 
uy v ss 


and v=0 either meet on the straight line joining the points 
(r,, ¥,) and (x,, y,), or are parallel to this straight line; that 
is, the straight lines u=0, v=0, and w=0 cither meet at a 
point or are purallel. 


70. Let a=0, B=0 be the equations to two straight 
lines expressed in terms of the perpendiculars from the origin 
and their inclinations to-the axis of 2 (see Art. 50), so that a 
is an abbreviation for 2 cosa+ysina—p,, and 8 is an abbre- 
viation for x2 cos 8+ ysin8B—p,; we proceed to shew the 
meaning of the equations a— 8 =0 and a+ 8 = 0. 





Let SA be the straight line a= 0, and SB the straight line 
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8=0; let SC bisect the angle ASB, and SD bisect the sup- 
plement of ASB; the angle DSC is therefore a right angle. 
Take any point P in SC and draw the perpendiculars PV, 
PN on SA, SB respectively. If x, y be the co-ordinates 
of P, the length of PAL is a by Art. 54, and the length of PN 
is 8. Since SC bisects the angle ASB, PM = PN; therefore 
for any point in SC we have 8=a; that is, the equation to 


SC is a=8. 
Similarly, the equation to SD 1s a=—8. 


Thus a—8=0 and a+8=0 represent the two straight 
lines which pass through the intersection of'¢=0 and B= 0) 
and bisect the angles formed by these straight lines, 


The student must distinguish between the straight lines 
a—B=0 and a+f8=0; the following rule may be used: 
the two straight lines a=0, 8 =0, will divide the plane in 
which they lie into four compartments ; ascertain in which of 
these compartments the origin of co-ordinates is situated ; 
a—8=0 bisects that angle between a= 0 and 8 = 0 in which 
the origin of co-ordinates lies. This is obvious from the in- 
vestigation in the preceding Article and the remarks in Arts. 
53, 54, 


The equation a+A8=0 represents a straight line such 
that > is numerically equal to the ratio of the perpendicular 
from any point of it on a=0 to the perpendicular from the 
same point on B=0. If Xd is positive the straight line 
a+AS8=0 lies in the same two of the four compartments 
just alluded to as the straight line a+8=0; if > be negative 
the straight line a+A8=0 lies in the same two compart- 
nents as the straight linea—8=0. From the figure we see 
that PM= PSsin PSM and ?N=LPS8sin PSN; hence X or 
PM _ sin PSM. 
PN sin, 'SN? 
the angle between a=Qanda+Af8=0 to the sine of the 
angle between 8 = 0 and 2+A8 =U. 


that is, A expresses the ratio of the sine of 


71. We shall continue to express the equation to a 
straight line by the abbreviation a=0 when the equation is 
of the form zcosa+ysina-p=0; when we do not wish to 
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restrict ourselves to this form, we shall use such notation as 
u=0,7=0, wu =0,...... 


Let w=0, v=0 be the equations to two straight lines, 
the axes being rectangular or oblique; then wu—drv=0 and 
u+ dv =0 represent two straight lines passing through the 
intersection of the first two. Suppose, as in Art. 70, that SA, 
SB are the first two straight lines and SC, SD the second 
two; then will 

sin CSA _ sin DSA 
sin USB sin DSB* 


For by Art. 57 it appears that if » be the perpendicular 
from a point (z, y) on the straight line w=0, then p= yu, 
where p 18 a constant quantity ; similarly if p’ denote the per- 
pendicular from the same point on v=0, then p’ = pv, where 
is a constant quantity. Hence the equation w—Av= 0, or 


; _ “E- = () shews that Me = aE thus we see that numerically 
without regard to algebraical sign 

sin CSA _ Au 

sn CSB pi * 

cin DSA _ Ww. 

sn DSB p’’ 

sin CSA sin DSA 


therefore eee 


Similarly, 


72. We will apply the principles of the preceding Arti- 
cles to some examples. 


Let a= 0, 8=0, y=0 be the equations to three straight 
lines which meet and form a triangle, and suppose the origin 
of co-ordinates within the triangle; then the equations to 
the three straight lines bisecting the interior angles of the 
triangle are, by Art. 70, 


B—-y=0...(1); y-a=0...(2); a~B=0...(3). 


These three straight lines meet at a point; for it is 
obvious that the values of 2 and y which simultaneously 
satisfy (1) and (2) will also satisfy (3). 


EXAMPLES OF ABRIDGED NOTATION. 63 


Again the equations to the three straight lines which 
pass through the angles of the triangle and biscct the angles 
supplemental to those of the triangle are 


B+y=0...(4); ytanO...(5); a+8=0...(6). 

It is obvious that (3), (4), and (5) meet at a point; simi- 
larly (5), (6G), and (1) meet at a point; so likewise (4), (6), 
and (2) meet at a point. 

In all our propositions and examples of this kind, we 


shall always suppose the origin of co-ordinates within the 
triangle, unless the contrary be stated. 


73. If g=0, B=0, y=0 be the cquations to three 
straight lines which form a triangle, then any straight 
line may be represented by an equation of the form 
la+mB+ny=0; for the exceptional cases noticed in 
Art. 69 cannot occur here. 

Let a, b, c denote the lengths of the sides of the triangle 
which form parts of the straight lines a=0, 8 =0, y=° re- 
spectively. Take any point within the triangle and join it 
with the three angular points; thus we obtain three triangles 
aa bp cy 

I~ 5 


the areas of which are respectively Ty Tg ane 
Hence aa+b8 +cy =a constant ; 


the constant being in fact twice the area of the triangle 
taken negatively. 


This result holds obviously for any point within the tn- 
angle determined by a=0, B=0, y=0. It will be found 
on examining the different cases which arise that it is also 
true for any point wtthout the triangle. Hence it is uni- 
versally true. 


Suppose we require the equation to a straight line par- 
allel to the straight line la + m8 + ny = 0. 


This required equation may be written lz+mB+ny+k=0, 
where k is aconstant. (Art. 38.) 


Or, since aa + 68+ cy is a constant, the required equation 
may be written, la + mB + ny +k’ (42+ 08 + cy) =0, where 
Kk’ is a constant. 
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74. The straight lines represented by the equations 
u=0, v=0, w=0, will meet at a point, provided lu+mu+nw 
is identically =0; 1, m, m being constants. For if 





lu+mv+nw =0 identically, we have w= — ge always. 
Hence the equation w=0 may be written = ome = (), 


that is, the straight line w=0 is a straight line passing 
through the intersection of u=0 and v= 0. 


75. The following example will furnish a good exercise 
in the subject. 


Fr 





B A E 


Let ABCD be a quadrilateral ; draw the diagonals 4 C, 
BD; produce BA and CD to meet at FE, and AD and BC 
to meet at F; join EF, forming what is called the third 
diagonal of the quadrilateral. Suppose 


u= (0, the equation to AB,.......... ee (1), 
id | re eee BC, science: (2), 
WO) kueincusewecions ODD: Siiarsiss Ge ptaaiate (3). 


We propose to express the equations to the other straight 
lines of the figure iu terms of u, v, w, and constant quan- 
tities. Assume for the equation to BD 


lip Ocicsceunacsiestiazeess (4), 
and for the equation to CA 
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These assumptions are legitimate, because (4) represents 
some straight line passing through B, whatever be the values 
of the constants / and m; by properly assuming these con- 
stants, we may therefore make (4) represent BD. Also (8) 
represents some straight line through C, and by giving a 
suitable value to n, we may make it represent CA, We may 
if we please suppose one of the three constants J, m, n, equal 
to unity, but for the sake of symmetry we will not make 
this supposition. The equation to AD is 


lu — my + nw =O ciccccccccceescees (6); 


for (6G) represents a straight line passing through the intersec- 
tion of lu—mv=0 and w=0, that is, a straight line through 
D; also (6) represents a straight line passing through the 
intersection of u=0 and mv—nw =0, that is, a straight line 
through A, Hence (6) represents AD, The equation to 
EF is 
Eee + 10 =O co cecencccoceresneeees (7); 

for (7) obviously represents some straight linc through £, and 
since lu + nw = lu — mu + nw + mv, (7) represents some straight 
line through #. Hence (7) represents F. 

Let G be the intersection of AC and BD. The cquation 


to EG is 
dae — MW t= Oc ccccccccesccccersccecs (8); 


for (8) represents a straight line passing through the inter- 
section of (1) and (3), and also through the intersection of (4) 
and (5). The equation to LG is 

lu — 2mv + NW =O o..csecscccereees -(9); 


for (9) represents a straight line passing through the inter- 
section of (4) and (5), and also through the intersection of (2) 
and (6). 

Suppose BD produced to meet EF at H, and AC and 
EF produced to meet at A; then it may be shewn that the 
equation to AH is 2lu—mv+nw=0, that to Ci/ is mu+nw=(Q, 
that to KB is lu+ mv=0, that to AD is lu~mv + 2nw = 0, 


We have introduced this example, not on account of any 
importance in the results, but as an exercise in forming the 
equations to straight lines, We proceed to another example. 


T.C8 5 
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76. If there be two triangles such that the straight lines 
joining the corresponding angles meet at a point, then the in- 
tersections of the corresponding sides lie on a straight line. 





Let ABC be one triangle, A’B C’ the other triangle ; let S 
be the point at which the straight lines AA’, BB’, CC' meet. 
Let the equation to BC be u=0, to CA v=0, and to AB 
w=0, Assume for the equation to 

BO Tut mut nw=0 w.ccecccsececneseees (1), 
and to CA lutm'v+nw=0......ccceeeee sense (2), 

It is shewn in Art. 69 that the equation to BC’ may be 
written in the above form, and by the method of that Article 
it may be shewn that by giving suitable values to the con- 
stants J, m', we may make (2) represent C’.A'. We will now 
shew that the equation to A'S’ may be written in the form 

lee + mov + 'w =O o.cceccerseneeens (3). 


The constant n’ may be obviously determined, so as to 
make the straight line represented by (3) pass through 4’; 
let n’ be so determined ; it remains to shew that the straight 
line (3) will pass through B. From (1) and (2) it follows 
that the equation 

(0 —D wt (m— mM) v= occ ecceee ee (4) 
represents some straight line through C’; but (4) obviously 
represents a straight line passing through the intersection of 
BC and CA. Hence (4) 1s the equation to CC’. 

Again, the straight line represented by (3) by supposition 
passes through 4’; hence from (2) and (3) we see that 

(a — m) v + (1 — 1) W =O ocareecseeeees(5) 
1s the equation to 4/4’. 
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The equation ([—J) ut (n—1) w=0 0... eee (6) 


represents a straight line passing through the intersection of 
BC and AB, that is, through B; and from (4) and (5) it fol- 
lows that this straight line passes through the intersection of 
C - hag AA’, that is, through 8. Hence (6) is the equation 
to SS. 

Now from (1) and (8) it follows that the straight lines re- 
 Daaraege by these equations meet on the straight line (6). 

ence (3) is the equation to A’R’. 

The required proposition now easily follows: for the 

straight line represented by 


lu + mv+nw=0......... ssiesdawaness (7) 


passes through the intersection of BC and R’C’, of CA and 
C'A’, and of AB and A'/? ; that is, these three intersections 
are on the same straight line. 

Conversely, if there be two triangles such that the inter- 
sections of the corresponding sides lie on a straight line, then 
the straight lines joining the corresponding angles mect at a 
point. ‘lo prove this we may begin with the equations to 
BC, CA, AB, B'C', C'A' as before, and assume (3) as the 
equation to some straight line through A’. Then (7) will re- 
present the straight line passing through the intersection of 
BC and BC", and of CA and C’A'; now (3) is the equation 
to a straight line passing through the intersection of AB and 
(7) ; hence (3) must be the equation to A’. Then from the 
form of (1), (2), and (3), it follows immediately that CC’ 
passes through the intersection of AA’ and BL. 

It may be shewn also that the equation to the straight 
line which passes thr8ugh the intersection of AB and A'C’, 
and of AC and A'S’, is 


Lu + my +1 =O crceccecsssceeeceees (8). 
And the intersection of (8) with BC will lic on the 
straight line 
L'a mv + 2'W=O oc eecereceeenees (9). 
Similarly the straight line joining the intersection of BA 
and B’ C’ with the intersection of BC and B’A' meets CA on (9). 


And also the straight line joining the intersection of CA and 
C’B' with the intersection of CB and C'A’ meets AB on (9). 


5—2 
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The two triangles considered in this Article are said to be 
homologous ; the point at which the straight lines joining the 
corresponding angles meet is called the centre of homology, 
and the straight line which contains the intersections of the 
corresponding sides is called the axis of homology. 


77. The equation u+Av=O0 represents a straight line 
passing through the intersection of the straight lines u=9, 
»=(). Hence if there be a series of straight lines the equa- 
tions of which are all of the form u+Av=0, and differ merely 
in having different values of the constant X, all these straight 
lines pass through a point, namely, the intersection of u=0 
and v = 0. 


78. The student 1s recommended to make himself very 
familiar with the preceding Articles of the present Chapter, 
as they contain the essential principles of a subject which has 
received much attention during the last few years. When 
these principles are mastered no difficulty will be found in 
following the numerous investigations in which they have 
been applied. 


The name trilinear co-ordinates is often applied to the 
subject which has been brought before the notice of the stu- 
dent in the present Chapter; and it is easy to explain the 
appropriateness of the term. Let there be any fixed triangle 
ABC, which may be called the triangle of reference ; take 
any point J’ in the plane of the triangle, and let a, 8, y denote 
the perpendicular distances of P from BC, CA, AB respec- 
tively: then a, 8, y may be called the three co-ordinates of 
the point /. We shall consider @ as positive when P ig on 
the same side of BC as A is, and as negative when P is on 
the opposite side of BC; and a similar rule will be adopted 
with respect to the signs of @ and ¥. 


The three co-ordinates of a point are connected by a rela- 
tion; for az+)8+ cy is equal to twice the area of the tri- 
angle ABC. Sce Art. 73. 


It will be seen that the meanings here assigned to a, B, y 
correspond with those already adopted in this Chapter, except 
that the signs are reversed. Thus to connect trilinear co- 
ordinates with the common co-ordinates we may suppose a to 
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stand for p—2cosa—ysina, and make similar suppositions ' 
with respect to 8 and ¥. 

Formule which involve trilinear co-ordinates may be in- 
vestigated immediately from the definitions without any ro- 
ference to the common co-ordinates ; or they may be investi- 
gated with the aid of the common co-ordinates, The latter 
method is naturally suggested by the plan of an clumentary 
work like the present; and accordingly we have in substance 
adopted this method in the present Chapter. We will now 
discuss briefly a few more applications of trilinear co-ordi- 
nates; the student should also exercise himself by the ex- 
amples at the end of the Chapter. 


I. To find the angle between two given straight lines. 
Let Aa+ wB+ vy=0 and Na+ B+v'y7=0 be the equa- 
tions to the straight lines. 


If we express the first equation in rectangular co-ordinates 
it becomes 


C—(A cosa+pucosB+y cosy) x—(AsinatpusinB+ysiny) y=0, 
where C is a constant. 

The second equation may be put into a similar form. 

Let @ denote the angle between the two straight lines; 





m—m’' 
. 41 A = — ~_ > ] LD 
then, by Art. 41, tan d aan where 
= Acs a+ 4 cos B + v cosy 
~ AsinatpweinB+vsiny’ 
; »% cos 2+ pcos ‘cos 


~ Nsinat+p sin8+ y'siny’ 
Hence, substituting and reducing, we find tan ¢ is equal 
to a fraction of which the numerator is 
(uv'—p'v) sin (y— 8) + (vd —v'd) sin (2—y) + (Aw — Ne) sin (B—a), 
and the denominator is 
AN + py + vy'+ (uv' + p'v) cos (y — B) 
+ (vd'+ v'r) cos (2 —+) + (Ap! + Xp) cos (8 —a). 
Now we can express the angles y—8, a—y, B—4 in 
terms of the angles of the triangle of reference. For suppose 
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we take any point within the triangle of reference and draw 
perpendiculars on the sides; then the angle between the per- 
pendiculars on AB and AC is the supplement of A: thus 
either y— 8=180°—A or B—y=180°—A. It depends on 
the position of the axis of 2 in the rectangular co-ordinates 
which of these cases holds. 

We shall thus find that 
cos (y—8)=—cos A, cos(a—y)}=— cos.B, cos(8— a)=— cosC, 
sin (y—8)=+sin.A, sin(a—y) =+sin B, sin(B+a)=+sinC; 
and in the second line we must take the upper sign in all 
three cases, or the lower sign in all three cases. 

Thus finally tang is equal to the following expression 
with the double sign prefixed. 

(uv’— p'v) sin A + (vrA'— v'A) sin B+ (Ap'—'p) sin C 


ee Aha REY THE ee ee sete ie oe —- 


NE put ve (asp rjoa AWN Fy KjooaB—(p"t A'pjoneC 

Again, by Art. 41, 

; m— Mm 
P= TF we) Lm) 

Proceeding in the same way we find that sin ¢ is equal to 
a fraction of which the numerator is 

+ {(uy’—p'v) sin A+ (vr'—v’d) sin B+ (Ap — rp) sin CI, 
and the denominator is the product of 

V (i + pw? + v* — Quy cos A — 2vr.cos B—2rp cos C) 

and /(A°+ u*+y72—2Qu’y’ cos .A — 2v'r' cos B— 2r'p' cos C). 

II. Zo find the condition that two straight lines may be 
at right angles. 


The value of tang must be infinite, and thus the deno- 
minator of the fraction obtained for tan must be zero. 


III. Let ABC be the triangle of reference; and suppose 
the straight line denoted by z+ m8 + ny = 0 to cut the sides 
tof the triangle at D, Z, F respectively. 


At D we have a=0, and therefore m8 + ny=0. Here 8 
denotes the length of the perpendicular from D on AC, so that 
8 = CD sin C; and y denotes the length of the perpendicular 
from D on AB, so that y= BD sin B. 
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Thus mCDsin C= —aBDsin B. 
Similarly at EF we have 
B=0, y=ALsinA, a= CEsin C; 


therefore nAE sin A =—lCEsin C. 
A B ¥ 
And at F' we have 
y=0, a=—-BFsinB, B=AFsin A; 
therefore LBF sin B= mAF sin A, 


Hence by multiplication we obtain 
CD.AE.Br=BD.CE.AF. 
See Appendix to Euclid, Arts. 56...58. 


IV. Let ABC be the triangle of reference: we shall 
shew how the constants J, m, n in the equation to a straight 
line la + mB + ny = 0 may be expressed in terms of the sides 
of the triangle and the perpendiculars from its angles on the 
straight line. 


Let p, g, r denote the perpendiculars drawn from A, B, C 
respectively ; any two of them will be considered to be of the 
same sign or of contrary signs according as they fall on the 
same side of the straight line or on contrary sides, 


Proceeding as in III. we have 


mCD sin C=—nBD sin B; 


CD fr 
but Bp ar ; 
therefore mr sin C=nqsin B, 
therefore mre = ngb. 
Similarly npa = Ire, 


and lgd : 
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i mm *® 
Hence pa qb re’ 


and the equation to the straight line becomes 
pat + gbB + rey = 0. 


V. To find the length of the perpendicular drawn from 
a given point on a given straight line. 

Let (a, 8’, y') be the given point, and Aa+yB + vy=0 
the given straight line. 

By Art. 49 the perpendicular distance is 

Na! + w+ ay’ 
where ~ A =) cos a+ pcos B+ v cos ¥, 
—B=dsina+psin B+ vsiny. 
Thus 4*+ B*= 
M+ w+ v¥+ Quy cos(B — ry) + 2vr cos (ry — a) + 2rAp cos (a — 8) 
= + y+ v* — Quy cos A — 2vr.cos B— 2A cos C. 


VI. Suppose we take for the fixed point the vertex A of 
the triangle of reference, so that 8’ =0 and y'=0; and use 
the values of /, m,n found in IV. Thus the length of the per- 
pendicular from A on the straight line pag + gb8 + rcy = 0 is 
ee ee. ee ena TT 
V (p'a'+ g'b’+ r'c’ — 2qrbc cos A — 2rpca cos B — 2pgab cos C) ’? 
and this perpendicular is equal to py. Moreover if A denote 
the area of the triangle of reference a'a= 2A. Hence finally 
4A’ = p*a" + qb’ + rc? — 2grbe cos .A — 2rpca cos B— 2pgab cos C. 

This relation then must hold between the lengths of the 
el ele drawn from A, B, C on any straight line. 

ubstitute for cos A, cos B, and cos C their values in terms of 
the sides of the triangle ; then the result may be put in the 
form 
4A°= at (p—q) (pr) +0 (g—1) (¢—p) te (r —p) (9). 

This may be easily verified. For we see that if it be 
true for one straight line it must be true for every parallel 
straight line, since it involves only the differences of the per- 
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pendiculars p,g,1. It will be sufficient then to shew that 
the result is true-for every straight line which passes through 
an angular point of the triangle. 
Take any straight line through A, suppose it to make an 
angle 6 with AB, and an angle ¢ with AC; so that 
6+ 6+ A = 180°. 
Then p=0, g=csind, r=bsin¢. 
We have then to shew that 
gb? + r'c — 2grbc cos A = 44%. 
The left-hand member 
= b’c* (sin* # + sin’ db — 2 sin O sin ¢ cos A) 
= D’c* {sin* 6 + sin® ¢ + 2 sin @ sin } cos (0 + )} 
= 6c’ {sin® @ (1 — sin® p) + sin’ (1 — sin® 6) 
+ 2sin Osin ¢ cos 8 cos h} 
= b’¢*{sin’@ cos’ + sin’ ¢ cos’ 6 + 2 sin @ sin d cus @ cos d} 
= b*c* sin’ (6 + b) = U’c' sin’ A. 
This establishes the required relation. 


VII. We have seen in Art. 69 that overy straight line 
can be represented by an equation of the form 
la+mB+ny = 0. 
We shall now shew conversely that every equation of this 
form, with a single exception, will represent some straight 
line. 
Develope the equation as in J.; then we see that it must 
represent a straight line except when 
Lcosa+mcos 8 + ncos y = 0, 
and lsina+msin B+ nsiny=0. 
Eliminate n; thus 
Lein (y—a) + msin (y— 8) =0; 
' m 
therefore sin (y —B) = sin (a— +) ; 


and in the same way we find that cach of these 1s equal to 


n 
sin (Ba) 
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- Thus by what is shewn in L we have 
l m n 


sin. A sinB sind’ 

It follows that l2+mB+my=0 will always denote a 
straight line except when |, m, and m are proportional to 
sin A, sin B, and sin C, that is to a, b, and c. 

And we have seen that az +8 + cy expresses double the 
area of the triangle of reference, so that it cannot be equal 
to zero. 


VIII. In the equation Az + By+C=0, suppose that 
A and B diminish indefinitely while C remains constant. 
The straight line represented by the equation then moves 
away to an indefinite distance from the origin; for the inter- 


cepts on the axes are — 7 and — = 


In like manner if I, m, 2 are in proportions to each other 
which differ infinitesimally from the proportions of a, b, c the 
straight line la+mB8+ny = 0 is situated at an indefinitely great 
distance from the triangle of reference. For abbreviation it is 
usual to speak of the equation az +b8 + cy=0 as denoting 
a straight line at an infinite distance, or a straight line at 
impinity ; very often the equation is said to represent the 
straight line at infinity, which is open to the objection that 
it seems to imply that there is some definite position towards 
which the straight line tends as it moves away from the 
triangle of reterence. 

IX. To find the equation to the straight line which passes 

through two given points. 

Let (a,, 8,, y,) and (@,, 8,, y,) be the two points. Then, 
as in Art. 35, assume for the equation to the straight line 


lz +mB + ny =0. 


Thus lz, + mB, + ny, = 0, 
and la,+ mB, + ny, = 0. 
Hence we deduce 
l ™ n 


By, = By, 7 11%. — W247, 7 a,B, -_ a, 
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and the required equation is 
a (Bi, = Byy,) +8 (7,%— %5%,) +¥ (2,8, = a8.) = (), 
Hence the condition which must hold in order that the 
point (,, 8,, y,) may be on the straight line which joins the 
points («,, 8,,,) and (a, 8, %,) is 
a, (B., = Byy,) + 8, (Y,% = ,2,) + Ys (a,8, ie a,8,) = 0. 


X. Denote the condition just obtained by Z'=0 for 
abbreviation. The expression for the same condition in com- 
mon rectangular co-ordinates is by Art. 36 


L,Y, — L,Y, + TY, — TY, + XY, — UY, = 0, 
which we will denote by C= 0. 


We may infer that if we transform from trilinear co-ordi- 
nates to common rectangular co-ordinates the condition Z7’= 0 
will become C=0; so that, whether the three points aro in 
the same straight line or not, 7’ can only differ from C by 
some constant factor which does not depend on the co-ordinates 
of the points. But, by Art. 11, when the three points are not 
in the same straight line C expresses double the area of the 
triangle which can be formed by joining them. Hence we 
conclude that the area of this triangle can also be expressed 
by &T, where & is some constant, 


We may find the value of & by considering a particular 
case. ‘Lect the three puints be the vertices of the triangle of 
reference ; so that we may take f, = 0, y,=0, a,=0, y,=0, 
a,=0, 8,=0. Thus 7’ reduces to a8,y,, which is equal 

8A° 8A° abe 
to oho’ therefore & ae A; thercfore k= BAT’ 
Hence the area of the triangle formed by joining the 


points (2,, B.s %,)> (> Ber Yq)» and (a,, 8,, 5) is 


abe 
SA? {2 (Bi, = Byy,) a B, (1,45 — Y2%,) + Ys (4,8, ~ a,8 )} . 
XI. The student should carefully notice in this subject 
that geometrical theorems may often be obtained by inter- 

reting equations which naturally present themselves in our 
investigations. For example in Art. 72 we have shewn the 
meaning of the equations B+y=0, y+a=0, a+ f8=0: 
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we are naturally led to consider the meaning of the equation 
a+B+y=0. The straight line thus denoted passes through 
the intersection of B+y=0 and a=0, and through two 
analogous points. Hence we have this result: the straight 
lines which pass through the angles of a triangle and bisect 
the supplemental angles meet the respectively opposite sides 
in three points which lie on a straight liae. Similarly we 
may interpret the following equations : 


B+y—-a=0, y+ta-B8=0, a+fB—-y=0. 


XII. It is very easy to pass from trilinear co-ordinates to 
common oblique co-ordinates. Suppose we have any equation 
between a, 8, and y; we can express y in terms of a and 8, 
by means of the relation az+ 68+ cy = 2A, and thus trans- 
forin the given relation into one involving only a and 8. 


L 
LN 
co *" A 


Let ABC be the triangle of reference. Suppose CA the 
axis of a, and CJ} the axis of y. Let be any point; 2, 
its co-ordinates. Draw J’M/ parallel to BC, meeting AC at M. 
Then if a and 8 refer to the point 2, we have 

B=PMsin C=ysinC; 
and similarly a=zsin C. Thus if we substitute x sin C 
for a, and yin C for 8, we finally transform the equation into 
one involving the common oblique co-ordinates « and y. 


EXAMPLES. 


1. Find the equation to the straight line passing through 
the origin and the point of intersection of the straight lines 





wa a 
ate ath 7 


2. A, A’ are two points on the axis of 2, and B, B’ two 
points on the axis of y, at given distances from the origin ; 
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AB and A’B’ intersect at P, and AB and A’B at Q; find 
the equation to the straight line PQ, and shew that the axes 
are divided harmonically by it. 


3. If a=0, B=0, y=0 be the equations to the sides 
of a triangle ABC opposite the angles 1, B, C, prove that 
asin A —8sinB=0 1s the equation to the straight line 
bisecting AB from C. 


4. Prove by means of such equations as that given in the 
preceding Example the first proposition in Art. 64. 


5. Shew that acos A —fcos B=0 is the equation to the 
perpendicular from C on AB. 


8. Hence prove the second proposition in Art. 64. . 


7. Ifa, 6, ¢ be the lengths of the sides of a triangle 
opposite the angles dA, /3, C, respectively, prove that 


acos A~— cos B+ = (sin Boos A — sin cos 72) = 0 


is the equation to the straight line which bisects 42 anil is 
perpendicular to it. The equation may also be written 


: a Dyes 
( asin Bsin 4 i (8 bsin C sin “) ans Pad 


2 sin A 2 xin 


8. Hence prove the third proposition in Art. 64. 
9. Interpret the equation aa+ b8= 0. 


10. Shew that az+b8—cy=0 is the cquation to the 
straight line which joins the middle points of AC and BC. 


11. Shew that acos.4 +8 cos B—y cos C=0 1s the equa- 
tion to the straight line which Jomns the feet of the perpen- 
diculars from A on BC, and from B on AC. 

12. If straight lines be drawn bisecting the angles of a 
triangle and the exterior angles formed by producing the 
sides, these lines will intersect at only four points besides the 
angles of the triangle. 

13. If uw=0, v=0, w=0 be the equations to three 
straight lines, find the equation to the straight line passing 
through the two points 
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14. Find the equation to the straight line passing through 
the intersections of the pairs of straight lines 


2au + bv + cw = 0, by —cw=0; 
and  Qbu + av+ew = 0, av —cw = 0. 


15. Ifa=0, 8=0, y=0 be the equations to the sides of 
a triangle ABC, shew that the equation to the straight line 
which joins tle centres of the inscribed circle and the circum- 
scribed circle is 


a (cos B — cos C’) + B (cos C — cos A) + y (cos A — cos B) = 0. 


16. If the equations to the sides of a triangle ABC be 
uw=(), v=0, w=0, and to the sides of a triangle A’BC, 
u=a,v=b, w=c, then AA’, BB, and CC’ meet at a point. 


17. If the straight lines AA’, BB’, CC’, in the last 
Example meet respectively the sides of the triangle ABC at 
D, E, F, shew that the intersections of DE and AB, of EF 
and BC, of FD and CA, will all lic on one straight line; and 
that a similar property will hold for the intersections of the 
same straight lines with the sides of the triangle A’B’C". 


18. In Art. 75, suppose the straight line joining # and 
G to meet AB at Pand CD at Q; then find the equations to 
CP, DP, AQ, BQ, in terms of the notation of that Article. 


19. From the middle points of the sides of a triangle 
straight lines are drawn at right angles (all internal or all ex- 
ternal) and proportional to those sides ; prove that the straight 
lines which join the angles with the extremities of the oppo- 
site perpendiculars pass through one point. 


20. Let the three diagonals of a quadrilateral be produced 
to meet cach other at three points, and let each of these 
points be joincd with the two opposite corners of the quadri- 
lateral; the six straight lines so drawn will meet cach other 
three and three at four points. 


21. In the figure constructed in the preceding Example 
the four straight lines which meet each other at any corner of 
the quadrilateral are so related that two of them are parallel to 
the sides, and two to the diagonals of some parallelogram. 


22. Shew that the three points of intersection which are 
found in Examples 4, 6, 8, lie on the straight line 
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asin A cos A sin (B—C)+ sin Boos Bsin (C — A) 
+ sin C cos Csin (A — B)=0, 

23. Let any point P be taken in the plane of a triangle 
ABC, and from the angular points A, B, C let straight lines 
be drawn through P cutting the opposite sides at D, EH, F re- 
spectively; if the equations to BC, CA, AB be u=0, v=0, 
w=0 respectively, shew that the equations to AP, BP, CP 
may be taken to be mv—nw=0, nw—-lu=0, lu—mv=0; 
and find the equations to EF, FD, DE. 

24. With the notation of the preceding Example let EF 
and BC be produced to meet at A’, let FD and CA be pro- 
duced to meet at B’, and DE and AB at C’: then shew that 
A’, B, C’ lie on one straight line. 


25. With the notation of the preceding Examplo shew 
that BB, CC’, and AD meet at a point; also CC’, AA’, and 
BE; and AA’, BB’ and CF. 

26. Three points 4’, B’,C’ in the sides BC, CA, AB of 
a triangle being joined form a second triangle of which any 
two sides make cqual angles with the side of the former at 
which they meet. Shew that 44’, BL’, CO’ are perpen- 
diculars to BC, CA, AB. 

27. ABC is any triangle, O the centre of the inscribed 
circle, O' the centre of the escribed circle which touches BC. 
The straight line OO' mects BC at D, and any straight line 
drawn through D meets AC at Hand ABat Ff The straight 
lines OF and O'E meet at DP, and the straight lines OF and 
O'F at Q. Shew that A, J’, and @ lie on one straight line 
perpendicular to OO’. 

28. Find the equations to the two straight lines which 
bisect the angles formed by the straight lines 

la+mB+ny=0, and la+mB+n'y=0. 

29. Shew that the co-ordinates of the point of inter- 
section of [a+m'B+n'y=0, and l'a+m'B+n'y=0, are 
given by 

Ne a m2 Y 
wil — Wa aE at Ta Ue 
2A 
aan own) +b al nT) 4e(lm’ = 
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30. Find the length of the perpendicular drawn from the 
intersection of a+ m’B +n'y=0, and U’a+m'B + n'y =0, on 
la+mB +ny=0. 

31. Shew that the area of the triangle formed by the 
straight lines 
la+ mB + y =0, l'a+m'B+n'y=0, and l’a+m"B+n"y= 0, 

Aabe {l (m'n" a mn’) a m (n'b" = n''l'\ 4. n (U'm" = U’m')}" 
DD’ Dp" > 
where D =a (m'n" —m'"n') +b (n'l’ —n'T) +.¢(U'm" —0'’'m’, 
D' =a(m"n— mn’) +6 (n'l—nl’) +c (I'm —Im"), 
D'=a(mn'—m'n) +b (nl —n'l) +c (ln'—Um), 
32. Find the condition which must hold in order that the 
NY pw wv’ »y 
straight lines. 

33. When the condition in the preceding Example is satis- 
fied find the condition which must hold in order that the 
straight line l2+mB8+my=0 may be parallel to the three 
straight lines. 

34. Find the condition which must hold in order that the 
es as = rt may represent a straight line. 

35. ABC is the triangle of reference ; through any point 
P within the triangle straight lines AP, BP, CP are drawn 
meeting the opposite sides at D, E, F respectively: if the 
equations to AP, BP, CP are 

mB—ny=0, ny—lz=0, la—mB=0, 
compare the areas of AEF and DEF with that of ABC. 


36. Perpendiculars are drawn from the angles of a tri- 
angle on the opposite sides, and a second triangle is formed 
by joining the feet of these perpendiculars: shew that the 
two triangles are homologous, and that the equation to the 
axis of homology is 


equations _ ; a =! 7 =< may represent three parallel 





equations 


+8 cos B+-cos C= 0. 
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37. Investigate the condition which must hold in order 
that the following equation may represent two straight lines: 


Aad’ + BB’ + Cy? + 2DBy + 2Eya + 2FaB = 0. 


38. Investigate the following expressions for the square 
of the distance between the points (a,, 8,, y,) and (a,, 8, ¥,): 


(a, —a@,)"+ (8, — BM + 2 (4 = 9) (B, = — B,) cos C 


sin* CU 


(a, — @,)* sin 24+ (8,— — B,)* sin 2B+ (y,— Y,)" an ee 
2 sin A sin B sin C ; 


| (B;- —B,) (%4—%,) sind +(y,—4,) (4, —a,)sin 3+(a, —a WB, —B,) sin 


sin 1 sin 2 sin C 


Tc. 8. 6 
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CHAPTER YV. 


TRANSFORMATION OF CO-ORDINATES. 


79. We have seen in the preceding Articles that the 
general equation to a straight line is of the form y = mz + ¢, 
but that the equation takes more simple forms in particular 
cases. If the origin is on the straight line the equation be- 
comes y= max; if the axis of x coincides with the straight line, 
the equation becomes.y=0. In a similar manner we shall 
see as we proceed that the equation to a curve often assumes 
a more or less simple form, according to the position of the 
origin and of the axes. It is consequently found convenient 
to introduce the propositions of the present Chapter, which 
enable us when we know the co-ordinates of a point with 
respect to any origin and axes, to express the co-ordinates of 
the same point with respect to any other given origin and 
axes. It will be seen that these propositions might have been 
placed at, the end of the first Chapter, as they involve none of 
the results of the succeeding Chapters. 


80. Zo change the origin of co-ordinates without changing 
the direction of the axes, the axes being oblique or rectangular. 





Let OX, OY be the original axes; O’X’, OY’ the new 
axes; so that O'X' is parallel to OX, and O'Y’ to OY. 


CHANGE IN DIRECTION OF RECTANGULAR AXES. 


Let h, k be the co-ordinates of O’ with respect to O. Let P 
be any point; 2, y its co-ordinates referred to the old axes: 
a’, y' its co-ordinates referred to the new axes. 
Let ¥’O' produced cut OX at A; draw PM parallel to 
OY mecting O'X' at N; then 
OA =h, AQ=k; 
z= OM=AM+ OA=O0N+ OA=2' +h, 
y= PM= PN+NM=PN+A0=y' +k. 
Hence the old co-ordinates of P are expressed in terms of 
its new co-ordinates. 


81. To change the direction of the ares without changing 
the origin, both systems being rectangular. 


> a Y 
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Let OX, OY be the old axes; OX’, OY’ the new axes, 
both systems being rectangular; let the angle XOX'=@. 
Let P be any point; a, y its co-ordinates referred to the old 
axes; a, y' its co-ordinates referred to the new axes. Draw 
PM parallel to OY, PM' parallel to OY’, M'N parallel to 
OY, and M’R parallel to OX. 

Then a2=OM=ON-—MN=ON-MR 

= OM' cos XOX’ — PM’ sin M’PR 
= 2’ cos O—y' 8in 8; 
= 2’ sin 0+ 7’ cos 8. 

Hence the old co-ordinates of P are expressed in terms of 

its new co-ordinates. 


(—2 


84 TO CHANGE THE DIRECTION OF OBLIQUE AXES. 


82. In the preceding Article @ is measured from the 
positive part of the axis of z towards the positive part of the 
axis of y; therefore if in any example to which the formule 
are applied, O.X’ fall on the other side of OX, @ must be con- 
sidered negative. 

From the formulz of the preceding Article, we see that 

e+yaa?+y?; 
this of course should be the case, since the distance OP is the 
same whichever system of axes we use. 


83. To change the direction of the axes without chunging 
the origin, both systems being oblique. 





Let ON, OY be the old axes; OX’, OX" the new axes. 
Let (XY) denote the angle between OX, OY; and let a 
similar notation be used to express the other angles which 
are formed by the straight lines meeting at 0. Let P be any 
point; 2, y its co-ordinates referred to the old axes; a’, y’ its 
co-ordinates referred to the new axes. Draw PM parallel to 
OY, and PM’ parallel to OY’; from P and M' draw PL, 
M'N perpendicular to 0}; from Mf’ draw M'R perpendicular 
to PL. Then 


x= OM, y= PM; 
z'= OM’, y = PM’. 
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Now PL = perpendicular from Afon OY =asin (XY), 
also PL=RL+ PR=MN+PR 
= OM sin X'OY + PM sin YOY 
=’ sin (.V')")+7'sin (V'Y); 
therefore asin (XY) =a'sin(N'Y)+y'sin (YY)... (1). 
Similarly by drawing from P and JZ’ perpendiculars on 
O.X we may shew that 
y sin (22) =a’ sin (XY) +y'sin (Y"N)...... (2). 
Equations (1) and (2) express the old co-ordinates of P 


in terms of its new co-ordinates; (°Y) and (VY) denote 
the same angle, but we use both forms for greater symmetry. 
Let VON’ =a, NO}"=68, NOY=ao; then (1) and (2) 
become 
xrsin@ =2' sin (o—a@) +y'sin (w— B)....cccceees (3), 
y Sin @ = Z' sin @ ff GIN B-sesitiviahwsabocs (+). 
84. ‘Two particular cases of the general proposition in 
the preceding Article may be noticed. 


> ° ° T 
If the original axes are rectangular w = 5, and the equa- 
ad 
tions (3) and (4) become 
a=a' cosaty'cosB, y=a'sinaty'sin£. 
ts 
If the new axes be rectangular 8 =, +4, and the equa- 


tions (3) and (4) become 
x sin w =a’ sin (w —a@) —y' cos (w —a), 
y sin @ =a sina + y' COs a 


85. Suppose we require to change both the origin and 
the direction of the axes; let 2, y be the co-ordinates of a 
point referred to the old axes; 2’, y' the co-ordinates of the 
same point referred to the new axes, By Arts. 80 and 838 
we have c=a,+h, y=y,+h, where h and & are the co- 
ordinates of the new origin referred to the old axes, and 

2 sin (w —a) +’ sin (w— 8) ae z' sina + y' sin B 
ing COE 
The expressions for a, and y, will simplify when one or 

each of the systems is rectangular. (See Art. 84.) 





86 CHANGE OF ORIGIN AND DIRECTION. 


86. The formule which connect the rectangular and 
polar co-ordinates of a point in the particular case in which 
the origin is the same in both systems, and the axis of x 
coincides with the initial line, have already been given. 
(See Art. 8.) The following is the general proposition. 


To connect the polar and rectangular co-ordinates of a 
point. 


Let OX, OY be the rectangular axes; let S be the pole 
and SA the initial line. Let h, & be the co-ordinates of S 
referred to O; draw SX’ parallel to O.X, and let the angle 
ASX’ =a, 





Let P be any point; x, y its co-ordinates referred to the 
rectangular axes; 7, @ its polar co-ordinates. Draw PM, 
SC parallel to OY, the former cutting SX' at N, and join 
SP; then 


x= OM, y= PM, 
r= SP, @=the angle PSA. 
And z= 0C+CM=0C+SN 
= h+rcos(@+a) .........08. (1), 
y=MN+ PN=SC+PN 
= AK+rsin(O9+a) ......ceceeee (2). 


If a=0 we have 
VOLE T COS v.rcccrecccececcsees (3), 
Y=KRATSING o..cscoeee nivevecsel 4). 
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87. By means of the formule of the present Chapter we 
shall sometimes be able to simplify the form of an equation ; 
for example, the axes being rectangular, suppose we have 

ie oie oS) (1). 

This equation represents some locus, and by ascribing 
different values to z and determining the corresponding 
values of y from the equation, we can find as many points 
of the locus as we please. The equation however will be 
simplified by turning the axes through an angle of 45°. In 


the formule of Art. $1 put 7 for 8; thus 


nani, yar! salisoeaseetes wale): 
Substitute these values in (1); thus 
(ety) + (2 —y)f+6 ay") =8; 
therefore 2 (x'+ 6x7y'?+ y") + 6 (x®— y")? =, 
or ey Ss A anand cupeaneuineroeciaas (3). 


Since (3) is a simpler form than (1), we shall find it casier 
to trace the locus by using (3) and the new axes, than by 
using (1) and the old axes. The student must observe that 
we make no change in the locus by thus changing the axes 
or the origin to which we refer it; that 1s, equation (1) 
represents preciscly the same assemblage of points as (3) ; 
for instance, the point for which # =1 and y =0 1s obviously 
situated on the locus (3); now thes point will by (2) have tor 
its co-ordinates referred to the old system w= 91 Y= jy 
and these values satisfy (1), that is, thes point is on the 
locus (1). | 

We may remark that we cannot alter the degree of an 
equation by transforming the co-ordinates. For if in the 
expression Az*y* we substitute the values of # and y in terms 
of z' and y' given in Arts. 80...84, we obtain 

A (ax’ + by + h)* (ca' + ey + k)P, 
where a, b,c, ¢, h,& are all constant quantitics; by ol ieee 
this expression we shall obtain a series of terms of the form 


4 


A'z'ry'*, where y+ 6 cannot be greater than a+. Hence 
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the degree of an equation cannot be raised by transformation 
of co-ordinates. Neither can it be depressed ; for if from a 
given equation we could by transformation obtain one of a 
lower degree, then by retracing our steps we should be able 
from the second equation to obtain one of a higher degree, 
which has been shewn to be impossible. | 


EXAMPLES. 


1. Change the equation 7? =a’ cos 28 into one between 
aand y. 


2. Shew that the equation 4ay—- 3z7= a’ is changed 


into 2° — 47? =a*, if the axes be turned through an angle 
whose tangent is 2. 


3. Transform /«+/y= /e so that the new axis of x 
may be inclined at 45° to the original axis. 


4. The equation to a curve referred to rectangular axes 
is yt4aycota—4az=0; find its equation referred to 
oblique axes inclined at an angle @ retaiming the same axis 
of 2. 


5. Shew that the equation 2’y’ =a (a* +7’) will admit 
of solution with respect to y' if the axes be moved through 
an angle of 45°. 


6. If x, y be co-ordinates of a point referred to one 
system of oblique axes, and 2’, y’ the co-ordinates of the same 
point referred to another system of oblique axes, and 

z=ma'tny’, y= ms +1°'y, 
shew that 

| m+m?—1 mm’ 

n+n%—1 an” 


( 89 ) 


CHAPTER VI. 
THE CIRCLE. 


88. WE now proceed to the consideration of the loci 
represented by equations of the second degree ; the sunplest 
of these is the circle, with which we shall commence. 


To find the equation to the circle referred to any rectangular 
axes, 





Let Che the centre of the circle; P any point on its cir- 
cumference, Let ¢ be the radius of the circle; a, b the co- 
ordinates of C; x, y the co-ordinates of P. Draw CN, PM 
parallel to OY, and CQ parallel to OX. Then 

C ( + P yy pa Cr 
that is, (a— a)Pt(y— bP sees. (1), 
or a? + oy? — 2ax—2by + a+ -— CP =0 we. (2), 
This is the equation required. 
The following varietics occur in the equation. 


I. Suppose the origin of co-ordinates at the centre of the 
circle; then a=0, and 6=0; thus (1) and (2) become 


90 EQUATION TO THE CIRCLE. 


II. Suppose the origin on the circumference of the circle ; 
then the values z=0, y=0, must satisfy (1) and (2); 
therefore 

a+—c=0, 
which relation is also obvious from the figure, when 0 is on 
the circumference; hence (2) becomes 
x+y? — Zax — Why =0...... sceceelas (4), 

IIT. Suppose the origin is on the circumference, and that 
the diameter which passes through the origin 1s taken for the 
axis of 2; then b=(, and a*=c’; hence (2) becomes 

Be of = Dak SO ici evcisstieeasozeas (5). 

Similarly if the origin be on the circumference and the 


axis of y coincide with the diameter through the origin, we 
have a = 0, and l?=c*; hence (2) becomes 


+ off — Dhy =O wisccconsecssssnees ..(6). 


Hence we conclude from (2) and the following equations, 
that the equation to a circle when the axes are rectangular 
is always of the form 


a+y'+Ax+ By+ C=0, 


where A, J}, C are constant quantities any one or more ot 
which in particular cases may be cquat to zero. 


89. We shall next examine, conversely, if the equation 
w+ y'+Art+ Byt+ CaO wcceccceeeee (1) 
always has a.circle for its locus. 


Kquation (1) may be written 


(2 + a) i (y + =) = =e of) eee (2). 


I, If A*+ B—4C be negative, the locus is impossible. 

Il. If A*+ B’—-4C=0, equation (2) represents a point 
the co-ordinates of which are — 2°79: This point may be 
considered as a circle which has an indefinitely small radius. 


Ill, If A*+B*—4C be positive, we see by comparing 
equation (2) with equation (1) of the preceding Article that it 
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represents a circle, such that the co-ordinates of its centre are 
~ 2, -%, and its radius $ (4*+ BY 40) 

It will be a useful exercise to construct the circles repre- 
sented by given equations of the form 

a+y'+ Az+ By + C=0. 

For example, suppose 2* + y*+ 42 —8y—5=0, 
or (2 + 2)? + (y—4)° =5 44416 = 235, 

Here the co-ordinates of the centre are —2, 4, and the 
radius is 5. 


Tangent and Normal to a Circle. 


90. Let two points be taken on a curve and a secant 
drawn through them; let the first point remain fixed and 
the second point move on the curve up to the first ; the secant 
in its limiting position is called the tangent to the curve 
at the first point. 


91. To find the equation to the tangent at any point of 
a circle. 

Let the equation to the circle be 

PY SC sess vedapedinetyasi sass (1). 

Let a’, y' be the co-ordinates of the point on the circle at 
which the tangent 1s drawn; and 2", y” the co-ordinates of 
an adjacent point on the circle. The equation to the secant 
through (2’, y') and (z", y”) is 


YY (em al) ccsscssssnssnseee (2). 


1 
f 
HM 1 2) 


ae 
Now since (2’, y') and (z”, y") are both on the circumfer- 
ence of the circle, 

e+ y%= e, gy" 

therefore by subtraction, 2’?— 2*+ y"" 

or a" a!) @"+2')+y"-y¥) Y"'+y)=0; 

if Zz y' _ a + a’ 

w'-—-n y +y° 


=": 


o_o y= 0), 


therefore 
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Hence (2) may be written 

sg i (RY wines booatie 3). 

y- y= e—2) (3) 


Now in the limit when (x”, y”) coincides with (z’, y’), we 
have 2” =a’, and 7" =y'; hence (3) becomes 


j 2x’ ; x ’ 
y-yY =~ oy oa ae (a— 2). 


Thus the equation to the tangent at the point (2°, 7’) is 


yy =~ 7 (ez) situiidhcedenias (4). 


This cquation may be simplified ; by multiplying by y’ and 
transposing we have aa + yy =a"? + y"; 
therefore LEA YY AC cekemicsvawrenedsaevin (5). 


92. The equation to the tangent can be conveniently ex- 
pressed in terms of the tangent of the angle which the straight 
line makes with the axis of z For the equation to the tan- 

, ” 
: ay C 
gent at (a, y') is yy +xu =e’, or y=—-5 a+. 
y y 
a 
Let -— =m; thus the equation becomes 
y 
y= Mz + 
y =. y ° 


, Cs 
We have then to express 7 in terms of m, 


Now a! =—my', and 2?+y"=c; 
therefore y? (L4+m’*) =, 
and y' = De rate. 
(1 + mm’) 


Hence the equation to the tangent may be written 
y=mz+c/(1+m’). 
Conversely every straight line whose equation is of this form 
is a tangent to the circle. 


93. The definition in Art. 90 may appear arbitrary to the 
student, and he may ask why we do not adopt that given by 
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Euclid (Def. 2, Book u1.). To this we reply that the defini- 
tion in Art. 90 will be convenient for every curve, which is 
not the case with Euclid’s definition, The student however 
cannot at first be a judge of the necessity or propriety of any 
definition; he must confine himself to examining the conse- 
quences of the definition and the accuracy of the reasoning 
based upon it. 

We may easily shew however that the straivht line re- 
presented by the equation 


BE PYY AS srteccseeeietcew (1) 
touches, according to Euclid’s definition, the circle 
ge) iad anne Pore ena eT rer ree (2), 


the point (2’, y’) being supposed to he on the circle. To find 
the point or points of intersection of the straight line and 
circle we combine the equations (1) and (2); substitute in (2) 
the value of y from (1), then 


2 N32 
a+ (oo Jee’ 





y 
or a* (a + y"") — 2c7a'e + cf — cy = 0, 
or Co —2er rt cc" =0; 
therefore xe Qaee' +a =); 
therefore x= as 
therefore from (1), y=y. 


Hence (1) and (2) meet at only one point, the point (2’, 7’). 
Hence (1) touches the cirele according to Euclid’s definition, 


94. Also every straight line which meets the circle at 
one aa only is a tangent to the circle. 
‘or suppose a + y’ = ¢* to be the equation to a circle and 
y =mx+n the equation to a straight line; to find the points 
of intersection of the straight line and circle we combine the 
equations ; thus we obtain, to determine the abscisse of the 
points, (ma +n) +2°=c? or (m?4+1) a? +2mnc+n'—c =0. 
Now this quadratic equation will have two roots except when 
(m + 1) (n® = c*) = mn’, 


that is, when n'=c'(1+m’). 
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Hence if the straight line meets the circle it must meet 
it at two points unless this condition holds, and then, by 
Art. 92, the straight line is a tangent to the circle. 


95. Instead of supposing one of the points on the circle 
fixed and the other to move along the circle as in the defi- 
nition of Art. 90 we may suppose both to move along the 
circle until they meet at some fixed point of the circle, and 
the secant in its limiting position will be the tangent at that 
fixed point. For let (2, y’) and (a”, y") denote the two 
moving points on the circle, and (a,, y,) the fixed point. 
Then as in equation (3) of Art. 91, we shall have for the 
equation to the secant 
_ eae es 2") 
¥y y y” + y 
In the limit 2’ and 2” each = a,, and y’ and y” each =y,, and 
we obtain for the equation to the tangent at (z,, y,) 


ees gee 
ar | oa Y, (x x,), 
which agrees with the former result. 


96. Ifthe equation to a circle be given in the form 
(c — a)*+ (y—b)?-C=0, 
we may find the equation to the tangent at any point in the 
same manner as in Art. 91. 


Let (a’, y') be the point on the circle at which the tangent 
is drawn ; (a’, y”) an adjacent point on the circle; then 


(z’—a)?+(y'—b¥-—C=0, (a —a)*+ (y"—b)*—C=0; 
therefore (a —a)?— (a — a)? + (y” — b)*— (y'— b)*=0, 
or (a — x’) (2"+ a — 2a) + (y"— y') (y+ y’— 2b) = 0... (1). 
Also the equation to the secant through (2, y’) and (x”, y’’) is 


yy at r—%, (a ial 2’) Ce ccccrecccsveccsons (2). 
By means of (1) this may be written 


, & +2 —2a 
y-Y ~~ yey’ — Db (Baw) <eeateies naasl ee). 
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Now in the limit 2’ = and y”=y'; hence we have for 
the equation to the tangent at (2’, y’) 


a adam (ew) ccmsieiieivoced (4). 


This may be written 
a 


, ax a ’ 
a as aa la re ae 
therefore (uv — a) (x’ — a) + (y —b) (y' —d) 
= (x'—a)* + (y’ — bP =c’.......(5). 
97. Derrinition. The normal at any point of a curve is 


a straight line drawn through that point at right angles to 
the tangent to the curve at that point. 


98. To find the equation to the normal at any point of a 
circle. 


Let tho equation to the circle be 


and let a’, y’ be the co-ordinates of a point on the circle, then 
the equation to the tangent at that point is ax’ + yy’ =c', or 


pa pee 
Fey ey 


Hence the equation to a straight line through (2’, y’) 
at right angles to the tangent at that point is 


oe a ee 7 
y-y 7 (we a’), ory rac 


Since this equation is satisfied by the values r=0, y= 0, 
the normal at any point passes through the origin of co-ordi- 
nates, that 1s, through the centre of the circle, 


99. From any external point two tangents can be drawn 
to a circle. 


Let the equation to a circle be 


and let h, & be the co-ordinates of an external point. Sup- 
pose a’, y’ the co-ordinates of a point on the circle such that 
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the tangent at this point passes through (h,k). The equation 
to the tangent at (a’, y') is 


BE Yi SO scsisediicesdazamsaeias (2). 
' Since this tangent passes through (hf, £) 
Nia PUY HO a sissies eeestenl axe. (3). 
Also since (z', 7’) is on the circle 
fay a a uittintnecexase cece: (4). 


Equations (3) and (4) determine the values of 2’ and y’. 
Substitute from (3) in (4), thus 


2 Danl\2 
e+ (2) =e 


therefore =” (A? +h") — Wha’ +c (?— kh’) =0. 


The roots of this quadratic equation will be found to be 
both possible since (A, 4) is an external point and therefore 
}? +k’ greater than c’. To each value of x’ corresponds one 
value of y’ by (3); hence two tangents can be drawn from 
any external point. 

The straight line which passes through the points where 
these tangents meet the circle is called the chord of contact. 


100. Zangents are drawn to a circle from a given external 
point ; to find the equation to the chord of contact. 

Let h, k be the co-ordinates of the external point; z,, y, 
the co-ordinates of the point where one of the tangents from 
(h, &) meets the circle; 7, y, the co-ordinates of the point 
where the other tangent from (h, /) meets the circle. 

The equation to the tangent at (z,, y,) 18 


BEA YS Cc exiescsnawucevaraienwise (1) 
Since this tangent passes through (h, &), we have 
TBE RY SEO Seieecsiorducdaveuias (2). 


Similarly, since the tangent at (z,, y,) passes through 
(h, ), 
NDA RY oe Cia haveclbectecssseas (3). 
Hence it follows that the equation to the chord of con- 
tact 1s 
iG sik pansuenesetetvaeeeaen (i) 
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For (4) is obviously the equation to some straight line; 
also this straight line passes through (2,, y,), for (4) is satistied 
by the values 2=2,, y=y,, as we see from (2); similarly 
from (3) we conclude that this straight line passes through 
(a, y,)) Hence (4) is the required equation. 

Thus we may proceed as follows in order to draw tan- 
gents to a circle from a given external point: draw the 
straight line which is represented by (4); join the points 
where it mects the circle with the given external point, and 
the straight lines thus obtained are the required tangents, 


101. Through any fired point chords are drawn to a circle, 
and tangents to the circle drawn at the extremities ofeach chord; 
the lucus of the intersection of the tangents ts a straight line. 

Let h, k be the co-ordinates of the point through which 
the chords are drawn ; let tangents to the circle be drawn at 
the extremities of one of these chords, and let (r,, y,) be the 
point at which they meet. The equation to the correspond- 
ing chord of contact 1s, by Art. 100, er, + yy,=c. But this 
chord passes through (4, &); therefore he, + ky, = c*. 

Hence the point (x,, y,) lies on the straight line 

th+yk=c'; 
that is, the locus of the intersection of the tangents is a 
straight line. 

We will now demonstrate the converse of this proposition, 

102. If from any point in a straight line a pair of tan- 
gents be druwn to «a circle, the chords of contact will all pass 
through a fixed point. 

Let Az + By C @ cscivercisisccascn (1) 


be the equation to the straight line; let (2, y’) be a point in 
this straight line from which tangents are drawn to the circle; 
then the equation to the corresponding chord of contact 1s 


wat! + YY =O" ceceeceecnsees sueeeeees (2). 
Since (z’, y') is on (1) we have Az'+ By +C=0; 
Ag+ 


therefore (2) may be written za — {7 = c 
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Ay\ , yO, 
or (x—“f) a’ -4F-e =0, 


Now, whatever be the value of 2’, this straight line passes 
through the point whose co-ordinates are found by the simul- 


taneous equations z— ass 0, 7 an c’=(); that is, the point 


B B 
2 3 
for which y= — 7 , C= 3 . 


103. The student should observe the different interpreta- 
tions that can be assigned to the cquation zh + yk—c’=0. 


I. If (hk, &) be any point whatever, the equation repre- 
sents the locus of the intersection of tangents at the extre- 
mities of each chord through (A, &). (Art. 101.) 


Il. If (h, k) be an external point, the equation represents 
the chord of contact. (Art. 100.) 


II]. If (h, &) be on the circle, the equation represents the 
tangent at that point. (Art. 91.) 


In the following figures Q denotes the point (h, &), and 
Lt the straight line zh + yk =c’. 
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In the first figure Q is within the circle, and the straight 
line RF receives only the interpretation I. 


In the second figure @ is without the circle, henco the 
straight line RA receives both interpretations I. and II.; if 
therefore tangents be drawn from Q to the circle they will 
necet tt at the points where RE intersects rt. 


If @ be on the circle, then RA becomes the tangent at Q. 
Oblique Aves. 


104. Zo find the equation to the circle referred to any 
oblique axes, 





Oo N M x 


Let w be the inclination of the axes; let C be tho centro 
of the circle; P any point on its circumference. Let ¢ be 
the radius of the circle; a, b the co-ordinates of C; a, y the 
co-ordinates of P. Draw CN, PM parallel to OY, and CY 
parallel to OX. Then 


CP= CYP + PG —2CQ. PQ cos COP 
= CQ? + PQ’ +2CQ. PQ cosa; 
that is, (2 —a)*+ (y—b)? +2 (x—a)(y—b) cosw=c'; 
or, a +y4*+ 2ry cosw —2 (a+b cosw) x — 2 (b +a cos w) ¥ 
+a’ + b* + 2ab cos w—c' = 0. 
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Hence the equation to the circle referred to oblique axes 
is of the form 


-C=0, 
where A, B, C are constant quantities, 


Polar Equation. 
105. To find the polar equation to the circle. 





Let S be the pole, SX the initial line; C the centre of 
the circle, P any point on its circumference. 


Let SC=1, CSX =a, so that J, @ are the polar co-ordi- 
nates of C; let ¢ be the radius of the circle; and let 7, 8 be 
the polar co-ordinates of P. 


Then CP = PS + CS? -—-2PS8. CS .cos PSC; 
that is, Cart — Qlr cos (A—a) ..cccceesseseeeees (1), 
or r' —2rl (cos a cos 6 + sina sin #)+?—c'=0... (2). 


Hence the polar equation to the circle is of the form 
r+Arcos6+ Br sin6+ C=0........008 (3). 


The polar equation may also be deduced from the equa- 
tion referred to rectangular axes in Art. 88, by putting r cos 0 
and rsin @ for z and y respectively. 


If the initial line be a diameter we have a= 0, hence (1) 


becomes 
2 — Bly cos 8+ P— CHO ..ccceceesee eee (4). 


PERPENDICULAR ON THE TANGENT. 101 


If, in addition, the origin be on the circumference F =c’, 
therefore ed Oe sunueates 1oe(5), 


106. To express the perpendicular from the origin on the 
tangent at any point in terms of the radius vector of that 
pornt. 


Let SQ be the perpendicular from the origin on the tan- 
gent at DP, and suppose SQ=p; then 


SC? = SP? + PC? -—28P. PC cos SPC 
= SP*+ PC? —28P.PC sin SPQ; 
that is, Uf =r? +67 — 2ep. 


In the figure Sand Care on the same side of the tangent 
at P. If we take P so that the tangent at 2 falls between 8 
und C, we shall find 2 = 7° + c+ 2ep, 


107. These equations are sometimes useful in the solu- 
tion of problems, or demonstration of properties of the circle. 
For example, take the equation (4) m Art. 105, 


r'—2rlcs8+P—-=0; 


by the theory of quadratic equations we see that the product 
of the two values of 9» corresponding to any value of @ is 
—c*, which is independent of @. This agrees with Euclid 
Ill. 35, 36. 


Also the sum of the two values of r is 21.cos @; hence if a 
straight line be drawn through the pole at an inclination @ to 
the initial line, the polar co-ordinates of the middle point of 
the chord which the circle cuts off from this straight line are 
21 cos 8 
weg and @; that is, 1 cos @, and @. 

Hence the polar equation of the locus of the middle point 
of the chord is r =1 cos 0, which by (5) in Art. 108, is a circle, 
of which the diameter is J, 
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EXAMPLES. 


1. Determine the position and magnitude of the circles 
(1) w+? + 4y-—472-1=0, 
(2) a'+y'+ Gx—3y—-1 =0. 
2. Find the points of intersection of the straight lines 
yta=2—1, ytu=—5, and 3y+4r=—25, 
with the circle 2° + 4° = 25. 
3. <A circle passes through the origin and intercepts 


lengths h and & respectively from the positive parts of the 
axes of a and y; determine the equation to the circle. 


4, A circle passes through the points (h, &) and (h’, k’); 
shew that its centre must lie on the straight line 
h+h' k+h' 
(h —h') (2 -~5--) +(k—K) (y ae 5) 0, 
5. On the straight line joining (2’, y’) and (2", y”) as 
0 diameter a circle is described ; find its equation. 
6. A and Bare two fixed points, and J? a point such 


that AP=mBP, where m is a constant; shew that the locus 
of P is a circle, except when m= 1, 


7. The locus of the point from which two given unequal 
circles subtend equal angles is a circle. 


8. Find the equation which determines the points of 


intersection of the straight line Y_y= 0, and the circle 


k 
a +y" —2ax—2by=0. Deduce the relation that must hold 
in order that the straight line may touch the circle. 


9. Find the equation to the tangent at the origin to the 
circle 2* + 4° —2y — 82=0. 
10. Shew that the length of the common chord of the 
circles whose equations are 
(e-a)t+(y—b=c', (c#~-b)’+(y—a)* =e, 
is V (4c" — 2 (a—b)*}. 
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11. <A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant; shew 
that the locus of the point is a circle. 


12. A point moves so that the sum of the squares of its 
distances from the sides of an equilateral triangle is constant ; 
shew that the locus of the point 1s a circle, 


13. A point moves so that the sum of the squares of its 
distances from any given number of fixed points 1s constant ; 
shew that the lucus is a circle. 


14. Shew what the equation to the circle becomes when 
the origin is a point on the perimeter, and the axes are in- 
clined at an angle of 120°, and the parts of them intercepted 
by the circle are A and k. 


15. Find the inclination of the axes in order that the 
equation a2°+ y?—ay—hx—hy=0 may represent a circle. 
Determine the position and magnitude of the circle. 


16. Find the inclination of the axes in order that the 
equation 2° + 47+ xy —he-—hy=0 may represent a circle. 
})etermine the position and magnitude of the circle. 


17. Determine the equation to the circle which has its 
centre at the origin, and its radius=3, the axes being in- 
clined at an angle of 45°. 

18. Determine the equation to the circle which has each 


: : : Z 
of the co-ordinates of its centre =— } and its radius = 3? 
the axes being inclined at an angle of 60° 
19. The axes being inclined at an angle o, find the radius 
of the circle 2°+ y’ + 2xry cos w—he—ky =0. 


20. Shew that the equation to a circle of radius c referred 
to two tangents inclined at an angle @ as axes 1s 


x+y + Qry copw—2(x+y)ccots +c% cot", =0. 


Z 
21. Shew that the equation in the preceding Example 
may also be written 2+ y—2 ,/(xy) sin 5 c cot A : 
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22. Find the value of ¢ in order that the circles 
(e—a)'+(y—byt=c, and (2—2)'+ (y-ay=e, 
may touch cach other. 


23. ABC is an equilateral triangle; take A as origin, 
and AB as axis of z; find the rectangular equation to the 
circle which passes through A, B, C. Deduce the polar equa- 
tion to this circle. 


24, Ifthe centre of a circle be the pole, shew that the 
polar equation to the chord of the circle which subtends an 
angle 28 at the ceutre is r=ccosBsec(@—a), where a is 
the angle between the initial line and the straight line from 
the centre which bisects the chord. Deduce the polar equa- 
tion tu a straight line touching the circle at a given point. 


25. Find the polar equation to the circle, the origin being 
on the circumference and the initial lime a tangent. Shew 
that with this origin and initial line, the polar equation to the 
tangent at the point 6 is rsin (20 — @) = 2Qcsin’ O. 


26. Shew that if the origin be on the circumference and 
the diameter through that point make an angle a with the 
initial line, the equation to the circle is r= 2¢ cos (6 — a). 


27. Determine the locus of the equation 
r =A cos (8 —a) + Beos (8 — 8) + C cos (@—+¥) +...... 


28. APB is a given straight line; through A two inde- 
finite straight lines are drawn equally inclined to 4B, and 
any circle passing through A and J mects those lines at 
J, M+; show that the sum of AZ and AM is constant when 
Land M are on opposite sides of AF, and that the difference 
of AZ and AJ is constant when Z and Jf are on the sume 
side of AB. 


29. ABC is an equilateral triangle: find the locus of P 
when PA: 7 0 7” 


30. There are n given straight lines making with another 
fixed straight line angles a, 8, ¥,...... ;a point P is taken 
such that the sum of the squares on the perpendiculars froi 
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it on these n straight lines is constant: find tho conditions 
that the locus of P may be a circle. 


31. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant: 
shew that the locus of the point is a circle. 


32. A straight line moves so that the sum of the perpen- 
diculars AP, BQ, from the fixed points A and J is constant ; 
find the locus of the middle point of 1’Q. 


33. O is a fixed point and AB a fixed straight line; a 
straight line is drawn from O meeting AB at 2’; in OP a 
point Q is taken so that OP. OYG=/": find the locus of Q. 


34, <A straight line is drawn from a fixed point O, mect- 
ing a fixed circle at P; in OF a point Q is taken so that 
OP. OQ=K*: find the locus of Q. 


35. Shew that (hy — hr)? = {(a —h)? + (y—)} repre- 
sents the two tangents to the cirele, 2°+ y'=c’, which pass 
through the point (A, 4). 


36. Determine what is represented by the equation 
r’ — ra cos 26 sec 6— 2a? = 0, 


37. The polar equation to a cirele being 7 = 2c cos 8, shew 
that the equation 2c cos B cosa=rcos (8 +a—) represents 
a chord such that the radi drawn to its extremitics from the 
pole, make angles a, 8 with the initial le. 


38. Tangents to a circle at the points P and Q intersect 
at 7’; if the straight lines joining these points with the ex- 
tremity of a diameter cut a second diameter perpendicular to 
the furmer at the points p, g, t, respectively, shew that pt = gt. 


39. Find the equation to the circle which passes through 
three points whose co-ordinates are given. 


40. Shew that the co-ordinates of the ceutre and the 
radius of the circle in the preceding Example are always 
finite except when the three given points are on a straight 
line. 
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RADICAL AXIS. POLE AND POLAR, 


Radical Azis, 


108. We have shewn in Art. 88 that the equation to a 
circle is (x—a)’+(y—b)—c?'=0. We shall write this for 
abbreviation S=0. If the point (a, y) be not on the circum- 
ference of the circle, S is not =0; we may in that case give 
a simple geometrical meaning to S. 


T. Let (2, y) be without the circle; draw a tangent from 
(x, y) to the circle; join the point of contact with the centre 
of the circle (a, 5); also join (x, y) with (a, b). Let C re- 
present the point (a, b), Y the point (a, y), and 7 the point 
of contact of the tangent. Thus we have a right-angled 
triangle formed, and since (a — a)? + (y — by’ = QC’, it follows 
that S= @7"; that is, S expresses the square of the tangent 
from (a, ¥) to the circle. By Euclid ut. 36, the square of the 
tangent is equal to the rectangle of the segments made by the 
circle on any straight line drawn from (2, y), and thus S will 
also express the value of this rectangle. 


II. Let (2, y) be within the circle; then § is negative. 
Let C and Q have the same meaning as before, and produce 
CQ to meet the circle at Zand 7"; then 


—~ §=CT?- 


Hence by Euclid m1. 35, if any straight line POP’ be drawn 
meeting the circle at P and P’, the value of the rectangle 


PQ.PQis-S8. 
109. Let Sdenote (x—a)?+(y—b)*—e’, 
and S' denote (x—a’)’+(y—b')*—c*; 
so that B= 0 cstes (1), and S’=0............ (2), 
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are the equations to two circles; we proceed to interpret the 


equation 
B—S=0 ....cccccscese caceseaen (3). 


S— SS" contains only the first powers of x and y; therefore 
S— S'=0 is the equation to some straight line. Also if 
values of x and y can be found to satisfy simultaneously (1) 
and (2), these values will satisfy (3). Hence when the 
circles represented by (1) and (2) intersect, (3) is the equa- 
tion to the straight line which joins their points of inter- 
section. 


Also suppose that from any point in (3), external to both 
circles, we draw tangents to (1) and (2); then, by Art. 108, 
these tangents are equal 3 in length. Hence whether (1) and 
(2) intersect or not, the straight line (3) has the following 
property: af from any point of it straight lines be drawn to 
touch both circles, the lengths of these struight lines are equal. 


110, An equation of the form 
A (20° + *) + Br t+ Cy+ D=0 


will represent a circle ; for after division by A we obtain the 
ordinary forin of the equation to a circle, We shall say that 
the equation toa circle 1 Is in its simplest form when the co- 
efficient of «* and y’ is unity. 


Derinition. If S=0, S’'=0, be the equations to two 
circles in their sumplest forms, the straight line S—S'=0 is 
called the radical axis of the circles. 


The axes of co-ordinates may here be rectangular or oblique. 


Or we may give a geometrical definition thus. A straight 
line can always be found such that if from any point of it 
tangents be drawn to two given circles, these tangents are 
equal ; this straight line is called the radical axis of the circles. 


111. The three radical axes belonging to three given circles 
meet at a pornt. 


Let the equations to the three circles be 
8,=0...... (1), S,=0...... (2, S,=0...... (3). 
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The equations to the radical axes are 
8, — S,=0, belonging to (1) and (2), 
D2 = Uy i ssewessaoasires (2) and (3), 
B= = 0) apescaceswanees (3) and (1). 
These three straight lines meet at a point; since it is ob- 


vious that the values of a and y which simultaneously satisfy 
two of the equations, will also satisfy the third. 


112. <A large number of inferences may be drawn from 
the preceding Articles by examining the special cases which 
fall under the general propositions, (Sce Plitcker Analytisch- 
Geometrische Lntwickelungen, Vol. 1. pp. 49—69.) We notice 
a few of these respecting the radical axis of two circles. 


113. The radical axis 1s perpendicular to the straight line 
joining the centres of the two circles. 

Let the equations to the circles be 

(ca + (y-bp—c=0, (@~a'+ (y—U)'—c?=0; 
then the equation to the radical axis is 
(x= a) (ea) + (yD (yb) - 407 = 0; 

that is, 
a(a—a)+y(b—b)+4 @—a%+B-b°-C 40%) =0...(1). 

And the equation to the straight line joining the centres 
of the circles is (Art. 35) 
b —b 
a—a 





y—b= (DO): Byaoeesneendask (2) ; 


(1) and (2) are at right angles by Art. 42. 


114. When two circles touch, their radical axis is the 
common tangent at the point of contact. For the radical axis 
passes through the common point and is perpendicular to the 
straight line joining the centres of the circles, 


115. Suppose the radius of one of the circles to become 
indefinitely small, that is, the circle to become a point; the 
radical axis then has the following property: if from any 
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point of the radical axis we draw a straight line to the given 
point, and a tangent to the given circle, the straight line and 
the tangent will be equal in length. 


116. The radical axis of a point and a circle falls without 
the circle, whether the point be without or within the circle. 
For if the radical axis met the circle, the co-ordinates of the 
points of intersection would satisfy the equation to the point as 
well as the equation to the circle. But the equation to the 
point can be satisfied by no co-ordinates except the co-ordi- 
nates of that point; therefore the radical axis cannot mect 
the circle. If the point be on the circle, the radical axis is 
the tangent to the circle at this poiut. 


117. Suppose both circles to become points, Then the 
straight lines drawn froin any point in the radical axis to the 
two fixed points are equal in length. Hence the radical axis 
belonging to two given points is the straight line which bisects 
at right angles the distance between the two given points. 


118. Suppose in Art. 111 that each cirele becomes a point; 
the theorem proved is then the following: the straight lines 
drawn from the middle points of the sides of a triangle at 
right angles to the sides meet at a point. 


119. Itis a well-known geometrical problem to draw a 
straight line which shall touch two given circles. If the circles 
do not intersect, four common tangents can be drawn ; two of 
them will be equally inclined to the straight line Joming the 
centres, and will intersect on that straight line between the 
circles; the other two will also be equally inclined to the 
straight line joining the centres, and will intersect on that 
straight line beyond the smaller circle. These two points of 
intersection are called centres of sumilitude. 


We will briefly explain some of the properties of centres 
of similitude. 

I. Leta centre of similitude of two circles be taken as 
the pole, and the straight line passing through the centres of 


the circles as the initial line. By Art. 105 the equations to 
the two circles will be of the forms 


r'—2rlcos6+%—~c=0, 1° —2rl' cos 6 +1? —c*? =0...(1). 


110 CENTRES OF SIMILITUDE. 


From the first equation 
r=lcos 8 +4/(c?—l?sin® 8) .....+00000000+(2), 


When the two values of r are equal the radius vector 
becomes a tangent : this takes place when /’sin’@=c*. Since 


the circles have common tangents passing through the pole 
2 12 , 


a ia , and therefore = + he If the lower sign is taken 


the centre of similitude is between the centres of the two 
circles; if the upper sign is taken the centre of similitude is 
on the production of the straight line which joins the centres: 
we may call the former the inner centre of similitude, and the 
latter the outer ccntre of similitude. 
si ss, SC 
Since y= ji the second of equations (1) may be written 


a5 (Loos 8+ (ct =P sin 8} sesssseseeee (3). 


From (2) and (3) we have the following result: Let A be 
the centre of one circle, and B the centre of another, and let 
T be a centre of similitude; let any straight line through 7’ 
cut the former circle at A and JZ, and the latter at AJ and N, 
so that 7’ is less than 7’Z, and Tf less than 7'V: then 


TK TL TA 
TM TN TB" 


IT. When two circles intersect only one pair of common 
tangents can be drawn ; and when once circle 1s entirely within 
the other no common tangent can be drawn. Nevertheless 
two points always exist such as the point J’ just considered ; 
so that we may take the following as the most general defi- 
nition of the centre of similitude of two circles: A centre of 
similitude is a point on the straight line joining the centres 
or on this straight line produced such that its distances from 
the centres are proportional to the radii of the corresponding 
circles. The essential property of a centre of similitude 
ag be considered to be that expressed by the final result 
in I, 
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III. Let 7 be a centre of similitude of two circles ; draw 
from T' two straight lines, one cutting the circles at K, L, 
M, N; and the other at k, J, m, n. 





\ 


Now we have just shewn that 
Tk Tk 


therefore the triangles 7JA% and Tim are similar, and Mm is 
parallel to Ak. 


Hence the angle Akl =the angle Mmn; and _ therefore 
the angles M/Nn and K&l are supplemental, by Euclid i. 22, 
so that a circle would pass round NKkn: let Nn and AL 
be produced to meet at /?, then RA. Lk= RN. iin, by 
Euclid ur. 36. Cor. Hence the tangents from J? to the two 
circles are equal, by Euclid m1. 36 ; and therefore J is on the 
radical axis of the two circles. 


Similarly Nn is parallel to Zl; and Mm and LI if pro- 


duced meet on the radical axis. 


IV. Suppose there are three circles ; since each pair has 
two centres of similitude there will be six centres of simili- 
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tude on the whole: we shall shew that four straight lines can 
be drawn each containing thret centres of similitude. ; 


Let A, B, C be the centres of three circles; let p, qt be 
their radii. 


D 


B 


A 


Let F'be a centre of similitude of the circles which have 
their centres at A and B; draw a straight line through F 
meeting CA and CB at EH and D ruspectively. 

By page 71 we have 


Al. CD. BF=CE.BD. AF. 


AF p 
es BFA 9° 
CD _ pCE 


Now suppose that £ is a centre of similitude of the circles 
which have their centres at A and C; then 
eee therefore pies 
Ak p’ BD q’ 

Hence D is a centre of similitude of the circles which have 
their centres at Band C. In this way we obtain results 
which can be enunciated definitely thus: the outer centre of 
similitude of two circles, and the two inner centres of simili- 
tude of these two circles and any third circle lie on a straight 
line ; also the three outer centres of similitude lie on a straight 


line. 
Pole and Polar. 

120. Derinirion. If the equation to a given circle be 
r+y*=c', and h, k be the co-ordinates of any point, then 
the straight line 2h + yk=c' is called the polar of the point 
(k, k) with respect to the given circle, and the point (A, k) is 
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called the pole of the straight line zh + yk =c* with respect to 
the given circle, 


We may also express our definition thus: the polar of a 
given point with respect to a given circle is the straight line 
whose equation involves the co-ordinates of the given point 
in the same manner as the equation to the tangent at any 
point of the circle involves the co-ordinates of the point of 
contact; and the given point is the pole of the straight line. 


This definition might be misunderstood. For the equa- 
tion to the tangent to a circle at a given point might be 
expressed in different forms by using the relation which holds 
between the co-ordinates of the given point by virtue of the 
equation to the circle. We might for example express the 
equation to the tangent in terms of either of the co-ordinates 
of the given point alone. But in the above definition we mean 
that the equation to the tangent is to be in the form which it 
naturally assumes, involving the co-ordinates of the given 
point rationally. 

Or we may define the polar of a point by means of the 
properties which it possesses (Art. 103). The polar of a 
given point with respect to a given circle is the straight line 
which is the locus of the intersection of tangents drawn at 
the extremities of every chord through the given point; and 
the given point is called the pole of this straight line. 

If the given point be without the circle, its polar coincides 
with the chord of contact of tangents drawn from that point. 


121. If one straight line pass through the pole of another 
straight line, the second straight line will pass through the pole 
of the first straight line. 

Let (a’, y’) be the pole of the first straight linc, and 
therefore the equation to the first straight line 


Be AY AC sag tstesinectvtaiae (1). 


Let (2", y”) be the pole of the second straight line, and 
therefore the equation to the second straight line 


aa! yy =O ceseccseresconsoecesenes (2). 


Since (1) passes through (x, y") we have aa’ + y"y'=c'; 
and since this equation holds, (2) passes through (a’, y’). 


T. Cc. S. 8 
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122. The intersection of two straight lines is the pole of the 
straight line which joins the poles of those straight lines. 


Denote the two straight lines by A and B, and the straight 
line joining their poles by C; since C passes through the pole 
of A, therefore, by Art. 121, A passes through the pole of C; 
similarly B passes through the pole of C; therefore the inter- 
section of A and B is the pole of C. 


MISCELLANEOUS EXAMPLES. 


1. Find the tangent of the angle between the two straight 
lines whose intercepts on the axes are respectively a, b, and 
a’, 

2. If the two straight lines represented by the equation 
a" (tan® @ + cos” d) — 2ry tangd+y7’sin?'d=0, make angles 
a, 8 with the axis of z, shew that tan a~tan B= 2. 


3. One side of a square a corner of which is at the origin 
makes an angle a@ with the axis of z; find the equations to 
the four sides and the two diagonals. 


4. Find the equations to the diagonals of the parallelogram 
formed by the straight lines 
Catw@). (ete: Dat. Mateo: 
ab I, oe” ba? be 
and shew that the diagonals are at right angles. 


5. The distance of a point (x,, y,) from each of two straight 
lines which pass through the origin of co-ordinates is 6; shew 
that the two straight lines are represented by the equation 


(ny — ry) = (2 +") & 
6. Find the condition that one of the straight lines re- 


presented by Ay’?+ Bay + Cz'=0 may coincide with one of 
those represented by ay’ + bry + cx’ = Q, 


7. Ifa=0, 8=0, y=0 be the equations to the three 
sides of a triangle ; and a, b, c be the perpendicular distances 
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between these sides and those of another triangle parallel to 

them respectively, the straight line joining the centres of the 

inscribed circles will be represented by any of the equations 
a-B B-y y-2 


———e se = 
— 


a—b b-c c-—a’ 








8. Shew that the equation to the straight line passing 
through the middle point of the side BC of a triangle ABC 
and parallel to the external bisector of the angle A is 


B+y+5 Gin B+ sin C) =0. 


9. The equation to the straight line drawn parallel to BC 
through the centre of the escribed circle which touches BC is 


(a+) sin B+ (a+) sin C= 0. 


10. Find the equations to the straight lines which pass 
through the intersection of the straight lines 


la + mB + ny =0, Va+m'B+ny=0, 


and divide the angles between them into parts having their 
sines in @ given ratio. 


11. Find the equations to the two straight lines which 
bisect the angles between the straight lines represented by 
Ay’ + Bary + Cx’ = 0. 


12. Find the condition in order that the straight lines 
Ay’ + Bey + Ca*=0 and ay’ + bry +cc’=0 may have their 
angles bisected by the same pair of straight lines. 


13. Ifw=0, v=0, be the equations to two circles, shew 
that by giving a suitable value to the cunstant A, the equation 
u+dv=0 will represent any circle passing through the points 
of intersection of the given circles. 


14. A fixed circle is cut by a series of circles, all of which 
pass through two given points; shew that tho straight lines 
which join the points of intersection of the fixed circle with 
each circle of the series all meet at a point, 


8—2 
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CHAPTER VIII. 
THE PARABOLA. 


123. THERE are three curves which we now proceed to 
define; we shall then deduce their equations from the defini- 
tions, and investigate some of their properties from their 
equations. 


DEFINITION. A conic section is the locus of a point which 
moves so that its distance from a fixed point bears a constant 
ratio to its distance from a fixed straight line. If this ratio 
be unity, the curve is called a parabola, if less than unity, an 
ellipse, if greater than unity, an hyperbola. 


The fixed point is called the focus, and the fixed straight 
line the directrix. 


- 124, It will be shewn hereafter that if a cone be cut by 
a plane, the curve of intersection will be one of the following ; 
a parabola, an cllipse, an hyperbola, a circle, two straight 
lines, one straight line, or a point. Hence the term conic 
section is applied to the parabola, ellipse, and hyperbola, and 
may be extended to include the circle, two straight lines, one 
straight line and point. We shall also shew that every curve 
of the second degree must be a conic section in this larger 
sense of the term. 


_ At present we confine ourselves to tracing the consequences 
of the definitions in Art. 123. 


125. To find the equation to the Parabola. 


A parabola is the locus of a point which moves so that its 
distance from a fixed point is equal to its distance from a 
fixed straight line. 


Let S be the fixed point, YY" the fixed straight line. 
Draw SO perpendicular to YY'; take O as the origin, OS 
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as the direction of the axis of 2, OY as that of the axis of y. 
Suppose OS = 2a, 





Let P be any point on the locus; join SP; draw PM 
parallel to OY and PN parallel to OX; Iet OM=za, 
PM= y. 

By definition SP= PN; therefore SI” = PN’; therefore 
PM? + SM = PN’, that is, y° + (a — 2a)’ = 2°; 

therefore y? = 40 (© — A) ..cccseseeeeeneees (1). 


This is the equation to the parabola with the assumed 
origin and axes. The curve cuts the axis of @ ata point A 
which bisects OS; for when y=0 in (1), we have w2=a, 
The equation will be simplified if we put the origin at A; 
let x’ = AM, then x =a —a, and (1) becomes y* = 4az’. 


We may suppress the accent, if we remember that the 
origin is now at A; thus we have for the equation to the 


parabola 


126. To trace the parabola from its equation y* = 4ax. 


From this equation we sec that for every positive value 
of x there are two values of y, equal in magnitude, but of 
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opposite sign. Hence for every point P on one side of the 
axis of a, there is a point P’ on the other side, such that 





P’M=PM. Hence the curve is symmetrical with respect 
to the axis of z. Negative values of a do not give possible 
values of y; hence no part of the curve lies to the left of the 
origin, As 2 may have any positive value, the curve extends 
without limit on the right of the origin. 

A is called the vertex of the curve and AX the azis of 
the curve. 


127. We have drawn the curve concave towards the axis 
of z; the following proposition will justify the figure. 


The ordinate of any point of the curve which lies between 
the vertex and a fixed point of the curve is greater than the 
corresponding ordinate of the straight line joining the vertex 
and the fixed point. 


Let P be the fixed point; 2’, y its co-ordinates; then the 
equation to AP is y=5 2s J (=) .@, since y® = 4az’, 

Let x denote any abscissa less than «’, then since the ordi- 
nate of the curve is /(4az), and that of the straight line is 
J (=) .@ Or af (3) x /(4ax), it is obvious that the ordi- 
nate of the curve is greater than that of the straight line. 
All points may be said to be outside the curve for which 
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y' —4az is positive; that is, points for which x is negative, 
3 

or for which «@ is positive and less than i . And all points 
may be said to be enside the curve for which y* — 4ax is nega- 
tive. Since the square of the distance of any point from the 
focus is y*7+(2— a)’, that is (v@+a)*+y’— daz, it follows 
that the distance of any point, not on the curve, from the 
focus is greater or less than its distance from the directrix 
according as the point is outside or inside the curve. 


128. Derinition. The double ordinate through the 
focus of a conic section is called the Latus Rectum. 

Thus in the figure in Art. 126, ZSZ'is the Latus Rectum. 

Let 2=a, then from the equation 7°=4az, y= + 2a. 
Hence LS= L'S= 2a; and LDL’ = 4a. 


129. To express the focal distance of any point of the 
parabola in terms of the abscissa of the point. 

The distance of any point on the curve from the focus is 
equal to the distance of the same point from the directrix. 
Hence (see figure to Art. 125), SP=AM+ AS, =x2+a. 


Tangent and normal to a Purabola. 


130. To find the equation to the tangent at any point of 
a parabola. (See Def. Art. 90.) 
Let 2’, y’ be the co-ordinates of the point, 2”, y” the co- 
ordinates of an adjacent point on the curve. 
The equation to the secant through these points is 
yy 


y- y= (Bie vc sisiale Seeteadnees (1); 





since (2’, y') and (x”, y”) are on the parabola 
y? = 4a’, y= haz"; 
therefore ¥'" — y= 4a (2" — 2’) ; 


OP ees , by 
therefore : ae = : i 
z-xe% y ty 


hence (1) may be written y— 7 wyay (2 — 2’). 
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Now in the limit y” = y'; hence the equation to the tan- 
gent at the point (a, y’) is 


,_ 2a ' 
Ym YH (VHA) corcreveccrscens (2). 
This equation may be simplified; multiply by y’, thus 
yy =2a(a—a')+y", =2ax —2ax’ + 407’, 
SDA Me ) cetacsriunaseswannmenvecss: (3). 
131. The equation to the tangent can be conveniently 


expressed in terms of the tangent of the angle which the 
straight line makes with the axis of the parabola. 


For the equation to the tangent at (2’, 7’) is 
yy = 2a (z+ 2x), 


Qa Yar 2a Aa’ 
or y=, O+ fo ae 
y y y “y 
2a y 
e, ia (1) 
Let ) =m; therefore if =--; thus (1) may be written 
a 
pe 9). 
YH MET serererrerrsseerereeeenees (2); 


this is the required equation. Conversely, every straight line 
whose equation ts of this form is a tangent to the parabola. 


132, lt may be shewn as in Art. 93, that a tangent to 
the parabola mects it at only one point. Also, if a straight 
line meets a parabola at only one point, it will in general be 
the tangent at that point. 


For suppose the equation to a parabola to be 


Pa oat ooparsieaes i dasadedos (1), 
and the equation to a straight line to be 
y= Mx PC isasiwais Trreerierr ree es (2). 


To determine the abscisse of the points of intersection, we 
have the equation (ma +c)’ = 4az, 


or ma’ + (me — 4a) B+ =O oc ceeeeeeeees (3); 
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this quadratic equation will have two roots, except when 
(mc — 2a)*= mc’, that is, when c= ~ : 

Hence if the straight line (2) meets the parabola, it will 
meet it at two points, unless c= a and then the straight line 


is a tangent to the parabola by Art. 131. 

If, however, the equation (2) be of the form y =c, so that 
the straight line 1s parallel to the axis of 2, then instead of 
(3) we have the equation c’ = 4ar, which has but one root ; 
hence a straight line parallel to the aris of the parabola meets 
it at only one point, but is not a tanvent. 

133. The axis of y isa tangent to the curve at the vertex. 

For the equation to the tangent at (’, y’) is 

yy! = 2a (c-+2'); 
and when 2 = 0 and y' = 0, this becomes z= 0. 

184. To find the equation to the normal at any point of 
a parabola. (See Def. Art. 97.) 

Let a’, y' be the co-ordinates of the point; the equation 
to the tangent at that point 1s 


The equation to a straight line through (a, y/) at right 
angles to (1) is 


, 1 ‘ j : 
YY’ =H Fe (B= B)ereerreecererenee (2). 
This is the equation to the normal at («, 9’). 


135. The equation to the normal may also be expressed 
in terms of the tangent of the angle which the straight line 
makes with the axis of the curve. 


e * Sia 1c y Z é yx 
For the equation to the normal is y= oat t¥ t5,° 
__¥ ba! + y" 
or ¥ —_ 2a x ¥y 8a? esvoessspeonevseesoveeeoeees (1). 
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Let — : =m; therefore y'=—2am; 


thus (1) may be written 
Y = ME — LaM — AM ..crerersscceercenees (2). 
136. We shall now deduce some properties of the para- 
bola from the preceding Articles. 


Let 2’, y' be the co-ordinates of P; let PZ’ be the tangent 
at P and PG the normal at P. 


The equation to the tangent at Pis yy’ =2a(#+2’). 





Let y =0, then z=—«2'; hence AT= AM. 

Also ST=AT+ AS, = AM+ AS, = SP (Art. 129). 

Hence the triangle STP is isosceles, and the angle STP 
is equal to the angle SPT. Thus if PN be parallel to the 
axis of the curve, PN and PS are equally inclined to the 


tangent at P, so that the tangent bisects the angle between 
PS and NP produced. 


Since the angle PTS is half the angle PSX, it follows 
that the angle between two tangents to a parabola is half the 
angle between the focal distances of the points of contact. 
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137. The equation to the normal at P is 


y-¥=—3,(@-#). 
At the point G, where the normal cuts the axis, y=0; 
hence from the above equation #— a = 2a; thus 
MG = 2a = half the latus rectum. Also SG'=SP. 
138. To find the locus of the intersection of the tangent 
at any point with the perpendicular on wt from the focus. 


Let x’, y’ be the co-ordinates of any point Pon the curve; 
the equation to the tangent at P is 


4 = ete) sia Gil usiev aatiereecieeieas’ (1). 


The equation to the straight line through the focus per- 
pendicular to (1) 1s 


4 =- (2-2) Saadedetactnadeaeteea: (2). 


We have now to eliminate 2’ and y' by means of (1), 
(2), and . 


From (3) we find 2 in terms of y’, and thus (1) may be 
written 


2a a 
yaar SEG eCbad nem bavene DNeaeReews (4). 


Thus the problem is reduced to the elimination of y’ from 
(2) and (4); from (2) 
j 2a 
y¥=- ee, aed eyuaetinnanna: (5) } 


w— a 


substitute in (4); then y=— (z—a)e ay : 
y 2—a 


therefore y* (w—a)+(c—a)’x+ay'=0, 
or fy? + (a —a)*} =O. ecseesecoeen veers (6). 
If the factor y* + (a —a)* be equated to zero, we have 
y= 0, LOD vssscssvvcvccveces o00(7). 
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The point thus determined is the focus; this however is 
not the locus of the intersection of (1) and (2), for the values 
in (7), although they satisfy (2), do not satisfy (1). We 
conclude therefore that the required locus is given by the 
equation «=0, which we obtain by considering the other 
factor in (6). 


This result can be easily verified; for if we put 2=0 in 


2 


¢ , 
(1) we obtain y= oo Y; and if we put x=0 in (2), we 
also obtain ¥ =} ; thus (1) and (2) intersect on the straight 


line x=0, 


Thus, if in the figure in Art. 136, Z be the intersection of 
the tangent at P with the axis of y, SZ is perpendicular to 
the tangent. 


139. The process of the preceding Article is of frequent 
use and of great importance. We have in (1) and (2) the 
equations to two straight lines; if we obtain the values of z 
and y from these simultaneous equations, we thus determine 
the point of intersection of the straight lines; the values of 
and y will depend upon those of 2 and 7’, thus giving dif- 
ferent points of intersection corresponding to the different 
straight lines represented by (1) and (2). If from (1), (2), 
and (3) we eliminate 2 and ’ we obtain an equation which 
holds for the co-ordinates of every point of intersection of (1) 
and (2). This equation is by our definition of a locus the 
equation corresponding to the locus of the intersection of (1) 
and (2). 

Sometimes the elimination produces, as in the preceding 
Article, an equation which does not represent the required 
locus. The student has probably noticed in solving alge- 
braical questions that he often arrives at more results than 
that which he is especially seeking. We can frequently 
interpret these additional results; thus in the preceding 
Article, since, whatever 2 and y may be, the values z=a, 
y =, satisfy one of the equations which we use in effectin 
the elimination, we might anticipate that our result woul 
involve a corresponding factor. 
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140. Ifthe straight line from the focus, instead of being 
perpendicular to the tangent, meet it at any constant angle, 
the locus of their intersection will still be a straight line. We 
will indicate the steps of the investigation. Suppose @ the 
angle between the tangent and the straight line from the 
focus; equation (1) remains as in Art. 138; instead of (2) 
we have, by Art. 45, 


2a 
y - tan B 


y= Qa 
1l--—=; tan 8 
y 





_2a+y'tan®@ 
8) = a tang @— 8 


Instead of (5) in Art, 138, we shall find 
, 2a(e—a)+2aytan B 
Y=“ y=e=0 tans 
— The result of the elimination is 
y {y — (w— a) tan 8} {x-a+y tan Bf} 
— x {y — («—a) tan B}’—a (x -—a+ytan B)'=0. 


Now, guided by the result of Art. 138, we may anticipate 
that y?+ (2 — a)’ will prove a factor of the left-hand member 
of the equation; and we shall find by reduction that the equa- 
tion may be written {y’ + (x—a)’} (y tan 8 — ax tan’ B—«a) = 0. 

Hence the required locus is determined by 

y=xtan B+ acot 8. 

141. To find the length of the perpendicular from the 

focus on the tangent at any point of the parabola. 


The equation to the tangent at the point (z’, 7’) is 
2a ; 
yay (z+ 2). 


The perpendicular on this from the point (a, 0) by Art. 47 
as SOOT SY et te): 
“Vt + bah) * [salary VIO + 2) 

Call the focal distance of the point of contact r, and the 
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perpendicular p; then, by Art. 129, r=a+a'; 
therefore p=,/(ar). 


142. From any external point two tangents can be drawn 
toa parabola. 


Let the equation to the parabola be y*=4az; and let 
h, k be the co-ordinates of an external point. Suppose 2’, 9’ 
the co-ordinates of a point on the parabola such that the 
tangent at this point passes through (h, k). The equation 
to the tangent at (x’, y) is yy’ =2a (x+2’). 


Since this tangent passes through (h, k) 


Key! = 2a (h+a) ...ccrsconsscesseeses (1). 
Also since (2’, y’) is on the parabola 
Of AO cisseiussenseresoiessst (2). 


Equations (1) and (2) determine the values of x’ and y’. 


"a 
Substitute from (2) in (1), thus ky’ = 2ah +”, therefore 


y* — ky +4ah=0. The roots of this quadratic will be 
found to be both possible, since (A, k) is an external point 
and therefore k* greater than 4ah. To each value of y’ cor- 
responds one value of x by (1); hence two tangents can be 
drawn from any external point. 


The straight line which passes through the points where 
these tangents meet the parabola is called the chord of con- 
tact, 


143. Tangents are drawn to a parabola from a given 
external point ; to find the equation to the chord of contact. 


Let 4, k be the co-ordinates of the external point; z,, y, 
the co-ordinates of the point where one of the tangents from 
(h, k) meets the parabola; x,, y, the co-ordinates of the point 
where the other tangent from (h, k) meets the parabola, 


The equation to the tangent at (z,, y,) is 

YY, = 2A (VAD,) ccrccccrssovescvevees (1). 
Since this tangent passes through (h, k) we have 

Key, = 2a (RAZ) cssccscrscnscevcesees (2). 
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~} 


Similarly, since the tangent at (z,, y,) passes through (h, k) 
Key, = 20 (fy + 24) ...seseceescceesceees (3). 
Hence it follows that the equation to the chord of con- 
tact 1s 
ei me 2a (BW )ssesdocsvssivdeweetncdaes (4). 


For (4) is obviously the equation to some straight line; 
also this straight line passes through (z,, y,), for (4) is satis- 
fied by the values z=2,, y=y,, as we see from (2); similarly 
from (3) we conclude that this straight line passes through 
(x,, y,). Hence (4) is the required equation. 

Thus we may proceed as follows in order to draw tangents 
to a parabola from a given external point. Draw the straight 
line which is represented by (4), join the points where it 
meets the parabola with the given external point, and the 
straight lines thus obtained are the required tangents, 


144. Through any fixed point chords are drawn to a 
parabola, and tangents to the parabola drawn at the extremt- 
ties of each chord : the locus of the intersection of the tangents 
as a straight line. 

Let h, & be the co-ordinates of the point through which 
the chords are drawn; let tangents to the parabola be drawn 
at the extremities of one of these chords, and let (x, y,) be 
the point at which they meet. The equation to the corre- 
sponding chord of contact is, by Art. 143, yy, =2a (w@ + 2,). 
But this chord passes through (h, &); therefore ky, =2a (h+2,). 
Hence the point (z,, y,) lies on the straight line ky=2a (x+h); 
that is, the locus of the intersection of the tangents is a 
straight line. 


We will now prove the converse of this proposition. 


145. If from any point in a straight line a pair of 
tangents be drawn to a parabola, the chords of contuct will 
all puss through a fixed potnt. 


Let At + By + O00... cecesecoeeees .(1) 


be the equation to the straight line; let (a, y') be a point 
in this straight line from which tangents are drawn to the 
parabola; then the equation to the corresponding chord of 
contact is 

yy = 2a (e@+x) ree dawn eneeene saves (2), 
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Since (a’, y’) is on (1) we have Aw’ + By’+C=0; there- 
fore (2) may be written y (da +C)+2aB@+e2)=0, | 
or _ 

Now whatever be the value of 2’, this straight line passes 
through the point whose co-ordinates are found by the simul- 


taneous equations dy + 2aB=0, Cy+2aBe=0; that is the 
C 


point for which y =— was. 


The student should observe the different interpretations 
that can be assigned to the equation ky = 2a (x+h). The 
statements in Art. 103 with respect to the circle may all be 
applied to the parabola. 


146. Some interesting geometrical investigations relat- 
ing to tangents to a parabola from an external point may be 
noticed. 

To draw the two tangents to a parabola from any external 
point. 

Let O denote the external point and S the focus. On OS 
as diameter describe a circle, and let it cut the tangent at 
the vertex at Zand z. Join OZ and Oz: these straight lines, 
produced if necessary, are the tangents from O by Art. 138 
and Kuclid mir 31. 

Or we may proceed thus. Join OS. With centre O and 





radius OS describe a circle, and let it cut the directrix at Q 
and g. Through these points draw parallels to the axis mect- 
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ing the parabola at P and py. Then OP and Op are the ro- 


quired tangents, 


For join OQ and SP. Then in the triangles OPS and 
OPQ we have OS= OQ by construction, PS=PQ by the 
nature of the parabola, and OP common. Therefore the 
angle OPS =the angle OPQ; and OP is the tangent at P 
by Art. 136. 


Similarly Op is the tangent at p. 


The two tangents to a parabola from an external point 
subtend equal angles at the focus. 


Since the triangles OPS and OPQ are equal in all re- 
spects, the angle OSP= the angle OQP; aud similarly the 
angle OSp = the angle Ogp: and the angles OQP and Ogp 
are equal, for they are the complements of the equal angles 


OQq and Og Q. 


The angle between a tangent and a straight line parallel 
to the aris 1s equal to the angle between the other tangent and 
the straight line from the external point to the focus. 


Draw OHI parallel to the axis. 
The angle QOJI = the angle gO; that is 
twice the angle POS — the angle SOJT 
= twice the angle pOS+ the angle SO//; 
therefore the angle POS = the angle pOH, and therefore also 
the angle POH = the angle pOS. 


The student should observe the extension thus given to 
the result in Art. 136: at any point of the curve the straight 
line which bisects the angle between the focal distance of the 
point and the parallel to the axis is at right angles to the 
tangent, and at any external point the straight line which 
bisects the angle between the focal distance and the parallel 
to the axis is equally inclined to the two tangents. 


The circle which passes through the tntersections of three 
tangents to a parabola will pass through the focus. 


TC. 8 9 
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Let P, Q, B be the points of contact, and »gr the triangle 
formed by the tangents. 





Since Pr and Qr subtend equal angles at S the angle 
PSr is half the angle 2’SQ. 


Similarly the angle PSg is half the angle PSR. Hence 
the angle gr is half the angle QS#; that is by Art. 136 the 
angle gSr is equal to the angle gpr: therefore S is on the 
circumference of the circle which passes round pqr. 


Diameters. 


147. To find the length of a straight line drawn from any 
point tn a given direction to meet a parabola. 


Let x’, y’ be the co-ordinates of the point from which the 
straight line is drawn; x, y the co-ordinates of the point to 
which the straight line is drawn; @ the inclination of the 
straight line to the axis of 2; r the length of the straight 
line; then (Art. 27) 


zs=a2'+rco89, y=y'+rsind, 
If (x, y) be on the parabola, these values may be substituted 
in the equation y*= 4az; thus (y' +7 sin 6)* = 4a(z' +1 cos 6); 
or r'sin’@+ 2r(y’ sin 6 — 2a cos 6) + y" — 4az'= 0. 
From this quadratic two values of r can be found, which 


are the lengths of the straight lines that can be drawn from 
(z', y') in the given direction to the parabola. 
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When the point (a’, y’) is within the parabola, the roots of 
the above quadratic will be of different signs; in this case 
the two straight lines that can be drawn from (.x’, y’) to meet 
the curve are drawn in a laa directions. When the point 
(x, y’) is without the parabola, the roots are of the same sign, 
and the straight lines are drawn in the same direction. 


148. DEFINITION. A deameter of a curve ts the locus of 
the middle points of a series of parallel churds. 


149. To find the diameter of a given system of parallel 
chords in a parabola. 

Let @ be the inclination of the chords to the axis of the 
parabola; let 2’, y' be the co-ordinates of the middle point 
of any one of the chords; the equation which determines the 
lengths of the straight lines drawn from (’, y') tu the curve 
is (Art. 147) 

7” sin” @ + 27 (y' sin 8 — 2a cos 6) + y” — 4ac’ =0...... (1). 

Since (2, y') is the middle point of the chord, the values 
of » furnished by this quadratic must be equal in magnitude 
and opposite in sign; hence the coefficient of r must vanish; 
thus y' sin 9 — 2a cos O=0; 
therefore 20 COU 8 sci ccaeevsnccasss2 (2)¢ 


.thus the required diameter is a straight line parallel to the 
axis of the parabola. 

Hence every diameter is parallel to the axis of the para- 
bola. 

Also every straight line parallel to the axis of the para- 
bola is a diameter, that is, bisects some system of parallel 
chords; for by giving to @ a suitable value, the equation (2) 
may be made to represent any straight line parallel tu the axis. 


150. Let a tangent be drawn to the parabula at tho 

point where the straight line y' = 2a cot @ mects the curve; 
2 : 

the equation to the tangent is y= (c+); that is, 


y = tan 6 (x + 2); hence, the tangent at the extremity of any 
diameter of the parabola is parallel to the chords which that 
diameter bisects. 


9—2 
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151. To find the equation to the parabola, the axes being 
any diameter and the tangent at the point where it meets 
the curve, 


. Y 





Let h, & be the co-ordinates of a point A’ on the parabola; 
take this point for a new origin; draw through it a straight 
line A’.\" parallel to the axis of the curve for the new axis of 
«, and a tangent A’Y”’ to the curve for the new axis of y. 


5) 
Let YAN’ = 6; then (Art. 150) 7 = tan 6. 


Let x, y be the co-ordinates of a point P on the curve 
referred to the original axes; 2’, y' the co-ordinates of the 
same point referred to the new axes; draw Pd parallel to 
AY and PM’ parallel to A'Y'; also draw A’L, M'N parallel 
to AY; let R denote the intersection of PM and .A’X’; then 
a=AM=AL+IN+NM=AL+A'M'+ MR 

=h+a2'+y' cos 8, 
y=PM= RU+PR=A'L + PR 
=k+y'sin 8, 
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Substitute these values in the equation y*= 4ar; thus 
(k+y' sin 6)* = 4a (h+ 2+’ cos 8), 
or ¥" sin’ 6+ 2y' (ksin 8 — 2acos 0) + h* — 4ah = 4ax’, 
But, £ = 2a cot 8, and £? = 4ah; thus we have 
y? sin’ @ = 4az’, 
n_ 4a, 


or 4 — Hb 
J > on g.’ 


which is the required equation, 


We may shew that : oe SA’; for SA°=a+h (Art. 129); 


in’ @ 
I? ‘ ; a 
and h =-—=acot’@; thercforea+h= ~,-. 
4a sin’ @ 
Hence the equation may be written y?=4a‘r’, where 
a =S4A'; or suppressing the accents on the variables 
y = 4a'e. 


152. The equation to the tangent to the parabola will be 
of the same fourm whether the axes be rectangular, or the 
oblique system formed by a diameter and the tangent at its 
extremity ; for the investigation of Art. 130 will apply with- 
out any change to the equation 7’ = 4a which represents a 
parabola referred to such an oblique system, 


153. Tangents at the extrenuties of any chord of a para- 
bola mect on the diameter which bisects thut chord. 


Refer the parabola to the diameter bisecting the chord, 
and the corresponding tangent, as axes; let the equation 
to the parabola be y* = 4a; let 2’, y' be the co-ordinates 
of one extremity of the chord; then the equation to the 
tangent at this point is 

9/9) = 20 (BP) svaseinvensasorovnres (1). 


The co-ordinates of the other extremity of the chord are 
wu’, —y ; and the equation to the tangent there is 
— yy = QU (C4 L') rcrccovceeescners (2). 
The straight lines represented by (1) and (2) meet at 


the point for which y=0, c=—2'; this demonstrates the 
theorem. 
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Polar Equation. 


154. To find the Polar Equation to the parabola, the focus 
being the pole. 


Let SP=r, ASP=6, (see figure to Art. 125); then 
SP = PN, by definition; that is, SP=O0S + SM; 


or r=2a+r cos (3r— 8); 
therefore r (1+ cos 0) = 2a, 
2a 
and ar way 
If we denote the angle XSP by @, then we have as before 
SP=08+ SM; thus r=2a+-r cos 6, and pecs 
1 — cos 0 


155. The polar equation to the parabola when the vertex 
is the pole may be conveniently deduced from the equation 
y' =4ax by putting rcos@ and rsin@ for x and y respec- 
tively; we thus obtain r=. : 

ively; we thus obtainr= 4 
We add a few miscellancous propositions on the parabola. 


DEFINITION. A chord passing through the focus of a 
conic section is called a focal chord. 


156. Jf tangents be drawn at the extremities of any focal 
chord of a parabola, (1) the tangents will intersect on the 
directrix, (2) the tangents will meet at right angles, (3) the 
straight line drawn from the point of intersection of the tan- 
gents to the focus will be perpendiculur to the focal chord. 


(1) Ifthe tangents to a parabola meet at the point (h, k) 
the equation to the chord of contact is, ky=2a(x+h) by 
Art. 143. Suppose the chord passes through the focus; then 
the values z= a, y=0, must satisfy this equation ; 

therefore 0 = 2a (a+h) ; 
therefore h=—a; 
that is, the point of intersection of the tangents is on the 
directrix. 
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(2) The equation to the tangent to a parabola may be 
written (Art. 131) y=mr+ =, Suppose (h, &) a point on 


the tangent; therefore Am*—km+a=0. This quadratic will 
determine the inclinations to the axis of the parabola of the two 
straight lines that may be drawn through the point (h, k) to 
touch the parabola. Suppose m,, m, the tangents of these in- 


clinations, then by the theory of quadratic equations m,m, = ; ; 


_ Ifh=—a, mm,=—1; that is, the two tangents aro at 
right angles, 


(3) The equation to the straight line passing through the 


focus and (h, k) is y= ne (c-a). If h=—a, this becomes 


y= 7 (a—a); the straight line is therefore perpendicular 


to the focal chord of which the equation is yk = 2a (a — a). 


157. If through any point within or without a parabola, 
two straight lines be drawn parallel to two given straight lines 
to meet the curve, the rectangles of the segments will be to one 
another in an invariable ratio. 


Let (z', y’) be the given point, and suppose a and 8 
respectively the inclinations of the given straight lines to 
the axis of the parabola. By Art. 147, if astraight line be 
drawn through (z’, y') to meet the curve and be inclined at 
an angle a to the axis, the lengths of its segments are given by 
the equation 7” sin*a+ 2r (y' sina— 2a cosa) + y” — 4a = 0. 


Therefore by the theory of quadratic equations the rect- 


Mit 
angle of the segments = Sa? 
Similarly the rectangle of the segments of the straight line 
soe y” — 4az' 
drawn through (2’, y’) at an angle 8 = ata 


n?8 


; _fin'f 
Hence the ratio of the rectangles = sintg? 


is constant whatever « and y' may be. 


and this ratio 


136 RECTANGLE OF THE SEGMENTS OF A STRAIGHT LINE. 


Let O be the point through which the straight lines OP», 





OQgq, are drawn inclined to the axis of the parabola at angles 
a, 8, respectively; then we have shewn that 

er ee 

OY.0g  sin’a’ 

Let tangents to the parabola be drawn parallel to Pp, Qg, 
meeting the parabola at 4 and D respectively; let S be the 
focus; then by Art. 151, 

ee 
SD sin’a’ OQ.Ug SD* 

Suppose 0 to coincide with 7’; then OP. Op becomes TE” 

and OW. Og becomes 7'D’; 


OP. Op _ SE 





therefore 


therefore bE 
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EXAMPLES. 


1. Find the equation to the straight line joining A and 
LL. (See figure to Art. 126.) 


2. Find the equation to the circle which passes through 
A, LI, L'. (See figure to Art. 126.) 


3. A point moves so that its shortest distance from a 
given circle is equal to its distance from a given fixed dia- 
meter of that circle; find the locus of the point. 


4. Trace the curves y*=4ax, and 2°+4ay=0; and 
determine their points of intersection. 


5. Determine the equation to the tangent at LZ. (See 
figure to Art. 126.) 

G. Find the angle between the straight lines in Kxam- 
ples 1 and 5. 


7 Determine the equation to the normal at L. 


8, Find the point where the normal at / mects the curve 
again, and the length of the intercepted chord. 

9. Find the point in a parabola where the tangent 1s 
inclined at an angle of 30° to the axis of «. 


10. The length of the perpendicular from the inter- 
section of the directrix and axis on the tangent at (a’, 7’) 1s 


aa = a) 
V{a(e' +4)}° 


11. Find the points of contact of tangents tle perpen- 
diculars on which from the intersection of the directrix and 
axis are equal to one-fourth of the latus rectum. 


12. A circle has its centre at the vertex A of a parabola 
whose focus is S, and the diameter of the circle 1s 34S; 
shew that the common chord bisects AS. 


138 EXAMPLES, CHAPTER VIII. 


13. Trace the curve y= «—2", and determine whether 
the straight line + y=1 is a tangent to it. 


14, The tangent at any point of a parabola will meet the 
directrix and latus rectum produced at two points equally 
distant from the focus. 


15. PM is an ordinate of a point P on a parabola; a 
straight line is drawn parallel to the axis bisecting PJ and 
pave: the curve at Q; J/Q cuts the tangent at the vertex 
A at 7; shew that AT = 2PM. 


16. If from any point P of a circle PC be drawn to the 
centre C, and a chord PQ be drawn parallel to the diameter 
ACB and bisected at #2, shew that the locus of the inter- 
section of CPand AZ? is a parabola. 


17. Find the ordinates of the points where the straight 
line y=ma+c meets the parabola; hence determine the 
ordinate of the middle point of the chord which the para- 
bola intercepts on this straight line. 


18. A is the origin, B is a point on the axis of y, BQ is 
a straight line parallel to the axis of z; in AQ, produced if 
necessary, P is taken such that its ordinate is equal to BQ; 
shew that the locus of P is a parabola. 


19. From any point Q in the straight line BQ which is 
perpendicular to the axis CAB of a parabola whose vertex 
is A, PQ is drawn parallel to the axis to meet the curve 
at P; shew that if CA be taken equal to AJB, the straight 
lines AQ and CP will intersect on the parabola. 


20, At the point (2’, y’) a normal is drawn; find the 
co-ordinates of the point where the normal meets the curve 
again, and the leneth of the intercepted chord. 


21. Ifthe normal at any point P meet the curve again 
at Q, und SP=r, and p be the perpendicular from S on the 


tangent at P, then PQ = Aer : 


22. Pis any point on a parabola, A the vertex; through 
A is drawn a straight line perpendicular to the tangent at P, 
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and through P is drawn a straight line parallel to the axis; 
the straight lines thus drawn meet at a point Q: shew that 
the locus of Q is a straight line. Find also the equation to 
the locus of Q’ the intersection of the perpendicular from A 
and the ordinate at P. 


23. PQ is a chord of a parabola, PT the tangent at P. 
A straight line pane! to the axis of the parabola cuts the 
tangent at 7’, the are PQ at KE, and the chord PQ at F. 
Shew that TH: EF: PF: FQ. 


24. In a parabola whose equation is y*=4az, pairs of 
tangents are drawn at points whose abscissw are in the ratio 
of 1: 4; shew that the equation to the locus of their inter- 


section will be 4? = (ut + ut)? az when the points are on the 


same side of the axis, and 7? =— (ut — wt) ax when they are 
on different sides. 


25. Two straight lines are drawn from the vertex of 
a parabola at right angles to each other; the points where 
these straight lines meet the curve are joined, thus forming 
a right-angled triangle; find the least area of this triangle. 


26. Let r and 7’ be the lengths of two radii vectores 
drawn at right angles to each other from the vertex of a 


parabola; then (rr')’ = 160? (r3 +13), 


27. Find the polar equation to the parabola referred to 
the intersection of the directrix and axis as origin and the 
axis as initial line. 


28. Ifa straight line be drawn from the intersection of 
the directrix and axis cutting the parabola, the rectangle of 
the intercepts made by the curve is cqual to the rectangle of 
the parts into which the parallel focal chord is divided by the 
focus. 


29. Find the polar equation to the parabola when the 
intersection of the directrix and axis is the origin and the 
initial line the directrix. 


30. A system of parallel chords is drawn in a parabola; 
find the locus of the point which divides each chord into 
segments whose product is constant. 
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31. In a triangle ABC if tan A ten 2 =2, and AB be 


fixed, the locus of C will be a parabola whose vertex is A 
and focus B. 


32. Find the equation to the parabola referred to tan- 
gents at the cxtremitics of the latus rectum as axes. 


33. Find the equation to the parabola referred to the 
normal and tangent at J as axes. 


34. Pisa point on a parabola; z’, y’ are its co-ordinates ; 
find the equation to the circle described on SP as diameter. 


35. Shew that the circle described on SP as diameter 
touches the tangent at the vertex. 


36. Ifthe oe line y = m (a — a) meets the parabola 
at (a’, y’) and (x", y"), shew that 


tana, I a ‘=a’: yty = =", , yy ‘= —4q? 


37. <A circle is described on a focal chord of a parabola 
as diameter; if m be the tangent of the inclination of this 
chord to the axis of x, the equation to the circle 1s 


a Qar(1+ = = \+y" ~™Y _ sq? = 0 


38. Any circle described on a focal chord as diameter 
touches the directrix. 


39. If the focus of the parabola be the origin, shew that 
the equation to the tangent at (7, y') 1s yy = Su (c+ x'+ 2a). 


40, If the focus of a parabola be the origin, shew a 


the equation to a tangent to the parabola is y=m (x+a)+— << 


41. Two parabolas have a common focus and axis, and a 
tangent to one intersects a tangent to the other at right 
angles ; find the locus of the point of intersection. 
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42. If achord of the parabola 7’ =4ax be a tangent of 
the parabola 9" = 8a (a—c), shew that the straight line w= c 
bisects that chord. 


43. From any point there cannot be drawn more than 
three normals to a parabola. 


44. Ina parabola whose equation is 4? =4aa, the ordi- 
nates of three points such that the normals pass through the 
same points are ¥,, Jy Vy; shew that y,+y,+y,=0. Shew 
also that a circle described through these three points passes 
through the vertex of the parabola. 


45. If two of the normals which can be drawn to a para- 
bola through a point are at right angles, the locus of that 
point is a parabola. 


46. Iftwo equal parabolas have the same focus and their 
axes perpendicular to each other, they enclose a space whose 
length is Sa, and breadth is 2u/72, where 4a is the latus 
rectum of the parabola. 


47. Find the length of the perpendicular from an exter- 
nal point (h, &) on the corresponding chord of contact. 


48, From an external point (h, kh) two tangents are 
drawn to a parabola: shew that the length of the chord of 


contact 1s oe (KP — dah)’ 
a 


4), From an external point (h, kh) two tangents are 
drawn to a parabola: shew that the area of the triangle 
. (ke —4uh)? 
formed by the tangents and chord 1s —— , 


50. Tangents to a parabola TI, Tp are drawn at the 
extremities of a focal chord; I’G, pg are normals at the 


same points. Shew that -;.,+—, is invariable; and that 
PG* pg 
the normals subtend equal angles at 7. 


51. Two equal parabolas have the same axis, but their 
vertices do not coincide. If through any point O on the inner 
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curve two chords of the outer curve POp, QOgq, be drawn 

1 : 
cs gut angles to one another, then PO. Op + 00. Og is 
invariable, 


52. A circle described upon a chord of a parabola as 
diameter just touches the axis; shew that if 8 be the inclina- 
tion of the chord to the axis, 4a the latus rectum of the 


parabola, and c the radius of the circle, tan 6 = = 


53. If 0, 6 be the inclinations to the axis of the para- 
bola of the two tangents through (A, &), shew that 


tan # + tan 6’ = < 

54. If two tangents be drawn to a parabola so that the 
sum of the angles which they make with the axis 1s constant, 
the locus of their intersection will be a straight line passing 
through the focus. 


55. Shew that the two tangents through (h, i) are repre- 
sented by the equation 
h(y—k) —k(y—k) (a@—-h) +a (x—hy=0; 
or (k® — 4ah) (y? — 4a.c) = {hy — 2a (a + h)}?. 
56. Shew that the straight lines drawn from the vertex 


to the points of contact of the tangents from (4, &) are repre- 
sented by the equation hy’ = 2x (hy — 2az). 


tan 6 tan g=s. 


57. Determine the co-ordinates of the point of intersec- 
tion of two tangents to a parabola 


a a 
=mac+-- and y=mr+-—-. 
y=m, m, y=m, m, 
Also form the equation to the straight line drawn from this 
point of intersection perpendicular to a third tangent; and 
determine the ordinate of the point where this straight line 
meets the directrix. 


58. A triangle is formed by three tangents to a para- 
bola: shew that the perpendiculars from each angle on the 
opposite side intersect on the directrix, 
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CHAPTER IX. 


THE ELLIPSE. 


158. To find the equation to the ellipse. 


_ The ellipse is the locus of a point which moves so that its 
distance from a fixed point bears a constant ratio to its dis- 
tance from a fixed straight line, the ratio being less than 
unity, 





Let S be the fixed point, YY’ the fixed straight line. 
Draw SO perpendicular to YY’; take O as the origin, O8 
as the direction of the axis of z, OY as that of the axis of y. 

Let P be a point on the locus; join SP; draw PM parallel 
to OY and PN parallel to OX. Let OS=p, and lete be the 
ratio of SPto PN. Let a, y be the co-ordinates of P. 


By definition, SP=e.PN; therefore SP*=e’PN’; 
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therefore PM?+ SM’ =ePN*, 
that is, y+ (a@— pyr =a". 


This is the equation to the ellipse with the assumed 
origin and axes. 


159. To find where the ellipse meets the axis of z, we 
put y= 0 in the equation to the ellipse; thus (# — p)?=e'a’; 
therefore « —p= + ex; therefore z= er . Let OA’ = eae 
and OA = ; then A and A’ are points on the ellipse. 


A and “a are ae the vertices of the ellipse, and C, the 
point midway between A and JA’, is called the centre of the 
ellipse. 


160. We shall obtain a simpler form of the equation to 
the ellipse by transferring the origin to A’ or C. 


I. Suppose the origin at A’, 
Since OA’ = i we put cea et and substitute 


this value in the equation 4° + (#— p)? aes 
. w+ (0-12-64) 
therefore y? + 2” Ve = ¢ (=" re a); 


therefore y*= 2pex’ — (1 —e*) 2” 
Inpy! 
Berg Gems el 
=(1-¢) (F-2"). 


Pp _ 7@p 
The distance 4’4=—? —..?_. = ‘we shall denote 
l—-e I+e l—e 


this by 2a; hence the equation becomes 


y* = (1 — 6°) (2a2’ — 2). 
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We may suppress the accent if we remember that. the 
origin is at the vertex A’, and thus write the equation 


Tee Ge eae kr a eee re eee (1). 
II. Suppose the origin at C. 
Since A’C =a, we put r= +a and substitute this value 


in (1); thus y?= (1 —e’) (2e (’ +.) — (wv +a)"} 
| = (1-—e*) (a — 2”). 
We may suppress the accent if we remember that. the 
origin is now at the centre C, and thus write the equation 
SRS Sr) sarractaaieaees (2). 
In (2) suppose «= 0, then 7 = (1 —e*) a; if then we de- 


note the ordinate CB by b we have J? = (1 —e’) a’; thus (1) 
may be written 


b? 
y= e CQO) ateieteternscda By, 
and (2) may be written 
2 
pe Ae ae) a eeea a aitei (4), 
or, more symmetrically, 
xy? 22) 72,2 27,2 - 
atja=Loray + Un? = aU" oo. (5). 


161. Since A’S=eOA’' and OA'= 1 es we have 


l+e 1-2 : 
oda Pt 19) 
~ 1l+e e ° 
SC=A'C—A'S=a-—a(l—e) = ae, 
OC=A'C+ OA ma+ th a2, 


_. _a(l—e’) 
= p= : 
T. C.8. 10 
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162. We may now ascertain the form of the ellipse. 
Take the equation referred to the centre as origin 


72 


y= (a"— 2") seceeeeeseeeseseens(L), 


Kk’ KK 





y’ 


For every value of & less than a there are two values of y, 
equal in magnitude but of opposite sign. Hence if 2 be a 
point m the curve on one side of the axis of .« there is a point 
f” on the other side of the axis such that 27./7=2. Hence 
the curve is symmetrical with respect to the axis of wv. Values 
of a@ ereater than a@ do not give possible values of ¥; hence, 
C.l being equal to a, the curve docs not extend to the right 


of al, 


If we ascribe to # any negative value comprised between 0 
and —a, we obtain fur y the same pair of values as when we 
ascribe to a the corresponding positive value between 0 
and a. Hence the portion of the curve to the left of 12” is 
similar to the portion to the nght of 12". 


As the equation (1) may be put in the form 
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we see that the axis of y also divides the curve symmetrically 


and that the curve does not extend beyond the points B and 
B', where CB and CB each = 0. 


The straight line H’K’ is the directrix; S is the corre- 
sponding focus. 


Since the curve 1s symmetrical with respect to the 
straight line YCY’, it follows that if we take CH = CS and 
CH= CE’, and draw EK at right angles to CE, the point / 
and the straight line LA will form respectively a second 
focus and directrix by means of which the curve might have 
been generated. 


163. The point C is called the centre of the ellipse be- 
cause every chord of the ellipse which passes through C is 
bisected ut C. For suppose (h, hk) to be a point on the 

g yf 

b* 
values a=h, y=hk; then (—h, —A) is also a point on the 
curve, because since 2 =f, y=h, satisfy the above equation, 
it is obvious that 2=—h, y=—A, will also satisfy it. Hence 
to every point 2 on the curve there corresponds another 
point 2 in the opposite quadrant, such that PCP is a 
straight ling and 22C=fFC. Hence every chord passing 
through Cis bisected at C. 


curve, so that the equation at =1 is satisfied by the 
B 


164. We have drawn the curve econeave towards the 
axis of x; the following proposition will justify the figure. 

The ordinate of any point of the curve whieh les he- 
tween a vertex and a fixed point of the curve is greater than 
the corresponding ordinate of the straight line joining that 
vertex and the fixed point. 

Let A’ be the vertex, and take it for the origin; Jet 2? be 
the fixed puint; 2’, y’ its co-ordinates. Then the cquation 


: : tice UE ee 0" 
to the ellipse is (Art. 160) 7? = a, (Qax — x”). 


ree y b 2a 
The cquation to A’P is y=",7, Or y= (- »—A)z, 
“ a L 
since (a, y') is on the ellipse. 
Let x denote any abscissa less than 2’, then since the 
109 
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. Ob b 2a 
ordinate of the curve 1s aN (Qax— 2x") or : (= -1) £, 


ee | 2 es ; 
and that of the straight line is - ie (FF _ 1) x, it 1s obvious 


that the ordinate of the curve is greater than that of the 
straight line. 


165. AA’ and BB’ are called azes of the ellipse. The 
4xis AA’ which contains the two foci is called the major axis 
and sometimes the transverse axis; BB' is called the minor 
axis and sometimes the conjugate axis. 

The ratio which the distance of any point in the ellipse 
from the focus bears to the distance of the same point from 
the corresponding directrix is called the eacentricity of the 
ellipse. We have denoted it by the symbol e. 

To find the latus rectum (sce Art. 128) we put 2 = CII, 
that is, = ae, in equation (1) of Art. 162; thus 

sft va’ Ue e”) _ a , 
a a 
b° 20? 
thercfore L/7[= a3 and the latus rectum = a 


Since b’=a*—a’e’; therefore b? + a’e? =a?; that is, 
CB’ + CH? =a’; 
therefore BH =a; 


similarly, BS = a, 
166. To express the focal distances of any point of the 
ellipse in terms of the abscissa of the point. 


Let S be one focus, £’A™ the corresponding directrix ; H 
the other focus, HA the corresponding directrix. Let P be a 
point on the ellipse; 2, y its co-ordinates, the centre being 
the origin, Join SP, HP, and draw N’PN parallel to the 
major axis, and P.V perpendicular to it. 


Then SP=ePN'=e(E'C+ 


Also, HP=ePN=e(CE— 
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Hence SP+ HP=2a; that is, the sum of the focal dis- 
tances of any point on the ellipse is equal to the major axis, 





It is obvious from Euclid, 1. 21, that the sum of the focal 
distances of any point outside the ellipse is greater than the 
inajor axis, and the sum of the focal distances of any point 
inside the ellipse is less than the major axis. 

; coy 5 na aa - , 

It is easily seen that ety is positive for any point 
outside the ellipse, and negative for any point inside the 
ellipse. 


Let the co-ordinates of any point @ be wand y; then 
IQ? =y" + (w— ae) = (ex — a)’ +9? + 1’) -@"*) 


o 
‘ 
,* 


2 
2 a 2, 0 fat — af 
—€ |(|«l—-— 4 Se ha Sh ty 
(2-8) tot in a4) 


2 
e a e 
Thus I ( is greater or less than é’ ( L— according as 
€ 


Q is outside or inside the ellipse; therefore the focal distance 
of any point not on the curve bears to the distance of the 
point from the corresponding directrix a ratio which is 
greater or less than e according as the point is outside or 
inside the ellipse. 
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2 


oo : (a? — x’) may be written 


167. The equation y 


2 
y= 7 (a-~—ax)(a+). Hence (see figure to Art. 162) 
PM’ BC? 


AM. MA” AC? 

168. Let acircle be described on the major axis of the el- 
lipse asa diameter ; its equation referred to the centre as origin 
will be 7° = a* — a", Hence if any ordinate M/P of the ellipse 

b° 


be produced to meet the circle at P’ we have PM? = , PAM’; 
PM Ob 
therefore UM = a 





Join P' with C the centre of the ellipse; let P’CM= ¢, 
and let x, y be the co-ordinates of 2; then 


, b , _b . = é 
x= CP’ cos $ =a cos ¢, y=—_PM=— asin p= bsin ¢. 


These values of x and y are sometimes useful in the solu- 
tion of problems. 


The angle P’ CJL is called the excentric angle of the point PL. 
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The circle described on the major axis of an ellipse as 
diameter is sometimes called the aueilary circle. 


169. From Art. 160 we see that the equation to the 
ellipse when the vertex is the origin is y? = 2pex — (1 —e’) 2”. 

If we suppose e=1, this becomes 4? = 2pr, which is the 
equation to a parabola whose latus rectum is 2p. 


a ’ b=a V (1 _ e") = a 


Also in the ellipse a=~ reer 


1 
AIT or a(l-e)=—/ 
l+e 

If we now make e=1, we have a and 6 infinite, and 


) ; 
a(1—e) =! . Thus if we suppose the distance between the 


vertex and nearer focus of an ellipse to remain. constant 
while the excentricity approaches continually nearer to tnity, 
the major and minor axes of the ellipse i increase indefinitely 
and the ellipse about the vertex approximates to the form of 
a parabola, 


Thus if any property is established for an ellipse we may 
seck fora corresponding property in the parabola hy re forring 
the ellipse to the vertex as origin and examining what. the 
result becomes when @ is made. to approach continually to 
unity, while the distance between the vertex and the nearer 
focus remains cunstant. 


Tangent and Normal to an Ellipse. 
170. To find the equation to the tangent at any point of 
an ellipse. (See Def. Art. 90.) 


Let 2’, y' be the co-ordinates of the point, 2, y” the co- 
ordinates of an adjacent point on the curve. 


The equation to the secant through these points is 


y- y = oe ts (a — 2’) erry eee ee 


=x 

since (2’, y’) and (x”, y") are points on the cllipse, 
ay” ae br? a a’l’, wy" + br’? a a’l’ : 

therefore a (y'? — 7) + (2? - 2") = 0; 
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y" — yf a h a" ge 


therefore ee eee ee, 
waz ayty 
Hence (1) may be written 
y- y=? ee’) 
ay ty 


Now in the limit 2” =a’, and y” =y’; hence the equation 
to the tangent at the point (a’, y’) is 


9 f¢ 


oi ee ee 9 
y-y uy (OO aidan taladuals (ye 


This equation may be simplified ; ae by a’y’, thus 
wyy +e =ay? +02? = al’. 


171. The cquation to the tangent can be conveniently 
expressed in terms of the tangent of the angle which the 
straight Ime makes with the major axis of the ellipse. For 
the equation to the tangent at (c’, y’) 1s 

See Br b° 
ayy + Ure =a’, or y=, ete, 
oy y 
2 of 2 
my & 7 
Let — ,,.=m; thus the equation becomes y= mz +4 ,; 
uy y 


L? . 
we have then to express —, In terms of a. 
J 


Now Beh =—aly’m, and cy? + Vr? = cl ; 
». aay, 
therefore ey? + a = «al? ; 
therefore y (an? + BD) =D, 
i? 
therefore = V (cm? + 0°). 


Hence the equation to the tangent may be written 
y= mx +f (am + 6), 


Conversely every straight line whose equation is of this 
form is a tangent to the ellipse. 


It may be shewn as in Arts. 93, 94, that the tangent at 
any point of an ellipse meets it at only one point, and that 
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a straight line which meets an ellipse at only one point is 
the tangent at that point. 


172. The tangents at the extremitics of cither axis are 
parallel to the other axis. 


For the co- -ordinates of A are a, 0. (See ] Fig. to Art. 162. 
Hence, putting 2° =a, y’=0, the equation a’yy | One a 
becomes g=a, which is the equation to a straight line 
through uf parallel to CY. Similarly the tangent at A’ is 
parallel to UY, and the tangents at Band 3 are parallel 
to CN, 


173. To find the equation to the normal at any poiud of 
an ellipse. (See Def. Art. 97.) 

Let 2’, y’ be the co-ordinates of the point; the equation 
to the tangent at that point is 


be U? 
j=— Pe He a SF prone eeeren ag Saateesae les 
ay J 
The equation to the straight line through (e', y') at right 
angles to (1) is 
ary’ ; 
y— y = bee (te Ba atiesseegpheteete ee 


This is the equation to the normal at (w, ¥’). 


174. The equation to the normal may also be expressed 
in terms of the tangent of the angle which the straight lime 
makes with the major axis of the tae The equation 


oH 


to the normal at (c, y) is y= i Yn ( 1), y. Let 


ry _ 
br’ 


=m; thus the equation becomes 


a’ — I ; . 
Y= ME" py Y vere siedtcaiatnays eae pe 
ae — 
ve have then to express 


bt 


2 
~y' in terms of an. 


9 #4 
a4 9 ° 
Now, Ye = oa and ay? + Ua? = a'l’ ; 
mt 
$. 42 


’ a 4 “ 
9 f3 ° ame °. 3 . 
therefore a’y? +), = al’; 
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therefore y” (b’m? + a*) = bm’, 
(a? —b’) m 
Hence (1) becomes y = mz — Vem eor 
175. We shall now deduce some properties of the ellipse 
from the preceding Articles. 


Let 2, 7’ be the co-ordinates of P; let PT be the tangent 
at PY, and PG the normal at 2; LM, PN perpendiculars on 
the axcs. 


The equation to the tangent at P is a’yy’ + b’a2' =a’l’. 


3 2 
Let y =0, then z= - , hence CT = ae therefore 








Y 
Ree 4 
™ 
in ee 
Se Rae Ls 
ye ip Ps Ts er 4 
: / a f \ x ~ 
| | | Pee 
{fo | [NAS 
a _ \ — en) oe Pre ae: a So a foe aia aa es 
AY a Al ll i ae \ 
f } ~ 
/ j 


CM. CT = CA’. 
Similarly, if the tangent at P meet CY at 7”, 
CN. CT’ = Cr’. 


176. The equation to the normal at P is 
» avy 
y-y =i (c—2). 


At the point G where the normal cuts the major axis 
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q 7 
. wr 
y= 0, hence from the above equation #— x’ =— a there- 
2 


fore r= (1 — = =x. Thus CG=eCM. 


At the point G where the normal cuts the minor axis, 
2 : 2 
x =, hence from the above equation y= y =e ney Bs y’. 
Thus CG’ = - ee VM. 

Suppose the focal distance P// produced to meet. the 
ellipse again at p. Let @ denote the middle point. of J’p, 
and through Q draw a straight line parallel to the major axis 
meeting the normal P( at KL The 1, by similar triangles, 

QW HG ae-er 
VP HP a-er 


thus QK =e. QP= 5. 1’p. 


If A had denoted the point of intersection of the straight 
line through Q and the normal at py, we should have obtained 
the same value of QA; hence we have the following result: 
the straight line parallel to the major aris which qutsses 
through the intersection of normals at the ends of a focal 
chord bisects that chord. 


177. The lengths of PG and PG may be conveniently 
expressed in terms of the focal distances of 2. 
P@= PM? + GM? = y? + (@ — er’) 


, ' b*: bP 1 LS , 


a 
) ) h? ; 
sats -(1- at at loicegts), 


Ua as 
Let SP=r, HP=r; then r=ater, r=a-er; 
br 
thus PG = oe 


arr’ 


Similarly, it may be shewn that ’G? = Bo 
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178. The normal at any point bisects the angle between 
the focal distances of that point. 


Let 2’, y' be the co-ordinates of P; the co-ordinates of S 
are —ae, 0; hence the equation tu SP is (Art. 35) 


y 
Ye 5 PP AIG | eincbe sl pennase sume 1 
J Par oe), (1) 
a’y 
The equation to the normal at Pis y—y' = be Ce 
x 
Hence the tangent of the angle G2S 
ey 
— We tae (a) ry + ey 
7 14 avy? = a’y” + bie? + b'2'ue 


bie’ (a! + ae) 
egy’ +ey — edy’ 
wb? + Ua'ae Le * 
¢ 


: y ; 
The equation to IZP is y= ja (v—ae); hence if may 


Uy 
dy 


b 


i e 
be shewn that the tangent of the angle GPH also = 
therefore the angle SP’ =the angle IPG. 


Hence the angle SPT’ =the angle J7PT; that is, the 
tangent at any point is equally inclined to the focal distances 
of that point. 


) 


179. The preceding proposition may also be established 
thus: 


C=", (Art. 176); 
therefore SG=aet+ex, and HG =ae—eéx’. 
Also SP=a+er, 1HP=a-— ea’; hence 
SG SP 
TG = TP 
therefore by Euclid, vi. 3, PG bisects the angle SPIT. 


180. To find the locus of the intersection of the tangent at 
any point with the perpendicular on it from the focus. 


PERPENDICULAR ON THE TANGENT. 15; 


Let y = mu $f (B+ MA) ec cecec eee eees (1) 


be the equation to a tangent to the ellipse (Art. 171); then 
the equation to the perpendicular on it from the focus JZ is 
(see figure to Art. 175) 


If we suppose a2 and y to have respectively the same 
values in (1) and (2), and eliminate m between the two equa- 
tions, we shall obtain the required locus. 

From (1) y—mec=/(U' 4+ ma’); from (2) my +2= uae; 
square and add, then 


(y? +a") (1 + m®) = 0 + at? + ae? = 8 (1 +m’) ; 
thus y+ 2? =a? is the equation to the required locus, which 
is therefore a circle described on the major axis of the cllipse 
as diameter. 


We have supposed the perpendicular drawn from J/; we 
shall arrive at the same result if it be drawn from S; henee 


if UZ, SZ be these perpendiculars, CZ and CZ’ each = a, 


181. To find the length of the perpendicular from the 
Jocus on the tangent at any point. 


The equation to the tangent at the point (w’, 7) is 


you 
JO ty y'* 


The co-ordinates of the focus JZ are ae, 0. But if p de- 
note the length of the perpendicular from a point (,, y,) on 
the straight line 2 y=me+c, by Art. 47 


: . —mr, oer 


1 +m 
nae b° 
In the present case z,=ae, ¥,=0, m=— apg 
vee * 
( ayy a’b' (a— ex Of a’l* (a — ex’)? 


thus p* = — = — 


wy 4s oe Ly 2% rae 
aes aty?+b%* — a® (a’b* — Ure ) a Ue 
ay 
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2) 2 las a ar \8 1.2 (rn — avN h2n 


yt. 177). 


 @(a—en*)” ate’ r 
. Or 
Since 7’ =2a—r we have p’=.-——. 
24—7 


Similarly if p’ be the perpendicular from S on thie tan- 
gent at («’, y') we shall find p?= ot . Therefore pp' =D". 

From the pomt G@ in the figure of Art. 175 suppose a 
perpendicular drawn on 2H meeting it at J?; then by similar 
Ph MZ . HZ “a 
POT WP therefore PL = PG x UP Substitute 
the value of HZ just obtained, and the value of PG from 


b . ; 
Art. 177, and we have P= . Thus the length PL is 


triangles 


constant and equal to half the latus rectum. 


182. From any external point two tangents can be drawn 
to an ellipse. 

Let the equation to the ellipse be ay’? + 0? = a°l’, and 
Jet h, & be the co-ordmates of an external point. Suppose 
x’, y' the co-ordinates of a point on the ellipse, such that the 
tangent at this point passes through (h, #). The equation to 
the tangent at (ry) is ayy’ + Par =a’l, Since this tan- 
vent passes through (A, 4) 

why +h = al? 
Also since (a, 7’) 1s on the ellipse 
Wy Pe SO attinienpeusiasess (2). 
Equations (1) and (2) determine the values of a” and 7 
272 2) af\ 2 

Substitute from (1) in (2), thus (=) +be?=a’h*, 
or a? (al? + Ph") — Sa vhe’ + at (b?—k*) =0. The roots of 
this quadratic will be found to be both possible since (A, &) is 
an external point and therefore a’k* + UA? greater than a‘)? 

The straight line which passes through the points where 
these tangents mect the ellipse is called the chord of contact. 


183. Tangents are drawn to an ellipse from a given ex- 
ternal point ; to find the equation to the chord of contact. 
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Let h, & be the co-ordinates of the external point; 2,, y, 
the co-ordinates of the point where one of the tangents from 
(h, &) meets the ellipse; a,, y, the co-ordinates of the point 
where the other tangent from (A, &) meets the ellipse. The 
equation to the tangent at (z,.y,) is a’yy, + bar, =a'b'; since 
this tangent passes through (A, &) we have 


why, + 0h, = aU" oe. seqeonguad Woe 

Sunilarly, since the tangent at (.r,, y,) passes through (A, &) 
why, + Uhr, = 0 cece ee eal) 

Hence it follows that the equation to the chord of contact is 
hy + Whe =a? cece eee ical): 


For (3) 1s obviously the equation to some straight Wne; 
also this straight line passes through (r,, y,) for (3) is satistiod 
by the values .x=.c,, y=y, a8 we see from (1); similarly from 
(2) we conclude that this straght line passes through (w,, y,). 
Hence (3) is the required equation, 


Thus we may procced as follows in order to draw tangents 
toan ellipse from a given external point: draw the straight 
line which is represented by (3); Jom the points where it 
meets the ellipse with the given external point, and the 
straight lines thus obtained are the required tangents. 


184. Through any fixed point chords are drawn to an 
ellipse, and tangents to the ellipse are draun at the ertremities 
of each chord ; the locus of the intersection of the tangents os a 
straight line. 


Let h, & be the co-ordinates of the point through which 
the chords are drawn; let tangents to the clhpse be drawn at 
the extremities of one of these chords, and Jet (a, y,) be the 
point at which they meet. The equation to the corresponding 
chord of contact is, a’yy, + Dax, =a°l', by Art. 183. But this 
chord passes through (A, &); therefore athy,+ O'hc, = al’. 
Hence the point (x,, y,) lies on thestraight linca*ky+b*hn= ab; 
that is, the locus of the intersection of the tangents is a 
straight line. | 


We will now prove the converse of this proposition. 
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185. If from any point in a straight line a pair of tan- 
gents be drawn to an ellipse the chords of contact will all pass 
through a fixed povnt. 

Let Ae ili CAO: sites ceonssnes ints (1) 
be the equation to the straight line; let (z’, y') be a point in 
this straight line from which tangents are drawn to the ellipse; 
then the equation to the corresponding chord of contact is 

Ye WIR U: oasshumicrecasincead, (2): 

Since (a’, y') 1s on (1), we have sa + By’ +C=0; 

f ’ 


therefore (2) may be written Ura’ — a y= a'l’, 
0 Aa °y / Ca*y 279 
or, (0-9, — qa’? =0, 


Now, whatever be the value ofr’, this straight line passes 
through the point whose co-ordinates are found by the simul- 


e A 2, y 2. 
tancous equations b°x— Pa = 0, = tics Alinta 
Bi 2 
the point for which y=—- : see a . 


The student should observe the different. interpretations 
that can be assigned to the equation ahy + hc = wl. 

The statements in Art. 103 with respect to the circle may 
all be applied to the ellipse. 


186. Some interesting geometrical investigations relat- 
ing to tangents to an ellipse from an external point may be 
noticed. 

‘ov draw the two tangents to an ellipse from any external 
point. : 

Let O denote the external point, and S either focus. On 
OS as diameter describe a circle and let it cut the circle 
deseribed on the major axis as diameter at Z and z. Join OZ 
and Oz. Then these straight lines, produced if necessary, are 
the tangents from O by Art. 180 and Euclid, m1. 31. 

Or we may proceed thus. Let O denote the external point, 
S the more remote focus. With S as centre and radius equal 
to the major axis of the ellipse describe a circle. Let H be 
the other focus, With 0 as centre and radius equal to OH 
describe another circle cutting the former at Q and gq. Join 
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SQ and Sq cutting the ellipse at Pand p; then OP and Op 
are the required tangents. For join OS, Ol, OP, and OV. 





Then in the triangles OPQ and OPI we have 0Q= O/T by 
construction, ?Q = 2a— SP= PH, and OP common. There- 
fore the angle OPQ =the angle OPH; and Of is the tan- 
gent at P by Art. 178. 

Similarly Op is the tangent at p. 

The two tangents to an ellipse from an external point sub- 
tend equal angles at each focus. 

Join Hp and Og. The triangles OSQ and OSgq are equal 
in all respects; thus the tangents OP and Op subtend equal 
angles at & Also the angle O/1P= the angle OQ/, and the 
angle Ol[p =the angle Ogp: thus the tangents OL? and Op 
subtend equal angles at JZ. 

The angle between a tangent and a focal distance of the 
external point is equal to the ungle between the other tangent 
and the other focal distance. 

The angle SOQ = the angle SOq; that is, 

twice the angle SOP + the angle SOH 
= twice the angle [Op + the angle SOIT; 
therefore the angle SOP= the angle HOp, and also the angle 
HOP=the angle SOp. 


T.C.8, i 
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_ The student should notice the extension which is thus 
obtained of the result in Art. 178. At any point of the curve 
the straight line which bisects the angle between the focal 
distances is at right angles to the tangent; at any external 
point the straight line which bisects the angle between the 
focal distances bisects the angle between the two tangents. 


EXAMPLES. 


1. Find the excentricity of the ellipse 227 + 3y*= ce’. 


2, Find the equation to the tangent at the end of the 
latus rectum L. (See figure to Art. 162.) Also find the 
lengths of the intercepts of this tangent on the axes. 


3. Write down the equation to the normal at L. 


4. Ifthe normal at Z passes through the extremity of 
the minor axis B’, find the excentricity of the ellipse. 


5. Find the equation to A’B and CL. (Sce figure to 
Art. 162.) Find the excentricity of the ellipse if these 
straight lines are parallel. 


6. Find the equation to 23’71,and determine the abscissa 
of the point where this straight line cuts the ellipse again. 


Land 


7. Find the equation to AL, and determine the angle 
between this straight line and the tangent at Z. 


8. If from the point P whose abscissa is 2’, a straight line 
be drawn through H, determine the abscissa of the point where 
it meets the ellipse again. 


9. Find a point in the ellipse such that the tangent there 
is equally inclined to the axes. 


10. Find a point in the ellipse such that the intercepts 
made by the tangent on the co-ordinate axes are proportional 
to the corresponding axes of the ellipse. 


11. Pisa point on an ellipse, y its ordinate; shew that 
2 
tan APA’ = — 20 
ae*y 
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12. P isa point on an ellipse, y its ordinate; shew that 
the tangent of the angle between the focal distance and the 
2 


tangent at P is i 
aey 
13. If denote the angle mentioned in the preceding 


Example, PC =,/(a* — 8° cot? ¢). 


14, From Pa point in an ellipse straight lines are drawn 
to A, A’, the extremities of the major axis, and from A, A’ 
straight lines are drawn at right angles to AP, A’P; shew 
that the locus of their intersection will be another ellipse, 
and find its axes. 


15. If any ordinate MP he produced to mect the tangent 
at L at (, prove that QM = PIL (Sce figure to Art. 162. 


16. If aseries of ellipses be deseribed having the same 
major axes the tangents at. the ends of their latera recta will 
pass through one or other of two fixed points. 


17. If the focus of an ellipse be the common focus of two 
parabolas whose vertices are at the ends of the axis major, 
these parabolas will intersect at right angles, at, points whose 
distance from each other is equal to twice the minor axis. 


18. Shew that the length of the longer normal drawn 
from a point in. the minor axis of an ellipse at a distance ¢ 
from the centre and intercepted between that point and the 


; e\ 4 
curve is (a+ 5) : 
e 


19. If any parallel straight lines be drawn from the focus 
Hf and the extremity A of the axis major of an ellipse, and 
if M and N be the points where they meet the axis minor, or 
the axis minor produced, then the circle whose centre 1s M 
and radius NA will either touch the ellipse, or fall entirely 
outside of it. 


20. A and A’ are the extremities of the major axis of an 
ellipse, Z' is the point where the tangent at the point P of 
the curve meets AJA’ produced; through 7’a straight line is 
drawn at right angles to AA’ and meeting AP and AP’ pro- 
duced at @ and & respectively ; shew that QT = FT. 


11—2 
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21. If¢,¢ be the excentric angles of two points, the 
equation to the chord joining the points is 


= cos +P , Y sin oto 


= eos POY. 
9 b 9 = COS 5° 


22, Express the equation to the tangent at any point in 
terms of the excentric angle of that point. 





23. Shew that the equation to the normal at the point 
whose excentric angle is ¢ is ax sec d— by cosec ¢ = a’ — b*, 


24. The locus of the middle point of PG (sce Art. 176) is 
an cllipse of which the excentricity e’ is connected with that 
of the given ellipse by the equation 1 —e’ = (1 4+ e’)’(1—e”). 


25. Determine the point of intersection of the tangent at 
L with the straight line J/B; find the value of the excentri- 
city of the ellipse when these straight lines are parallel. 


26. A tangent at any point P of an ellipse meets the 
directrix EA at 7’ and E’K' at T": shew that ZF varies as 
the cotangent of J7/S, and 7”' varies as the cotangent of 
PSH. (See figure to Art. 162.) 


27. If the straight line y= mz +c intersect the ellipse 
a*y* + Ux" = u'l’, shew that the length of the chord will be 
ab /{(L + m*) (mia? + b — c*)} 
| ma" + 6" ; 
Hence find the relation between the constants that this 
straight line may be a tangent to the ellipse. 


28. Find the equation to the circle described on HP as 
diameter, supposing .c’, y' the co-ordinates of P. 


29. Shew that any circle described on HP as diameter, 
touches the circle described on the major axis as diameter. 


30. From a point (h, &) two tangents are drawn to an 
ellipse: find the sum of the perpendiculars from the foci on 
the chord of contact. 


31. Any ordinate PJ of an ellipse is produced to meet the 
circle on the axis major at Q, and normals to the ellipse and 
circle at P and Q respectively meet at #: find the locus of &. 
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32. Two ellipses have a common centre and their axes 
coincide in direction ; also the sum of the squares of the axes 
is the same in the two ellipses: find the equation to a common 
tangent. 

33. If 6, @ be the inclinations to the major axis of the 
ellipse of the two tangents that can be drawn from the point 
(h, k), shew that 


2 ja 
tan 6+ tan @ =— 


Oh]: 
Pay ,  tan@tan#’= fe i 
34, Find the locus of a point such that the two tangents 
from it to an ellipse are at right angles. 
35. Shew that the two tangents which can be drawn to 
an ellipse through the point (/, 4) are represented by 
(a? — h*) (y — kh)? +2 (y—h) (w@— A) hk + (P— 2") (ah)? = 0, 
or by 
(ak? + BA? — a°b?) (ey? + Va? — a0’) = (thy + Pha — ab’)*. 
36. Tangents are drawn to an ellipse from the point (h, +); 
shew that the straight lines drawn from the origin to the points 


er ay ath hy © 
of contact are represented by tps & + i, 

37. Pairs of radi vectores are drawn at right angles to 
each other from the centre of an cllipse; shew that the tan- 
gents at their extremities intersect on the ellipse 

xy 1 1 
at ot a tye 

38. From an external point 7 whose co-ordinates are h 
and & a straight line is drawn to the centre ( meeting the 
ellipse at J2; shew that 

CT? ah? +h! 
Ce alt * 

39. From an external point (4, k) tangents are drawn ; if 
r,, ©, be the abscisswz of the points of contact, shew that 

ohatl} _ at (=H) 


t,t 2,= a OR LL 


Pe FEU 
40. From an external point (A, k) tangents are drawn 


meeting the ellipse at P and Q: find the value of HP. HQ, 
H being a focus, 
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41, From an external point 7 the straight lines TP, TQ 
are drawn to touch the ellipse at Pand Q. C7'cuts the ellipse 
at R, and 22N is drawn parallel to H7'to meet the axis major 
at N: shew that WP. HQ =TN"*. 


42, Two ellipses of equal excentricity and whose major 
axes are parallel can only have two points in common: prove 
this, and shew that if three such ellipses intersect, two and 
two at the points P and P, @ and Y’, & and L’, respectively, 
the straight lines Pl’, QQ, Jel’, meet at a point. 


43. Two concentric ellipses which have their axes in the 
same direction intersect, and four common tangents are drawn 
so as to form a rhombus, and the points of intersection of the 
ellipses are joincd so as to furm a rectangle: prove that the 
preduct of the arcas of the rhombus and rectangle is equal to 
half the continued product of the four axes. 


44, The ordinate at any point P of an ellipse is produced 
to meet the circle described on the major axis as diameter at 
(J: prove that the perpendicular from the focus S on the tan- 
gent at Q is equal to SP. 

45. Find the equation to the ellipse referred to axes 
passing through the extremities of the minor axis, and meet- 
ing at one extremity of the major axis. 

6 


¢é 
46. If from points of the curve : + = (a’—b")’, tangents 


a2 2 
be drawn to the ellipse Z + a= 1, the chords of contact will 
be normal to the ellipse. 


47. Prove the proposition in Art. 180 in a manner similar 
to that used in Art. 138. Also prove the proposition in 
Art. 138 in a manner’ similar to that used in Art. 180, 


48. Find the equation to the ellipse the origin being the 
point (h, %) on the ellipse and the axes parallel to the axes of 
the ellipse. 

49. From a point P on an ellipse two chords PQ, PQ’ are 
drawn meeting the ellipse at @, Q'; if h, & be the coordi- 
nates of P referred to the centre, and mrz+ny=1 the equation 
to QQ’ referred to P as origin, shew that with P as origin 
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the straight lines PQ, PQ’ are represented by 
x (2ah | Qyk 
@ + “ + ce + a } (max + ny) =0. 

50. Let P be any point on an ellipse; draw PJ” parallel 
to the major axis and cutting the curve at 2”; through 2 draw 
two chords PQ, PQ’, making equal angles with the major 
axis; join QQ: QQ' shall be parallel to the tangent at FP. 


51. From the equation y = mz + (nia? +0") deduce the 
equation to the tangent to the parabola. 


52. In the figure of Art. 175 suppose GP produced to a 
point @ such that GQ=n.GP, and find the locus of Q. 


53, If PN be any ordinate of a circle, and from the ex- 
tremity A of the corresponding diameter 1B, AQ be drawn 
meeting PN at @, so that AG = DN; find the locus of Q and 
the position of its focus. 

54, Express the tangent of the angle between CP and 
the normal at P in terms of the co-ordinates of 2. 


55, Find the greatest value of the tangent of the angle 
between CP and the normal at P. 


56. The major axis of an ellipse is eqnal to twice the 
minor axis; a straight line of length equal tu half the major 
axis is placed with one end on the curve and the other on the 
minor axis; shew that the middle point of the straight line is 
on the major axis. 

57. A circle is inscribed in the triangle formed by two 
focal distances and the major axis of an ellipse: find the locus 
of the centre. 

58. If SZ, HZ be perpendiculars on the tangent at the 
point P of an ellipse, SZ and HZ will intersect on the normal 
at P. 

59. Shew that the equation to the two straight lines 
which join the point (h, &) with a focus of the ellipse is 


60. Shew that the straight lines in Examples 35 and 49 
have the same bisectors of their angles. 
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CHAPTER X. 


THE ELLIPSE CONTINUED, 


Diameters. 


187. To find the length of a straight line drawn from 
any point wn a given direction to meet an ellipse. 

Let 2’, y’ be the co-ordinates of the point from which the 
straight line is drawn; a2, y the co-ordinates of the point to 
which the straight line is drawn; @ the incliuation of the 
straight line to the axis of #; 7 the length of the straight line ; 
then (Art. 27) 

g=a'+rcos0, y=y'+rsin 0. 

If (a, y) be on the ellipse these values may be substituted 

in the equation a*y’ + Lz" = a"b’; thus 


a’ (y +r sin 0)* +b (a +7 cos 0)? = a’b’; 
thercfore 1° (a* sin" @ + B* cos’@) + 27 (a’y’ sin 6 + b*x’ cos 6) 
+ aty” + by cy ie ah? = ws 
From this quadratic two values of 7 can be found which are 


the lengths of the two straight lines that can be drawn from 
(z', y') in the given direction to the ellipse. 


188. To find the diameter of a given system of parallel 
chords in an ellipse. (See definition in Art. 148.) 


Let 6 be the inclination of the chords to the major axis of 
the ellipse; let 2’, y' be the co-ordinates of the middle point 
of any one of the ‘chords; the equation which determines the 
lengths of the straight lines drawn from (2’, y') to the curve is 
(Art. 187) 


r* (a" sin® 6 + b* cos* @) + 2r (a*y’ sin 6 + b*2' cos 6) 
+ ay? + Bic? — aD? =0 oo. cec seen ee (1). 
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Since (a’,y’) is the middle point of the chord, the values of r 

furnished by this quadratic must be equal in magnitude and 

opposite in sign ; hence the coefficient of 7 must vanish ; thus 
2 

a’y' sin 6+ b%x'cos8=0, or 9 ae COU Om ~decisiaveal®), 


Considering x and y' as variable, this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the ellipse. 

Hence every diameter passes through the centre. 

Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords ; for 
by giving to @ a suitable value the equation (2) may be made 
to represent any straight line passing through the centre. 

If @ be the inclination to the axis of 2 of the diameter 
which bisects all the chords inclined at an angle 8 we have 

2 


from (2) tan & = — sf cot 6; therefore 


}? 
tan @ tan @=—-;. 
a 


189, If one diameter bisect all chords parallel to a second 
diameter, the second diameter will bisect all chords parallel to 
the first. 

Let 0, and @, be the respective inclinations of the two 
diameters to the major axis of the ellipse. Since the first 
bisects all the chords parallel to the second, we have 


b* 
tan 8, tan 0, = = ae 


And this is also the only condition that must hold in order 
that the second may bisect the chords parallel to the first. 


190. The tangent at either extremity of any diameter vs 
parallel to the chords which that duumeter bisects. 

Let 4, & be the co-ordinates of cither extremity of a 
diameter; 6 the inclination to the major axis of the ellipse 
of the chords which the diameter bisects. Then the values 
x=h, y=k must satisfy the equation a*y sin 0+ b’z cos 0 =0; 

3 


therefore tan 0 = — a . But, by Art. 170, the equation to the 
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; 
tangent at (h, k) is y-k=— ae (a—h). Hence the tangent 


u 


is parallel to the bisected chords. 


.191, DerFinition. Two diameters are called conjugate 
when each bisects the chords parallel to the other. 

From Art. 190 it follows that each of the conjugate dia- 
meters is parallel to the tangent at either extremity of the 
other. 

192. Civen the co-ordinates of one extremity of a diameter 
to find those of either extremity of the conjugate diameter. 

Let ACA’, BCB' be the axes of an ellipse; PCP’, DCD' 


a pair of conjugate diameters. 





Let 2’, y' be the given co-ordinates of P; then the equa- 
tion to CL’ is 


Since the conjugate diameter DD’ is parallel to the tangent at 
P, the equation to DD’ is 


BPs’ 
y = ay’ Diweseeces Oveccrsceccveces ° ..(2). 
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We must combine (2) with the equation to the cllipse 
to find the co-ordinates of Dand D'. Substitute the value of 
; b* 2” 
y from (2) in a*y’+0*2?=a°l'; then a’ a vi +U%7 = ah; 
, ; ; . a‘y® ay? 
therefore (b'”? + a’y")a?=a'y?; therefore a*= yt Gr? 


therefore «= +—” ; therefore from (2) y=F 


U 


br 
< 

In the figure the abscissa of D is negative and that of J’ 
positive ; hence the upper sign applies to V’ and the lower 


to D, 


The properties of the ellipse connected with conjugate 
diameters are numerous and important; we shall now give 
a few of them. 


193. The sum of the squares of two conjugate semi-dia- 
meters 1s constant. 


Let 2’, y’ be the co-ordinates of P; then by the preceding 
Article 
ay? Ux! 


CP + CDP = 2? + yy? +--+. a 


2 


b* 
ay? + Pa® ay? + ia™ 
= i oes ak + es at e 
=a'+l* 


Thus the sum of the squares of two conjugate semi-diaine- 
ters is equal to the sum of the squares of the semi-axcs. 


Moreover 


3 
CDta a! + hat y"= at + 2-5 (at — 2 
=a — (1 -5) 2?=a—ee*=SP.HP by Art. 166. 


194, The area of the parallelogram which touches the 
ellipse at the ends of conjugate diameters 18 constant. 


Let PCP’, DCD’ be the conjugate diameters (see figure to 
Art. 192). The area of the parallelogram described so as to 
touch the ellipse at P, D, P’, D',is 4¢P. CD sin PCD, or 
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4p.CD, where p denotes the perpendicular from C on the 
tangent at P. Let a’, y’ be the co-ordinates of P; then the 


; Be OB 
equation to the tangent at Pis y= — Ta B+ re 
i‘ 
_ y' ah 
Ilence (Art. 47) P ~ bh r ) = V(aty” ae b‘x’*) e 
(1 t+ -3 
oy 
2, ,/3 iJ "9 4/2 4.4 
And COD = (“R iy ld ) _ V(aly" + be") , 
b a ab 


therefore 4p. CD = 4ab. 


Thus the area of any parallelogram which touches the 
ellipse at the ends of conjugate diameters is equal to the area 
of the rectangle which touches the ellipse at the ends of the 
UXes. 


195. Let a, b’ denote the lengths of two conjugate semi- 
diameters; @ the angle between them; by the preceding 
Article wb’ sina=ab; therefore 
sin’a= arly Aa®l* _ ab? 

“aut (at $07 (BY (a EO WY 
Hence sin’ a has its least value when a = 0’, and then 


3 


So 2ab 
sln a, ai+ }?° 
196. From Art. 194 we have 
: a’? at? 


This gives a relation between p the perpendicular from the 


centre on the tangent at any point P and the distance CP of 
that point from the centre. 


3 
In Art. 177 it is shewn that PG*= Z CD’. Hence 
p. PG=0)*. Similarly p. PG’ =a’. 


We may also express p in terms of the angle its direction 
makes with the axis major; for let y denote the angle, then 
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the equation to the tangent at (2’, y’) is atyy' + Bixee’ =a'l*, 
and this may also be put in the form (Art. 20) 


x cos + y sin y= p. 


ph op a 
Hence siny y'’ cosy x’ 
Bak 
therefore ay’ = way . ba’ =" d oe 


; 272 
and therefore a’*b* = o (b sin® yr + a* cos* yr) ; 
therefore p*= 0’ sin’ y + a’ cos* y = a® (1 — e*sin* yp). 


197. Let @ and ¢’ be the excentric angles corresponding 
to P and D respectively (Art. 168). Then 


X = GCOS d......06 (1), y =bsing......... (2), 
_ . = GCOS G'......66. (3), ue = bsing’......... (4), 


From (2) and (3) cos f = — sin g, 
from (1) and (4) sin d' = cos dp; 


therefore ¢ = . + ¢. 


198. To find the equation to the ellipse referred to a pair 
of conjugate diuimeters as axes. 

Let CP, CD be two conjugate semi-diameters (see figure to 
Art. 192), take CP as the new axis of #, CD) as that of y; 
let PCA =a, DCA=8. Let a, y be the co-ordinates of any 
point of the ellipse referred to the original axes ; x’, y' the 
co-ordinates of the same point referred to the new axes; then 


(Art. 84) 
x= cosatycosB, y=a2'sinaty sin B. 
Substitute these values in the equation 
a’y? + Bx’ =a'b’; 
then a? (2' sina +’ sin 8)?+U* (x cosa + y' cos B)’ = a’b’, 
or a? (a’ sin’ @ + 5° cos® a) + y™ (a’ sin’ 8 + b’ cos* B) 
+ 22'y' (a’ sin a sin B + bcos acos 8) =a'd’. 


174 EQUATION REFERRED TO CONJUGATE DIAMETERS. 


But, since CP and CD are conjugate semi-diameters, 
2 


tan a tan B=— : ~; hence the coefficient of ay’ vanishes, and 
the equation becomes 
x? (a? sin? a + b® cos" a) + y” (a’ sin’ B + 8° cos’ B) = a°b"*. 
In this equation, suppose 2’ = 0, then 
ig al? 
J asin’ B +0" cos’ B* 
This is the value of CD*, which we shall denote by J”; 
similarly we shall denote CL” by a”, so that 
i al? 
~ a’ sin’ a + 0" cos*a” 


Hence the equation to the ellipse referred to conjugate 
diameters 18 


a? a | 
a” + a = 1, 


or, suppressing the accents on the variables, 


gt 4 
q? 713 1. 


b 


199. A particular case of the preceding is when a’ =0'; 
then 


a’ sin’ B + b* cos’ 8 = a’ sin’ a + 0" cos’a; 
therefore a* (sin’ 8 — sin®a) = b* (cos? a — cos* 8) 
= b* (sin* 8 — sin*a) ; 
therefore (a? — b*) (sin? 8 — sin* a) =0; 
therefore sin? 8 =sin*¢ ; 


therefore 8 =ar— a. 


And since a? = 6” each of them = 





2 3 
w+ cart. 193). 


Hence from the value of a” in the preceding Article, we 
have 
2 asin’ a +b cos*a’ 
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therefore (a? + b*) {(a7 —b’) sin?a+ b"} = 2a°}; 
. 2}? aks b* b? 
h 2a = = = 
therefore sin*a @+b) @—b) $0) @—B) a 4b 


This shews that the equal conjugate diameters are parallel 
to the straight lines BA and BA’, 


200. The equation to the tangent to the ellipse will be of 
the same form whether the axes be rectangular or the oblique 
system formed by a pair of conjugate diameters; for the in- 
vestigation of Art. 170 will apply without any change to the 
equation a7y* + b?a* = ab” which represents an ellipse re- 
ferred to such an oblique system. 

201. Tungents at the ertremities of any chord of an ellipse 
meet on the diameter which bisects that chord. 


Refer the ellipse to the diameter bisecting the chord as the 
axis of z, and the diameter parallel to the chord as the axis 
of y; let the equation to the ellipse be a%y? + 6%? = ab, 
Let x’, y be the co-ordinates of one extremity of the chord ; 
then the equation to the tangent at this point is 


ayy +O ra! =a ecee sevens (1). 


The co-ordinates of the other extremity of the chord are 
zx’, — y',and the equation to the tangent there is 


— ayy! +0 re! = OD" cece cee eee (2). 
The straight lines represented by (1) and (2) meet at the 
" 


point for which y= 0, z= > : this proves the proposition, 


Supplemental chords. 


202. DeriInition. Two straight lines drawn from a 
point of the ellipse to the extremities of any diameter are 
called supplemental chords. They are called principal sup- 
plemental chords if that diameter be the major axis. 


203. Ifachord and diameter of an ellipse are parallel, the 
supplemental chord is parallel to the conjugate diameter. 


Let PP’ be a diameter of the ellipse; QP, QP’ two sup- 
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plemental chords, Let 2’, y’ be the co-ordinates of P, and 
therefore — a’, —y' the cu-ordinates of P’. 





and the equation to P’Q 
YY HM (DEW). crececccecsvevees (2). 


The co-ordinates of the point @ satisfy (1) and (2); if then 
we suppose 2, y to denote those co-ordinates, we have from 
(1) and (2) by multiplication 


| Yi HY = MM (BP —Z™) cceeecrcerecees (3). 
But since (a, y) and (2’, y’) are points on the ellipse 
a’y’ + ba’ = ap, a’y”® + b'xc® =a'l* ; 
therefore a* (y* — y”) +B (2* — x”) =0; 


therefore y*— y? = — 2 (i 2") eoneencosieennoes (4). 
2 


From (3) and (4) we have mm’ =—"). But we have 


shewn in Art. 188 that if this relation be satisfied, the two 
straight lines represented by y=mz and y=mz are conjugate 
diameters ; this proves the theorem. 
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Polar Equation. 
204. To find the polar equation to the ellipse, the focus 
being the pole. 


Let SP=r, A'’SP=86, (sce figure to Art. 158); then 
SP =ePN, by definition ; that is, SP=e(OS+ 8.1); 


or r=a (1—e’) + er cos (4 — 6), (Art. 161); 
therefore r (1+ ecos 6) =a (1 —e’), 

a (1 —e’) 
and ees 


~ L+ecos 6 
If we denote the angle ASP by 6, then we have as before 
SP =e(OS+ SM); thus r= a (1 —e*) + cr cus 8, 

a (1 —e’) 

a ~ 1—ecos@' 
205. We shall make use of the preceding Article in 
finding the polar equation to a chord, from which we shall 
deduce the polar equation to the tangent. 

Let P and FP’ be two points on the ellipse ; suppose that 
A’SP=a—B, and A’Sl”’=a4+f8, so that PS/” =22,; 
and Iet 1 be the semi-latus rectum of the ellipse, so that 
l=a (1—e’): it is required to find the polar cquation to the 
straight line PJ”. 





Assume for the equation (see Art. 29) 
Ar cos 6 + Br sin 6 + C=O0....ccccceeeees (1). 
T. C8. 12 


178 -POLAR EQUATION TO A CHORD. 


Since the straight line passes through P, equation (1) must 
be satisfied by the co-ordinates of P; now A'SP=a—8, and 


therefure SP= i om Ge a); thus from (1) 
1 {A cos (a— 8) + Bsin (a — B)} 
+C {1+ € cos (@—B)} = 0... eeceeeeeee 2). 
Similarly, since the straight line passes through P’, 
L {A cus (a+ 8)+BLsin (a + 8)} 
+ C{l+ecos (a+ B)} =0...... eee (3). 
From (2) and (3), by subtraction, 
L(A sinasin8— Bcosasim 8) + Cesina sinB=0; 
therefore | (A sina — B cosa) + Cesina=0......... (4). 
From (2) and (3), by addition, 
L(A cos a cos 8 + Bsina cos B) + C1 +e cosacos 8) =0; 
therefore 1.4 cosa + Bsin a) + C (sec 8 + e cosa) = 0...(5). 
From (4) and (5) we find 
14+ C(sec Bcos a+ e)=0, 
liB+ Csce B sin a = (), 
Substitute the values of 4 and J} in (1) and divide by C; 
thus 7 {see 8 cos a+ é€) cos 8+ sec B sin asin a} —l=0; 
LUST OO Ted 5 ee uesta Sy. 
If SQ bisect the angle PSP’, we have 
PSQ=8, and A SQ=a. 


Now suppose 8 to diminish indefinitely ; then the chord 
PI” becomes the tangent at Q, and we obtain its polar equation 
by putting @ = 0 in the preceding result; thus we have 

es l 
~ ecos 8+ cos (a — 8) ° 
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The investigations of this Article will apply to the para- 
bola by supposing e= 1. 


206. The polar equation to the ellipse referred to the 
centre is somctimes useful; it may be deduced from the 
equation a’y’? + b’x’=a*b’, by putting rcos@, rsin@, for « 
and y respectively ; we thus obtain 1*(a’sin’6+0* cos* 0) =a’, 


We add a few miscellaneous propositions on the ellipse. 


207. If tangents be drawn at the extremities of any focal 
chord of an ellipse, (1) the tangents will intersect on the corre- 
sponding directrix, (2) the straight line drawn from the point 
of intersection of the tangents to the focus will be perpendicular 
to the focal chord. 


(1) If two tangents to an ellipse mect at the point (1, &) 
the equation to the chord of contact is, by Art. 183, 
why + Vhs = wv’. 
Suppose the chord passes through the focus whose co-ordi- 
nates are c=— ae, y=V; then — hae = a'b*, 
a 
thercfore h=—_— ; 
that is, the point of intersection of the tangents is on tho 
directrix corresponding to this focus, 


(2) The equation to the straight line through (h, /) and 


i: es, 
the focus is 7 = (¢+ae) Ifh=- 7 this becomes 


h+ue 
ke ka? 
y=— marie (a~ + ae) = hb" (c+ ae), 


and the straight line is therefore perpendicular to the fucal 
chord of which the equation 1s 
— Bho , BF 
I~ Gk" ke 


208. Ifthrough any point within or without an ellipse, two 
straight lines be drawn parallel to two given straight lines to 
meet the curve, the rectangles of the segments will be to one an- 


vther in an tnvariable ratio 
12—2 
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Let (2’, ’) be the given point and suppose @ and £ respec- 
tively the inclinations of the given straight lines to the major 
axis of the ellipse. By Art. 187 if a straight line be drawn 
from (z’, y’) to meet the curve and be inclined at an angle a to 
the major axis, the lengths of its segments are given by the 
equation 
7? (a? sin*a + b° cos’ a) + 2r (a*y’ sin a + b’a cos a) 

+ ary” + Ba" — ab? =0; 

_ ay”? + bn? — ah? 

therefore the rectangle of the segments = ana a Boosta’ 


Similarly the rectangle of the segments of the straight line 
d f ‘,y) at an angle B= Ae 
rawn irom (a, y a My ee B + B cos* B* 
Suty2 2 2 
Hence the ratio of the rectangles BP uN cde Bo - and 
a’sin'2 + 6*cos"a ’ 
this ratio is constant whatever z' and y’ may be. . 





Let O be the point through which the straight lines OPp, 
OQgq, are drawn inclined to the major axis of the ellipse at 
angles a, 8, respectively ; then 

OP. Op _a’sin*8 +2* cos’ 


OQ.Ug a sin"a + 0° cos*a’. 
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Draw the semi-diameters CD, CE, parallel to Pp, Q: 

respectively, then by Art. 206, 

CD’ _a*sin’B + 2*cos*B | 

CE? a®sin’a+ b* cos’ a’ 
OF UR OP 
OQ.0q¢ CE” 

Let 7M, TN be tangents parallel to Pp, Qq, respectively ; 
then if O coincides with 7; the rectangle OP . Op becomes 
[M? and the rectangle OY. Og becomes 7'N?; therefore 

TM? CP aaa TM CD 
LN? Ch?? TIN” CE’ 

The preceding investigations are very important: we will 

point out some inferences which may be drawn from them. 


therefore 


Suppose that an ellipse and a circle intersect at four points : 
denote these points by J’, p, Q, q. Then we have seen that 
OP. Op __ CDP 
OQ.0qg Ch 


But since the four points are on the circle we have 
OP. Op = OQ. Og by Euclid, 1. 35 and 36, Cor. Therefore 
CD=CE*, And since CD and CH are equal they make 
equal angles with the major axis of the ellipse. Thus af an 
ellipse and a circle intersect at four points the commun chords 
make equal angles with the major axis of the ellipse. 


Suppose that Q and g coincide so that OQq becomes a 
common tangent to the ellipse and circle; thus we obtain the 
following result: if an ellipse and a circle have a common 
tangent and a@ common chord, the tangent and the chord make - 
equal angles with the major axis of the ellipse. 


We may conceive that the three points P, Q, and g move 
up to cvincidence. The circle in this case is called the circle 
of curvature of the ellipse at the point of coincidence. We do 
not discuss the propertics of the circle of curvature in the 
present work; but we may remark that we have obtained the 
following result: the tangent at any point of un ellipse and the 
chord drawn from the point to the other intersection of the 
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ellipse and the circle of curvature at the point make equal 
angles with the major amis of the ellupse. 
Similar remarks may be made in connexion with Art. 157, 


EXAMPLES. 


1. CPand CD are conjugate semi-diameters; given the 
co-ordinates of P (a’, y’), find the equation to PD. 


2, If straight lines drawn through any point of an ellipse 
to the extremities of any diameter mect the conjugate CD at 


the points M, N, prove that CM. CN = CD’. 


3. CP, CD are two conjugate semi-diameters; CP’, CD)’ 
arc two other conjugate diameters: shew that the area of the 
triangle PCP’ is equal to the area of the triangle DCD. 


4, Normals at Pand D, the extremitics of semi-conjugate 
diameters, meet at K: find the equation to KC, and shew that 
EC is perpendicular to PD. 


5. In an ellipse the rectangle contained by the perpen- 
dicular from the centre upon the tangent, and the part of the 
corresponding normal intercepted between the axes, is equal 
to the difference of the squares of the semi-axes. 


_ 6. Shew that the locus of the intersection of the perpen- 
dicular from the centre ona tangent to the ellipse is the curve 
which has for its equation r?= a’ cos’6+ 6" sin’ 0, the centre 
being the origin. 

7. From A the vertex of an ellipse draw a straight line 
ARQ to Q the middle point of HP meeting SP at #: shew 
that the locus of R is an ellipse, and also the locus of Q. 

8. Find the polar equation to the ellipse, the vertex being 
the origin and the major axis the initial line. 


9. Ifany chord 4@ meet the minor axis produced at R, 
and CP be a semi-diameter parallel to AQ, then 
AQ. AR=2CP*, 
10. A circle is described upon 44’ the major axis of an 
ellipse as diameter; P is any point in the circle; AP, A’P 
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are joined cutting the ellipse at points Q and Q' respectively: 
shew that ; 
AP AP _ a+? 
AQ AY BF? 

11. If circles be described on two semi-conjugate diame- 
ters of an cllipse as diameters, the locus of their intersection 
is the curve defined by the equation 2 (a? + y*)? =a’a* + by? 

12. CP, CD are conjugate semi-diameters ; CQ is per- 
pendicular to PP): find the locus of Q. 

13. Find the points where the ellipse a(1—e)=r+re eos d 
cuts the straight line a (1 —¢’) =rsin +7 (1 +e) cos 8. 


14. Write down the polar equations to the four tangents 
at the ends of the latera recta ; also the equations to the tan- 
gents at the cnds of the minor axis: the focus being the pole. 


15. Determine the locus of the intersection of tangents 
drawn at two points P, Q, which are taken so that the sum 
of the angles ASP, ASQ, is constant. 


16. If PSp be a focal chord of an ellipse, and along the 
straight linc SP there be set off SQ a mean proportional be- 
tween SP and Sp, the locus of @ will be an ellipse having 
the same excentricity as the original ellipse. 


17. Two ellipses have a common focus and their major 
axes are equal in length and situated in the same straight 
line; find the polar co-ordinates of the points of inter- 
section. 

18. From an external point two tangents are drawn to 
an ellipse ; find between what limits the ratio of the length 
of one tangent to the length of the other hies. 


19. TP, TQare two tangents to an cllipse, and C7”, CQ, 
are the radii from the centre respectively parallel to these 
tangents, prove that P’Q’ is parallel to PY. 


20. From a point O whose co-ordinates are h, ka straight 
line is drawn meeting the ellipse at P and p; and C'D is the 
parallel semi-conjugate diameter: shew that 


OP. Op _h i? 1 


CE gb 
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21, When the angle between the radius vector from the 
focus and the tangent is least, the radius vector = a, 
929, When the angle between the radius vector from the 
e é a 2 i 
centre and the tangent is least, the radius vector = ( ty 





23. PT, pt are tangents at the extremities of any diameter 
Pp of an ellipse ; any other diameter meets PT’ at T, and its 
conjugate meets pt att; also any tangent meets PTZ’ at 7” and 
pt at ¢’: shew that PZ’: PZ” :: pt’: pt. 

94, From the ends P, D, of conjugate diameters in an 
ellipse, draw straight lines parallel to any tangent line ; and 
from the centre C' draw any straight line cutting these straight 
lines and the tangent at points p, d, ¢, respectively: then will 


Cp’ + Ca? = Ct’. 


25. If tangents be drawn from different points of an ellipse 
of lengths equal to » times the semi-conjugate diameter at 
cach point, then the locus of their extremities will be a con- 
centric ellipse with semi-axes equal to 


an/(n’ +1) and b(n? +1). 


26. Apply the equation to the tangent in Art. 17] to find 
the locus of the intersection of tangents at the extremities of 
conjugate diameters. 


27. If from a point (x, 7’) of an ellipse a chord be drawn 
parallel to a fixed siraight line, shew that the length of this 
y sin (a—$) 
cos 
the tangent at (2’, y') to the axis, and a the inclination of the 
fixed straight line to the axis. 


chord varies as , where @¢ is the inclination of 


98. If through any point P of an ellipse two chords PQ, 
PR, be drawn parallel to two fixed straight lines and making 
angles a and 8 respectively with the tangent at P, shew that 
the ratio PQ cosec a : PR cosec B is constant. 


29, A parabola is touched at the extremities of the latus 
rectuin by an ellipse of given magnitude : find the Jatus rectum 
of the parabola, 
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__ 80. The perpendicular from the centre on a straight line 
joining the ends of perpendicular diameters of an ellipse is of 
constant length. 


31. Chords are drawn through the end of an axis of an 
ellipse: find the locus of their middle points. 


32. Chords of an ellipse are drawn through any fixed 
point: find the locus of their middle points. 


33. Two focal chords are drawn in an ellipso at right. 
angles to each other: find their position when the rectangle 
contained by them has respectively its greatest and least 
value. 


34, In an ellipse if PP’ and Q@ be focal chords at right 


angles to each other 


i ot se 
SP.SP'* SY.SQ' AU** BU 


35. PSp, QSq, are focal chords; suppose 7 the point 
where the straight lines PQ, pg meet: shew that 7'S is equally 
inclined to the focal chords, and that 7 1s on the directrix 


corresponding to &. 


36. If 7, @ be the polar co-ordinates of a point 1’, shew 
1 +ecos0 
that tan PZ = ; 


and =-- . 
; esin @ 


Tear = 


37. Perpendiculars are drawn from P and D the ex- 
tremities of any pair of conjugate diameters on the diameter 
y=atana: shew that the sum of the squares of the perpen- 
diculars is a? sin’ a + b* cos*a. 


38. The excentric angles of two points P and Q are d and 
d’ respectively; shew that the area of the parallelogram 
formed by the tangents at the extremitics of the diameters 
through P and @ 1s me oo shew also that the area is 
sin (¢' — 
least when P and Q are the extremities of conjugate dia- 
meters, ) 
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39. Shew that the equation to the locus of the middle 
points of all chords of the same length (2c) in an ellipse is 


ay? + bz? x y 7 
ay? + Ux" re pra 
40. Chords of an ellipse are drawn at right angles to one 
another through a point O whose co-ordinates are h, kh; if 
CP, CQ be the radii drawn from the centre parallel to 
the ane and Jt, # the middle points of the chords, 
shew that 
OF OF Rh PR 
CPt cys at oe 


41. Given the co-ordinates of 2, find those of the inter- 
section of the tangents at P and D. (See Fig. to Art. 192.) 


42. Shew that the equation 


x r(be' — ay’), y (ay + br’) f 
ath oe -!" ab a ue 


represents the tangents at P and D, supposing z’, y' the co- 
ordinates of 2, (Sc e Fig. to Art. 192.) 


43. If CP, CD be any conjugate semi-diameters of an 
ellipse APBDA, and BP, BD be joined and also 1D), AT’ 
these latter mtersecting at O, shew that BOOP is a parallel- 
ogram. 


44, Shew that the area of the parallelogram i in the preced- 
ing Example = ay‘ + bz’ —ab, where 2, y' are the co-ordinates 
of "?P: and find the greatest value of this area, 


45. Ifastraight line be drawn from the focus of an ellipse 
to make a given angle a with the tangent, shew that the locus 
of its intersection with the tangent will be a circle which 
touches or falls entirely without the ellipse according as cos a 
is less or greater than the excentricity of the ellipse. 


46. In an ellipse SQ, HQ, drawn perpendicular to a pair 
of conjugate diameters, intersect at Q: prove that the locus of 
Q is a concentric ellipse, 
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47. Two ellipses have their foci coincident ; a tangent to 
one of them intersects at right angles a tangent to the other: 
shew that the locus of the point of intersection is a circle 
having the same centre as the ellipses. 


48. Find what is represented by the equation a+ 7° =c" 
when the axes are oblique. 


49. Shew that when the ellipse is referred to any pair of 


conjugate diameters as axes, the condition that y= mer and 
: ; : b? 
y = mx may represent. conjugate diameters is ma’ = — at" 


50. The ellipse being referred to equal conjugate diame- 
ters, find the equation to the normal at any point. 


51. From any point P perpendiculars PAL, PN are drawn 
on the equal conjugate diameters : shew that the normal at 7? 
bisects JIN, 


52. An ellipse intersects the side PQ of a triangle at r 
and 7’, the side Q/? at p and p’, and the side J22 at gq and q; 
shew that. 


Pr. Pr’. Qp. Op’. Lg. R¢ =Pq. Py. Qr. Or. Lp. Lp’ 


Shew also that a similar result is true for a polygon ; and 
shew what it becomes when the ellipse touches the sides, 
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CHAPTER XI. 
THE HYPERBOLA. 


209. To find the equation to the hyperbola. 


The hyperbola is the locus of a point which moves so that 
its distance from a fixed point bears a constant ratio to its 
distance from a fixed straight line, the ratio being greater 
than unity. 


A’ A/a IM | 
x! : : 


Let Hf be the fixed point, YY" the fixed straight line. Draw 
HIO perpendicular to YY’; take O as the origin, O/7 as the 
direction of the axis of z, OY as that of the axis of y. 


Let P be a point on the locus; join HP, draw PM parallel 
to OY and PN parallel to OX. Let OH =p, and lete be the 
ratio of HP to PN. Let 2, y be the co-ordinates of P. 


By definition HP=ePN; therefore 7P* = e*PN*; there- 
fore PI? + HM" =e PN’, that is, y* + (x — p)* = e*x’, 
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This is the equation to the hyperbola with the assumed 
origin and axes. 


210. To find where the hyperbola mects the axis 
of x we put y=0 in the equation to the hyperbola; thus 


(c—p)’=e'x"; therefore e—p=+ex; therefore z= 1 : ° 
Since ¢€ is greater than unity, 1 —e is a negative quantity. 
Let 0.1’ = , OA = P , the former being measured 
a 1+e’ 


to the left of 0, then A’ and A are points on the hyperbola. 

A and A’ are called the vertices of the hyperbola, and C 
the point midway between 4 and A’ is called the centre of 
the hyperbola. 


211. We shall obtain a simpler form of the equation te 
the hyperbola by transferring the origin to A or C. 
I. Suppose the origin at A. 


ince OA=; =H we put z=a2 P and substitute 
Sin ae P “ +¢€ 


] 

this value in the equation 7° + (2— p)’= eu"; 
2 2 
‘ 2 ve P = Sees Ge P 
2 om ep )= (2 P \ 
or . y +(2 ive Clr a 
therefore 4°+ 2" aa ea? + “] =) 
erefore y'+2z er ( Le} 


therefore y’ = 2pex' +(e? —1) a” 


= (e&*—1) {apes + x : 


? _P. = 
The distance A’A = “1 + — eee a : 
this by 2a; hence the siaaton becomes vo (—1) (2azx' +2"). 


we will denote 
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We may suppress the accent, if we remember that the 
origin is at the vertex A, and thus write the equation 


(1) (2G ew ssseecncwisancssas (1). 


II. Suppose the origin at C. 

Since CA =a, we put c=2' —a and substitute this value 
in (1); thus 

y? = (e’ —1) {2a (wv —a) + (w —a)*} = (1) (2? ~ a’). 

We may suppress the accent, if we remember that the 
origin is now at the centre C, and thus write the equation 


= (6 — 1) (0° — 0") a ciescccsecsccneceass (2). 


In (2) suppose x = 0, then y*=— (e? — 1) a’; this gives an 
impossible value to y, and thus the curve does uot cut the 
axis of y. We shall however denote (e?—1)a’ by 0’, and 
measure off the ordinates CB and CB’ each equal to b, as we 
shall find these ordinates useful hereafter, 


Thus (1) may be written 
»_ oF 
Y= a (AE 4H) crrreerrereeeren (3), 


and (2) may be writtcn 


2 2 2 
y — y (a Ed WenWie wae awe oS Grde ek conk (+), 
a 
or, more syminetrically, 
a" y" _ 1 2 23 Kg , i ; - 
Fiat iene or, ay’ — ba’ = —a'b’......... (5). 


212. Since AH =eO0A and OA =\4 ,7 We have 


Ana <P. -@ TDP (e—1)a, 


l+e e—1 

—] 

) Beep aera 
VA l+e e ’ 


CH= CA + AH=a + (e—1) a=ea, 
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e—l a 


CO=CA— 0OA=a-—-——a= , 
€ e 


and OH=p=2@—, 


218. We may now ascertain the form of the hyperbola. 
Take the equation referred to the centre as origin, 


For every valuc of z less than a, y is impossible. When 
x=a, y=0. For every value of x greater than a there 


f 





are two values of y equal in magnitude but of opposite sign. 
Hence if P be a point in the curve on one side of the axis 
of x, there is a point P’ on the other side of the axis, such 
that P’'M=PM. Hence the curve is symmetrical with re- 
spect to the axis of z, and it extends indefinitcly to the right 
of A. 


If we ascribe to 2 any negative value we obtain for y 
the same pair of values as when we ascribed to x the cor- 
responding positive value. Hence the portion of the curve 
to the left of the axis of y is similar to the portion to the 
right of it, 
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As the equation (1) may be put in the form 
2 a” 2 2 ‘ 
t= ik (y + b*) elas Fe eae Dad alee howe aw eae 


we sce that the axis of y also divides the curve symmetrically. 
Thus the curve consists of two similar branches each extend- 
ing indefinitely. 

The straight line EK is the directrix, JJ is the correspond- 
ing focus. Since the curve is symmetrical with respect to the 
straight line BCD’, it follows that if we take CS= CH and 
CK’ = CE, and draw EK’ at right angles to CE’, the point 
S and the straight line ZA’ will form respectively a second 
focus and directrix, by means of which the curve might have 
been generated. 


214. The point C is called the centre of the hyperbola, 
because every chord of the hyperbola which passes through C 
is bisected at C. This is shewn in the same manner as the 
corresponding proposition in the ellipse. (See Art. 163.) 


915. We have drawn the curve concave towards the axis 
of x; the following proposition will justify the figure. 


The ordinate of any point of the curve which lies between 
a vertex and a fixed point of the curve on the same branch 
as the vertex is greater than the corresponding ordinate of the 
straight line joining that vertex and the fixed point. 
Let A be the vertex and take it for the origin; let P be 
the fixed point; 2’, y' its co-ordinates. Then the equation 
b 


to the hyperbola is (Art. 211) y'=—, (2c 


a 
The equation to AP is y= if x, ory= : i (= + 1) 2, 
since (z’, y') is on the hyperbola. 
Let 2 denote any abscissa less than 2’, then since the 


5) 
ordinate of the curve is ° 4 (2a.x + 2”) or : if & + 1) x, and 


that of the straight line is anf (= + 1) az, it is obvious that 
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the ordinate of the curve is greater than that of the straight 

line. | 
All points may be said to be outside the curve for which 

ye is , 

3 mers 1 is posetive ; and all points may be said to be inside 


2 % 
‘ 4, of ‘ . . 
the curve for which a ers 1 is negative. It is easy to see 
d Of 


that according to this definition a point is outside the curve 
when no straight line can be drawn from the point to a focus 
without cutting the curve. A very instructive mode of obtain- 
ing this result is that exemplified in Art. 54: the eX pression 
2 2 

f — a +1 is negative when the point (a, y) is a focus, vanishes 
when (z, ¥) is on the curve, does not vanish in any other case, 
and is positive when 2=() for all values of y. Hence we 
infer that the expression 1s negative for every point which ean 
be joined to a fucus by a straight line that does not cut the 
curve, and positive in every other case. 


Similar remarks might be made in connexion with Art. 127, 


Suppose Q a point outside the curve; join Q with the 
nearer focus, which we will denote by //; and let Q// cut. the 
curve at 2 Let S be the other focus. Join SQ, SP. Then 
SQ is less than SP+ PQ by Euclid, 1 20; therefore SQ — 1/Q 
is less than SP + PQ — HQ, that is less than S?— HP Thus 
the difference of the focal distances of any point outside an hyper- 
bula. is less than the transverse aris: see Art. 218. Similarly 
we may shew that the difference of the focal distances of any 
point inside un hyperbola is greater than the transverse usis. 


216. AA’ and BB are called ares of the hyperbola, The 
axis AA’ which if produced passes through the foci, is called 
the transverse axis, and BI the conjugate axis. We do not, 
as in the case of the ellipse, use the terms major and minor 
axis, because since b=a/(e*—1) (Art. 211), and ¢ 1s greater 
than unity, b may be greater or less than a. 

The ratio which the distance of any point on the hyper- 
bola from the fucus bears to the distance of the same point 


from the corresponding directrix is called the excentricity of 
the hyperbola, We have denoted it by the symbol e. 


T.C. 8, 13 
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To find the latus rectum (see Art. 128) we put 2= CH, 
that is, = ae, in equation (1) of Art. 213; thus 

»_ Bar(e*—1) O. 

= a oie a? ’ 

B? 2 

therefore LH= 7? and the latus rectum = ae 


Since b?=a’(e?—1); therefore b°+a*=a’e’; that is, 
CB? + CA?= CH’; 
therefore AB= CH. 


917. The equation to the hyperbola may be derived from 
the equation to the ellipse by writing — b’ for 0°. We shall 
find that the hyperbola has many properties similar to those 
which have been proved for the ellipse; and as the demon- 
strations are similar to those which have been given, we shall 
in some cases not repeat them for the hyperbola, but refer to 
the corresponding Articles in the Chapters on the ellipse. 


218. 7 express the focal distances of any point of the 
hyperbola in terms of the abscissa of the pornt. 





Let S be one focus, E’A’ the corresponding directrix ; H 
the other focus, HA the corresponding directrix. Let P bea 
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point on the hyperbola; 2, y its co-ordinates, the centre 
being the origin. Join SP, HP, and draw PNN' parallel to 
the transverse axis, and PM perpendicular to it. Then 


SP=ePN' =e(CM+ CE')=e(#+")=er+a, 


HP =ePN =e(Ch - CE) =e(x —*) ee 


Hence SP — HP = 2a; that is, the difference of the focal 
distances of any point on the hyperbola is equal to the trans- 
vetse axis, 

Let 2, y be the co-ordinates of any point Q. Then 
SQ =(@ +00) + y= (ee tu) + y'— (= 1) (=a) 


n 


P a\? 3 be 2% 
=e(a+ | +7'—-, (x -a’). 
€ a 


Therefore the focal distance of any point not on the curve 
bears to the distance of the point from the corresponding di- 
rectrix a ratio which is greater or less than e according as the 
point is outside or inside the curve. 


219. The equation 7’ = : 2” —a*) may be written 


ae 
Y= ile a) (a + a). 


PME BO 


Hence (see figure to Art. 213), AM. wim AU® 


Tangent and Normal to an ITyperbolu. 
290. To find the equation to the tangent at any point of 
an hyperbola. 


By a process similar to that in Art. 170, it will be found 
that the equation to the tangent at the point (2, y/) 1s 


, b*z’ , 
+ ae ~ Gy’ (t-2), 
or ayy —Vrx' =—a’b’. 


These equations may be derived from the corresponding 
equations with respect to the ellipse by wnting — b* for b”. 
13—2 
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221. The equation to the tangent to the hyperbola 
may also be written in the form y= ma + /(m’a* — b*); (see 
Art. 171). Conversely every straight line whose equation is 
of this form, is a tangent to the hyperbola. 


222. It may be shewn as in the case of the circle that a 
tangent to an hyperbola meets it at only one point. Also if a 
straight line mect an hyperbola at only one point, it is in 
gencral the tangent to the hyperbola at that point. For sup- 
pose the equation to an hyperbola to be a’y* — Ba? = —a’b’, 
and the equation to a straight line y=ma+c. Then to de- 
termine the abscisse of the points of intersection, we have the 
equation a? (mx +c)? — be! = —a’b’, or 


(a?m” — b*) aw’ + 2a’mex + a® (c* + b*) =0. 
This equation has always two roots, except 


(1) when atm'c? = (a’m? — 0’) @ (c? + 6"), or c? = mia? ~ Ut, 
and consequently the straight line is a tangent ; 


(2) when a?n?— b? = 0; the equation then reduces to one 
of the first degree, and therefore has but one root. Thus a 
straight line which meets the hyperbola at only one point is 
the tangent at that point unless the inclination of the straight 


_,b 
line to the transverse axis be + tan, 
a 


223, The tangents at the vertices 4A and A’ are parallel 
to the axis of y. (See Art. 172.) 


224. To find the equation to the normal at any point of 
an hyperbola. (See Art. 173.) 
It will be found that the equation to the normal at 
ro oo#y es t a*y’ ’ 
(ey) 8s y-y =— a (e@—-2). 
This may also be written in the form 


2 3 
y= mer a . (See Art. 174.) 
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225. We shall now deduce some properties of the hyper- 
bola from the preceding Articles. 


a 


\ 
*% 


. Bx 


“7 


Let a, y’ be the co-ordinates of P; let P7' be the tangent 
at P, PG the normal at 1’; 2M, PN perpendiculars on the 
AXES. 


The equation to the tangent at P is ayy — Vaz’ =— al’. 
a (14? 
Let y=0, then C= as hence CT'= CM? 
therefore Cl. CT= CA’, 
Similarly CN. CT" = CB’. 
226. Asin Art. 176, we may shew that 
22 
CG=eéCM, and CG’ =A PM. 
927. Asin Art. 177, we may shew that 
2.4! 2nd! 
per a2™, pgraS”, 
a 


where SP=r', HP=r. 


198 PROPERTIES OF THE HYPERBOLA. 


Also the result established in Art. 176 respecting normals 
at the ends of a focal chord holds for the hyperbola. 


228. The tangent at any point bisects the angle between 
the focal distances of that pount. 

For in the manner given in Art. 178, we may shew that 
the angle SPG' =the angle JPG; and therefore since PT 
is perpendicular to GG", the angle TPS =the angle TPH. 

Or we may prove the result thus, CG@ = e*’ (Art. 226); 
thercfore SG= es’ +ae, 1G=ex' —ae. Also SP=ex' +a, 
HP =ex' —a; hence 

SG SP. 


HG” HP’ 
therefore by Euclid, vi. 3, PG bisects the angle between I7P 
and SP produced, that is, the angle SPG’ =the angle HPG. 
229. To find the locus of the intersection of the tangent at 
any point with the perpendicular on tt from the focus. 


It may be proved as in Art. 180, that the required locus is 
the circle described on the transverse axis as diameter, 


230. Let p denote the perpendicular from /Z on the 


tangent at J’, and p’ the perpendicular from S; then, as in 
2 7 


. 21. 
Art. 181, it may be shewn that p* = : »p = ar therefore 
: br 
f = fe ‘ = nl y 5 =e or ) 
pp =b". Since 7 =2a +7, we have p er 


The result established in the latter part of Art. 181 holds 
also for the hyperbola. 


231. From any external point two tangents can be drawn 
to an hyperbola. 


Let h, & be the co-ordinates of the external point, then as 
in Art. 182, we shall obtain the following equation for deter- 
mining the abscisse of the points of contact of the tangents 
and hyperbola, x” (a"k? — b*h’) + 2a°b*ha — a‘ (Bb? +h”) = 0. 

The roots of this quadratic will be possible if 

a‘h‘h* + at (b* + i’) (a*k* — bh’) is positive ; 
that is, if k*a* — b*h* + a*b* is positive. 
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But if (h, &) be an external point the last expression és 
positive, and therefore two tangents can be drawn to the 
hyperbola from an external point. 


The product of the two values of 2’ given by the above 
a‘ (b* +h") .,. ; os 
a2 pepe this product is therefore positive 
vk — bh 
or negative according as a°h?— b*)" is negative or positive ; 
that is, the two tangents meet the same branch or different 
branches according us ak? — U*h" is negative or positive. 


quadratic is — 


The case in which a’? — 07h? =0 requires to be noticed. 
Here one root of the quadratic equation becomes infinite, and 
a‘ (b’ + h”) 

2a°b*h 

In this case the point (A, /) falls on a certain straight line 
called an asymptote, which we shall consider hereafter; see 
Art. 255. The asymptote itself may then count as one of the 
two tangents from the point (4,4). If k=0 and k=0 the 
point (A, k) is the ongin; in this case the two asymptotes 
may count as the two tangents from the point (A, 4). 


the other is ; see Algebra, Chapter XXII. 


232. Tungents are drawn to an hyperbola from a given 
external point; to find the equation to the chord of contact. 


Let h, & be the co-ordinates of the external pomt; then 
the equation to the chord of contact is 


ahky—Uhxe=—a’b’. (See Art. 183.) 


233. Through any fixed point chords are drawn to an 
hyperbola, and tangents to the hyperbola are drawn at the 
extremities of each churd ; the lucus of the intersection of the 
tangents rs a straight line. 


Let h, k be the co-ordinates of the point through which 


the chords are drawn, then the equation to the locus of the 
intersection of the tangents 1s 


aky—Uho=—ab’, (See Art. 184.) 
234, If from any point in a straight line a patr of tan- 


gents be drawn to an hyperbola, the chords of contact will all 
pass through a fixed point, (See Art. 185.) 
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The student should observe the different interpretations 
that can be assigned to the equation a’ky — ha =— a’b’. 


The statements in Art. 103 with respect to the circle may 
all be applied to the hyperbola. 


235. Some interesting geometrical investigations relating 
to tangents to an hyperbola from an external point may be 
noticed, 


To draw two tangents to an hyperbola from an external 
pornt. 


The first method given in Art. 186 may be applied with- 
out any change. 


In applying the second method we shall have to distin- 
guish between the two cases which present themselves in 
Art. 231; the distinction between the two cases will be more 
fully appreciated by the student after he has read the next 
Chapter. If the external point be between a branch of the 
curve and the adjacent portions of the asymptotes, the two 
tangents both touch that branch of the curve: if the external 
point be su situated that we cannot pass from the point to the 
curve without crossing an asymptote, the two tangents touch 
different branches of the curve. 


The student can easily construct the figures required in 
the process we shall now give. 


T. Suppose the external point to be between a branch of 
the curve, and the adjacent portions of the asymptotes. Let O 
denote the external point, // the nearer focus, S the farther 
focus, With centre S and radius equal to 2a describe a circle ; 
with centre O and radius O/T describe another circle cutting 
the former at Qand g. Join SQ and Sq, and produce these 
straight lines to meet the curve at Pand p. Join OP and Op; 
these are the required tangents from 0. 


The demonstration is like that in Art. 186; and we can shew 
that OP and Op subtend equal angles at H, and also at S. 


II. Suppose the external point so situated that we can- 
not pass from the point to the curve without crossing an 
asymptote, Let O denate the external point, H the nearer 
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focus, S the farther focus. With centre S and radius equal 
to 2a describe a circle; with centre O and radius O11 describe 
another circle cutting the former at @Q and gq, the angle J/SQ 
being less than the angle HSg. Join SQ and produce it to 
meet the curve at P; also join gS and produce it to meet the 
curve at p. Join OP and Op; these are the required tan- 
gents from 0. 

The demonstration is like that in Art. 186. 

From the triangles OSQ and OSqg we have the angle OSq 
equal to the angle OSQ. Thus the angle OSp is the supple- 
ment of the angle OS@; so that the angles subtended at 8 by 
the tangent Up and the tangent O7? are supplementary. 


Also the angle OlJp=the angle OqgS =the angle OQS 
=the supplement of the angle OGP?= the supplement of the 
angle OHT; so that the angles subtended at // by the tan- 
gent Op and the tangent OP are supplementary. 


The straight line which. bisects the angle between the focal 
distunces of an erternal point is equally inclined to the two 
tanyents from that point. 

In I. we have 

angle SOQ + twice angle QVOP +angle SOq 

+ twice angle O/T = 360"; 
therefore angle SOQ + angle QOP + angle pOHM= 180", 
that is, angle SUP+ angle pOM = 180"; 
thus the angle pOJ is the supplement of the angle SOP, 
that is, equal to the angle between SU and PO produced. 
In II. we have 
angle »Oq = angle pOH = angle pOQ + twice angle POIL, 
angle SOq=angle SOQ =angle SOp + angle pOQ; 
therefore by subtraction 
angle SOp = twice angle POH — angle SOp, 
therefore angle SOp = angle POW. 

The student should observe the extension thus given to 

the result in Art. 228, 
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EXAMPLES. 


1. Find the equation to an hyperbola of given transverse 
axis whose vertex bisects the distance between the centre and 
the focus, 


2. Ifthe ordinate MP of an hyperbola be produced to @ 
so that J/Q = SP, find the locus of Q. 


3. Any chord AP through the vertex of an hyperbola is 
divided at QY so that AQ: QP :: AC? : BC’, and QA is 
drawn to the foot of the ordinate MP; from Q a straight line 
is drawn at right angles to QM meeting the transverse axis 
at O: shew that 40: A’O: AC?: BC’ 


4. IQ 1s a chord of an ellipse at right angles to the 
major axis AA’; PA, YA’ are produced to meet at £2: shew 
that the locus of 2 is an hyperbola having the same axes as 
the ellipse. 

5. If acircle be described passing through any point P 
of a given hyperbola and the extremities of the transverse 
axis, and the ordinate ALP be produced to meet the circle at 
Q, shew that the locus of Q is an hyperbola whose conjugate 
axis is a third proportional to the conjugate and transverse 
axes of the arieinal hyperbola. 


6. Find the locus of a point such that if from it a pair of 
tangents be drawn to an ellipse the product of the perpen- 
diculars dropped from the foci upon the chord of contact will 
be constant. 


7. If an ellipse and an hyperbola have the same foci 
their tangents at the points of intersection are at right angles. 
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CHAPTER XII. 


THE HYPERBOLA CONTINUED. 


Diameters. 


236. To find the length of a straight line drawn from any 
point wn a given direction to meet an hyperbola. 


Let 2’, y' be the co-ordinates of the point from which the 
straight line is drawn; 2, y the co-ordinates of the point to 
which the straight line is drawn; @ the inclination of the 
straight line to the axis of 2; r the length of the straight 
line; then (Art. 27) w=a2° +rcos0, y=y't+rsiné. ) 

If (#, y) be on the hyperbola these values may be substi- 
tuted in the equation a’y* — b’a® =—a’b"; thus 


a’ (y' +rsin 6) — 0? (2 +r cos 6)? =— al’ ; 
therefore 7° (w’ sin® 0 — 6? cus’ 8) + 27 (a*y’ sin 6 — L*x' cos 6) 
+a’y?—Vx* +a? =0. 
From this quadratic two values of r can be found which 


are the lengths of the two straight lines that can be drawn 
from (a, y') in the given direction to the hyperbola. 


237. To find the diameter of a given system of parallel 
chords in an hyperbola. (See definition in Art. 148.) 


Let 6 be the inclination of the chords to the transverse axis 
of the hyperbola; let 2’, y’ be the co-ordinates of the middle 
point of any one of the chords; the equation which deter- 
mincs the lengths of the straight lines drawn from («’, 7’) to 
the curve is (Art. 236) 


r* (a’ sin” 6 — b* cos? 8) + 2r (a*y’ sin @ — b’a' cox 8) 
+ ay’? — Bc? + a? =0 oo. ceeee eee (1). 


Since (a’, y’) is the middle point of the chord, the values of 

r furnished by this equation must be equal in magnitude and 

opposite in sign ; hence the co-efficient of r must vanish ; thus 
2 


a’y'sin@—b’a'cos@=0, or y= 2 COLD. rceceee (2). 
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Considering a’ and ’ as variable this is the equation to a 
straight line passing through the origin, that is, through the 
centre of the hyperbola. 


Hence every diameter passes through the centre. 


Also every straight line passing through the centre is a 
diameter, that is, bisects some system of parallel chords. For 
by giving to 6 a suitable value the equation (2) may be made 
to represent any straight line passing through the centre. If 
6’ be the inclination to the axis of 2 of the diameter which 
bisects all the chords inclined at an angle 6, we have from (2) 

2 2 
tan 7 = we cot @; therefore tan 8 tan 0’ = 2 : 
a" a 
238. If one diameter bisect all chords parallel to a second 


diameter, the second diameter will bisect all chords parallel to 
the first. 


Let 6, and @, be the respective inclinations of the two 
diameters to the transverse axis of the hyperbola. Since the 
first bisects all the chords parallel to the second, we have 

2 


tan 6, tan 0, = : ;- And this is also the only condition that must 


hold in order that the second may bisect the chords parallel 
to the first. 


The definition in Art. 191 holds for the hyperbola. 


239, Every siraight line passing through the centre of an 
ellipse meets that ellipse; this is evident from the figure, or 
it may be proved analytically. But in the case of an hyper- 
bola this proposition is not true, as we proceed to shew. 


240. To find the points of intersection of an hyperbola 
with a straight line passing through its centre. 


Let the equation to the straight line be y= mz, 
Substitute this value of y in the equation to the hyperbola 


a'y’ — b'z' = —a’b’ ; then we have for determining the abscisse 
of the points of intersection the equation (a°m?—b") «* = —a’b’; 
a'b" 


therefore a* = oa Hence the values of x are impossible 


if a’mi' is greater than 0%. Thus a straight line drawn through 
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the centre of an hyperbola will not meet the curve if jt makes 
with the transverse axis on either side of it an angle greater 


_b 
than tan” -. 
a 


241. It is convenient for the sake of enunciating many 
properties of the hyperbola to introduce the following im- 
portant definition. 


Derinition. The conjugate hyperbola is an hyperbola 
having for its transverse and conjugate axes the conjugate 
and transverse axes of the original hyperbola respectively. 


242, To find the equation to the hyperbola conjugate to 
a given hyperbola. 





Let 4A’, BB’ be the transverse and conjugate axes respec- 
tively of the given hyperbola; then BU' is the transverse 
axis of the conjugate hyperbola, and AA’ is its conjugate 
axis. Let P be a point in the given hyperbola, Q a point in 
the conjugate hyperbola. Draw PM, YN perpendicular to 
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CX, CY respectively. The equation to the given hyperbola is 
4a 
y= - a* —a*); therefore PM "= 77 (CM*— CA"). Hence 


2 
QN’ = — (CN*— CB’), since @ is a point on an hyper- 
bola having CB, CA for its semi-transverse and semi-conju- 
gate axes respectively. Thus if x, y denote the co-ordinates 

2 
of Q, we have a’ = _ (y* — b’). 

This, therefore, 1s the equation to the conjugate hyperbola; 
we observe that it may be deduced from the equation to the 
given hyperbola by writing — a* for a? and —b* for b’. 


The foci of the conjugate hyperbola will be on the straight 
line BCB' at a distance from C= AB (Art. 216); that is, at 
the same distance from Cas S and H. 


243. Every straight line drawn through the centre of an 
hyperbola meets the hyperbola or the conjugate hyperbola, except 
the two straight lines inclined to the transverse axis of the 


hyperbola at an angle = tan” 


Let the equation to the straight line be 


To find the abscissee of the points of intersection of (1) 
with the given hyperbola, we have, as in Art. 240, the 
equation 

: a’b* 


aes on Seaunsuwad vaveneees (2). 


OF — a*m' 
Similarly to find the points of intersection of (1) with the 
conjugate hyperbola, we have the equation 
a°h* 
oa aim — b° 
2 
If m*® be less than 7 , (2) gives possible values, and (3) 


2 
impossible values for x; if m* be greater than = , (2) gives 
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we write —a® for a’ and — 2? for 6’, that 1s, when we pass 
from the original hyperbola to the conjugate (Art. 242). 


Both curves are comprised in the equation 
(a?y? a bz")? = gh, 


246: The tangent at either extremity of any diameter is 
parallel to the chords which that diameter bisects. See Art. 190. 


247. (riven the co-ordinates of one extremity of a diameter, 
to find those of each extremity of the conjugate diameter. 


Sa 


- Yaa 
ae 


Let ACA’, BCP be the axes of an hy perbola ; PC", 
DCD’ a pair of conjugate diameters. Let, y' be the 
given co-ordinates of J’; then the equation to CP is 





Since the conjugate diameter DD’is parallel to the tangent 
at P, the equation to DD’ is 


a 
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We must combine (2) with the equation to the conjugate 
hyperbola to tind the co-ordinates of ) and D’. Substitute 


: 4/2 
from (2) in a®y’ — 0*2* = a’b"; then a? . | a — Bc? = ah": 
therefore (b'x'* — a*y”) 2° = a‘y’; 


a‘y® ary” 


ab? = fa ’ 


, 
ay 


therefore z* = therefore «= + 4 


therefore from (2), y= + ces : 
a 


In the figure the abscissa of J) is positive, and that of //' 
negative; hence the upper sign applies to J), and the lower 
sign to D’. 


248. The difference of the squares on two conjugate semi- 
diameters 1s constant. 


Let 2’, y’ be the co-ordinates of P; then, by the preceding 
2.12 299 
Article, CP*— Ci aat+ 2-0 


b’ a 
Ber—ay? ay? —Pr? 
oon i . + . 2 =U 


Hence the difference of the squares on two conjugate sermi- 
diameters is equal to the difference of the squares on the semi- 
AXES. 


Moreover 


2 
| CPaatt ytd 4 Baa" 4 a (otal) a 4B 
= (1 + “| —-@=ér"—-a=SP.HP by Art. 218. 


249. The area of the parallelogram formed by tangents at 
the ends of conjugate diameters 18 constant. 


Let PCP’, DCD’ be the conjugate diameters (sce figure to 
Art. 247). The area of the parallelogram formed by tangents 
at PD, P’, D’, is 4CP. CP) sin PUD, or 4p. CV, where p 
denotes the perpendicular from C' on the tangent at P. Let 


T. Cc. 8. 14 
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x’, y' be the co-ordinates of P; then the equation to the 


gf 


tangent at P is y= 2 x -7- Hence (Art. 47) 


b? 
. y' ay 
p= jie A ae a V(aty” e b'x) . 
a‘y”™ 
And CD=, / (“a + ll = v (aly + bin") | 
b* a ab 2 


therefore 4p. CD = 4ab. 


Hence the area of any parallelogram formed by tangents at 
the ends of conjugate diameters is equal to the area of the 
rectangle formed by tangents at the ends of the axes. 


250. Let a’, b' denote the lengths of two conjugate semi- 
diameters; « the angle between them; by the preceding 
Article, ab’ sina=ab, By making J? move along the hy- 
perbola from A we can make CP or a’ as great as we please. 
Also since a?— 6” is constant, b' increases with a’. Thus 
sin a can be made as small as we please, that is, CP and (‘)) 
can be brought as near to coincidence as we please. The 
limiting position towards which they tend is casily found ; for 

2 


from Art. 237, mn = a thus the limit to which m and m’ 
approach as CP and CD approach to coincidence is + iz 


251. From Art. 249 we have 


, att 


This gives a relation between p the perpendicular from the 
centre on the tangent at any point P, and the distance CP of 
that point from the centre. 


Asin Art.196 p.PG=8, p. PG =a’. 
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Also if @ denote the angle which the perpendicular makes 
with the transverse axis, we may shew as in Art. 196 that 


p* =a’ (1—e'sin’ ¢). 


252. To find the equation to the hyperbola referred to a 
pair of conjugate diameters as axes. 


Let CP, CD be two conjugate semidiameters (see figure to 
Art. 247), take CP as the new axis of x, CD as that of 4; 
let PCA=a, DCA=£8. Let a, y be the co-ordinates of 
any point of the hyperbola referred to the original axes ; 
x’, y’ the co-ordinates of the same point referred to the new 
axes; then (Art. 84) 


a=x cosatycosB, y=x sinat+y sin£. 


Substitute these values in the equation a’y* — bz" = — a"); 
then a?(a# sina+y'sin 8)’ — 0? (2 cos 2+ y' cos 8B) = —a’b’, 
or a’* (a® sin? a — Ub? cos’ a) + y” (a’ sin’ B — b* cos? B) 
+ 2z’y’ (a? sin asin B — b’ cus 2 cos B) = — ab. 


But since CP and CJ) are conjugate semidiameters, 
2 


b ins : 
tan a tan 8 =—,; hence the coefficient of a’y’ vanishes, and 


the equation becomes 


x (a* sin? a — B* cos* a) + y” (a? sin® B — b? cos" 8) = — a’b’. 
In this equation suppose y' = 0, then 
zs ~ a?) ah? 


~ Fanta ow a” Bcuta—atsinta” 
This is the value of CP’, which we shall denote by a*. If 
we put 2 = 0 in the above equation, we obtain 
— a’? 
oy" = 5-4 AS 
. a’ sin’ 8 — b’ cos" B 

Now since we have supposed that the new axis of z meets 

the curve, we know that the new axis of y will not mect the 


—a'l? se 
curve (Art. 244), so that atin’ A —b¥ cos* B is not a positive 


14—2 
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quantity; we shall denote it by —%*. Hence the equa- 
tion to the hyperbola referred to conjugate diameters is 
'® 2 


— + = 1, or, suppressing the accents on the variables, 


Wr: 
a 4 


a 


7 ie 


Also the equation to the conjugate hyperbola referred to 
2 2 


& 


_ & 
the same axes 1s os i =—], 


The equation to the tangent to the hyperbola will be of the 
same form whether the axcs be rectangular or the oblique 
system formed by a pair of conjugate diameters. (See Art. 
500.) 


253. Tangents at the extrennties of any chord of an hyper- 
bola meet on the diameter which bisects that chord. (See Art. 
2()1.) 


254. Ifa chord and diameter of an hyperbola are parallel, 
the supplemental chord is parallel to the conjugate diameter. 
(See Arts, 202, 203.) 

Asymptotes. 


255. The properties of the hyperbola hitherto given have 
been similar to those of the ellipse ; we have now to consider 
some properties peculiar to the hyperbola. 


2 
Let the equation to the hyperbola be 7° = A (2*— a”), and 


let CL be the straight line which has for its equation y = br 
a 


Let MPQ be an ordinate meeting the hyperbola at P and 
the straight line CZ at Y; then if CW be denoted by z, 


Pie _ bx. 
Pi =o v(x*— a"), QM = — 5 
_b at 0 a” _ ab 
thus PQ= | [e—-v/(# ON Saya) aaa) 
~ Ifthen the straight line 4fPQ be supposed to move parallel 
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to itself from A, the distance PQ continually diminishes, and 
by taking Cif large enough we may make PQ as small as we 


N 
AK 


~ we 
So 


X. 


te 
/ 
z \ 


ae Ne 


please. The straight line CZ is called an asymptote of the 
curve. 


Sunilarly the straight line CZ’, which has for its equa- 
be, 
tion y= —-7 wan asymptote. 


2 2 
Thus the equation —" =0 includes both asymptotes. 


b 


We may take the following definition. 


DeFINITION. An asymptote Is a straight line the dis- 
tance of which from a point of a curve diminishes without limit 
as the point in the curve moves to an Infinite distance from 
the origin. 

The distance of P from CL is PQsin PQC; and as we 
have seen that PQ diminishes without limit as J? moves away 
from the origin, CZ is an asymptote according to the definition 
here given. 


256. In the same manner we may shew that CL is an 
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asymptote to the conjugate hyperbola. For let MP be pro- 
duced to meet the conjugate hyperbola at P’, then (Art. 242) 


PM= ° V(2* + 0°); 
_ ba 
V(x" +a") +a" 


Hence as CM is increased indefinitely P’Q is diminished 
indefinitely ; therefore CZ is an asymptote tothe conjugate 
hyperbola. 


therefore P'Q= ° {/(a* + a") — 2} 


257. The equation to the tangent to the hyperbola at the 
point (2, y') is ayy — Dax’ = —a’d’, 
a'c GF Ob xx b* 
therefore y= ae eee i 


y 
bx b° 
= KES — 
“/(t-m) ? 


If #’ and y’ are increased indefinitely the limiting form to 
which the above equation approaches is y = ee . Thus the 


tangent to the hyperbola approaches continually to coincidence 
with an asymptote when the point of contact moves away in- 
definitely trom the origin. 


258. It appears from Art. 243 that every straight line 
drawn through the centre of an hyperbola must meet the 
hyperbola or its conjugate, unless its direction coincides with 
that of one of the asymptotes. And from Art. 250 it appears 
that as conjugate diameters increase indefinitely they approach 
to coincidence with one of the asymptotes. 


259. The straight line joining the ends of conjugate dia- 
meters 1s parallel to one asymptote and bisected by the other. 


Let x’, y’ be the co-ordinates of any point P on the hyper- 
bola (see figure to Art. 247); then the co-ordinates of D, 
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the extremity of the conjugate diameter, are (Art. 247) 


z¢ and ne - Hence the equation to DP is 
7 ba! 
' a t 
a ay 
b 
that 1s, yk Meme oma 


and therefore DP is parallel to the asymptote y =— = ‘ 


Also the co-ordinates of the middle point of DP are 


(Art. 10) 
: (2 + 7 and : (y + a : 
that is, ay + bey ty tba 
2b 20 


:; . : bx 
These co-ordinates satisfy the equation y= — ; therefore 
a 


the asymptote y= 7 bisects PD. 


Since the diagonals of a parallelogram bisect, each other, 
and PD is one diagonal of the parallelogram of which CP 
and CD are adjacent sides, the other diagonal coincides with 
the asymptote, that is, the tangents at J’ and D mect on the 
asymptote. 


260. The equation to the hyperbola referred to conjugate 
diameters as axes 1s 


Hence the equations to the asymptotes referred to these 
axes are 
_ va b'x 


y=-7 » imei PUVT CERES ICEe Eee EET eer ee (2). 


a 
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For we may shew as in Art. 243 that the straight lines 
denoted by (2) are the only straight lines through the centre 
which meet neither (1) nor its con Jugate. Hence these straight 
lines are the asymptotes by Art. 2 

Or the same conclusion may be obtained thus : the original 
equation to the hyperbola ie - y= =1, and that to the two 

x 
asymptotes — ao Pe =0. If by substituting for # and y their 
values in terms of the new co-ordinates 2 and y’, and sup- 
pressing aes on the variables, the former equation 1s 


2 

reducadl to = —=- 4  =1, the latter must becoine, by the same 
ae a y 

sided adi a pa 0, 


261. To find the equation to the hyperbola referred to the 
asymptotes ws axes. 


Let CNX, CY be the original axes; CY’, CY’ the new 
axes, so that CX’ and CY’ are inclined to CX on opposite 


sides of it at an angle a such that tana = a _ Leta, y be 


the co-ordinates of a pomt P referred to the ol axes; 2’, y’ 
the co-ordinates of the same point referred to the new axes. 
Draw PM' parallel to CY’, and PM and M’'N each parallel 
to Cl. Then 


2=CM= CN+ NM= (2 + y’') cosa. 





So y=PM=(y—2') sina 
; b ; 
Also cos ¢= Va’ c 7) , siIna= Wat $B) substitute these 
lues in the equation a’y* — b'r* = — a’b’; 
malt (y' — 2')*— alt (y' +2)" = — abt (a +B), 
ti? a’ + b 
or ry = 


4 2 
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2 3 
or, suppressing the accents, ry = . es 


yr 


C 

\ 

SL M xX 
M 


The equation to the conjugate hyperbola referred to the 
a‘ + bt 


same axes is (Art. 242) ry=— : 


262. To find the equation to the tangent at any point of an 
hyperbola when the curve ts referred to its asymptotes as axes. 
Let 2’, y’ be the co-ordinates of the point; 2”, y” the co- 
ordinates of an adjacent point on the curve. The equation to 
the secant through these ao is 
, . -y 
y-¥= 


Since (x’, y’) and (2”, y”) are points on the hyperbola 
ey=t(74+), 2’y" =) (e+); 


therefore 2”"y" = xy’. 
ay’ 
: oe ~y 
Hence (1) may be written y-—y = ss (x— 2’), 
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or y-y =- 5 (@-2’). 


Now in the limit 2” =2'; hence the equation to the tan- 
gent at the point (a, y’) is 


¢ 


y—y =—% (e@—a spuaunuseedeetwenes (2). 


=-" 
This equation may be simplified; multiply by 2’, thus 
1»  @ +B 


ys + ary = 22'y' = 97° 
263. To find where the tangent at (a, y’) meets the axis 
2 2 
of x put y=0 in the equation yx +ay' = e sued ; 
Q 3 ° i? , 
thus ao ud = 7H. = 2x, 


=) 
“y y 
Similarly to find where the tangent cuts the axis of y put 


) 2 Only! 
x=() in the equation; thus yao ee ate 


— 
a) SS ge — Oo e 
H 07 


4 


Thus the product of the intercepts = 42’y’=a’+b*°, The 
arca of the triangle contained between the tangent at any 
noint and the asymptotes is equal to the product of the 
intercepts into half the sine of the included angle 


= } (a* +07) sin 22 = (a? + J") sin acosa=ab, 
and is therefore constant. 


Since the tangent at (2’, y’) cuts off intercepts 22’, 2y’, from 
the axes of x and y respectively, the portion of the tangent at 
any point intercepted between the asymptotes 1s bisected at 
the point of contact. 


Polar Equation. 


264. To find the polar equation to the hyperbola, the 
focus being the pole. 


Let HP=r, AHP =8@; (see figure to Art. 209) ; 
then P= ePN, by definition ; 
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that is, HP=e(O0H+ HM); 
or r=a(e*—1)+ er cos (1 — 6), (Art. 212) ; 
therefore r(1+e cos 6) =a (e*—1), 
_ a(e*—1) 
and = ] re oT TererTrrerrerrrr errr rr (1). 


If we denote the angle V//P by @, then we have as before 
HP=e(OM+ 1M); 


thus r=a(e®—1)+er cos 8, 
_ ae =I) 9 
and T= [= COs @ Ceo Presa ererecerereeseoesas (2), 


We may also proceed thus: in the figure to Art, 218 
suppose SP=r and PSH=8@: then SP=elN’, 


that 18, SP =e (Sf — Ss My") ’ 
or r=er cos0—a(e?—1); 
therefore r (e cos @— 1) =a (ec? — 1), 
_ a(e’—1) 
and Tos Ge es (3). 


265. As in Art. 205 it may be shewn that the polar 
equation to a chord subtending at the focus an angle 28 1s 


l 
= @ cos 6 +80¢ B cos (2— 6)’ 


a— Band a+ being respectively the vectorial angles of the 
straight lines which join the focus to the ends of the chord, 
and / the semi-latus rectum. 


Hence the polar equation to the tangent is 
l 
CP can ae GO) 
266. The polar equation to the hyperbola, the centre 
being the pole, is (Art. 206) 
7” (a’ sin’ 0 — 6 cos’ 0) = — a’b’. 
Arts. 207, 208 are applicable to the Hyperbola. 
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267. It will be a good exercise to trace the form of the 
hyperbola from any of the polar equations of Art. 264. Take 
fur example the equation (1); suppose =0, then r=a(e—1); 
we must therefore measure off the length a(e—1) on the initial 
line from the pole H, and thus obtain the point A as one of 
the puints of the curve. 


e T . e 
As @ increases from 0 to ., we see from (1) that r increases; 


, T : 
cos 8 is negative when @ is greater than 3 and r continues to 


increase. Let @ be such an angle that 1 +e cos a=0, that is, 
1 
coxa — then the nearer @ approaches to a the ereater r 


becomes, and by taking @ near enough to a, we may make 7 
as vreat as we please. Thus as @ increases from () to @ that 
portion of the curve is traced out which begins at A and passes 
on through P to an indefinite distance from the origin. 


When @ is greater than a, 7 is negative, and is at first in- 
definitely great and diminishes as @ increases from @ to 7. 
Since r is negative we measure it in the direction opposite to 


Y 
g > 
Ss A’ Al Ft 


that we should use if it were positive. Thus as 0 increases 
from a to mw that portion of the curvo is traced out which 
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begins at an indefinite distance from C in the lower left-hand 
quadrant, and passes on through Q to A’. HA’ is found by 
putting 6=7 in (1); then r becomes —a (e + 1), therefore 
HA’ is in length = a (e+ 1). 


As @ increases from a to 27 —a, r continues negative and 
numerically increases. and may be made as great as we please 
by taking @ sufficiently near to 2r—a. Thus the branch of 
the curve is traced out which begins at A’ and passes on 
through @’ to an indefinite distance. 


As @ increases from 22 — a to 27, 7 is again positive, and 
is at first indefinitely great and then diminishes. Thus the 
portion of the curve is traced out which begins at an indefi- 
nitely great distance from Cin the lower nght-hand quadrant 
and passes on through J” to A. 


The asymptotes CZ and CZ’ are inclined to the transverse 


: , . b 
axis at an angle of which the tangent 1s a hence we have 


a. a ail a oe. 
OCA ih acy a and cos LCA alert that is, 


LCA’ =a. Thus as @ approaches the value @ the radius 
vector approaches to a position parallel to CL. Similarly as 
6 approaches the value 27 —a the radius vector approaches 
to a position parallel to CL’ 


Equilateral or Rectangular Hyperbola. 


268. If in the equation to the ellipse ay’ + Ua’ =a'l’, 
we suppose b =a, we obtain 2? + y° =a’, which is the equation 
toa circle; su that the circle may be considered a particular 
case of the ellipse. If in the equation to the hyperbola 
a’y’ —Vz' =— a*l? we suppose b=a, we have y° —2'=—a". 
We thus obtain an hyperbola which is called the equilateral 
hyperbola from the equality of the axes, Since the angle 


e ran b ° 
between the asymptotes, which = 2 tan™- , becornes a right 
a 


angle when b =a, the equilateral hyperbola is also called the 
rectangular hyperbola. 
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The peculiar properties of the rectangular hyperbola can 
be deduced from those of the ordinary hyperbola by making 
b=a. Thus since b*=a’ (e’—1) we have e*—1=1, there- 
fore e=./2, The equation to the tangent is (Art. 220) 


yy’ — xx = — a’. 
From Art. 227 PG=P@Q=VA(rr'). 


The equation to the conjugate hyperbola is, by Art. 242, 
y'—a'=a". Thus the conjugate hyperbola is the same curve 
as the original hyperbola, though differently situated. 


By Art. 248, CP= CD, and therefore by Art. 259, CP 
and CD are equally inclined to the asymptotes. 


EXAMPLES, 


1. The radius of a circle which touches an hyperbola and 
its asymptotes is equal to that part of the latus rectum which 
is intercepted between the curve and asymptote. 

2. A straight line drawn through one of the vertices of an 
hyperbola and terminated by two straight lines drawn through 
the other vertex parallel to the asymptotes will be bisected at 
the other point where it cuts the hyperbola, 


3. Ifa straight line be drawn from the focus of an hy- 
perbola the part intercepted between the curve and the 
tote =, 282. 
asymm sina + sin 8’ 
respectively by the straight line and asymptote with the axis. 


where @ and a are the angles made 


4. PQ is one of a series of chords inclined at a constant 
angle to the diameter AB of a circle: find the locus of the 
point of intersection of 4P and BQ. 


5. Pisa point in a branch of an hyperbola, P’ is a point 
in a branch of its conjugate, CP, CP’, being conjugate semi- 
diameters. If S, S’ be the interior foci of the two branchies, 
prove that the difference of SP and S’P’ is equal to the dif- 
ference of AC and BC. 
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6. ftz, y be co-ordinates of any point of an hyperbola, 
shew that we may assume z=a sec 0, y=b tan 0, 


7. A straight line is drawn parallel to the axis of y meet- 
2 


ing the hyperbola 5, =1, and its conjugate, at points P, Q: 


aw 

i 
shew that the normals at P and @ intersect each other on the 
axis of z. Shew also that the tangents at 2? and @ intersect 
on the curve whose equation is y* (a*y? — b'x”) = 40°x". 


8. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate: shew that the chord of 
contact will touch the other branch of the conjugate. 


Find the equation to the radu from the centre to the points 
of contact of the two tangents, and if these radii are at right 
angles, shew that the co-ordinates of the poit from which the 
tangents are drawn are 


— b 2)? — ) 
a) (Ca : (ae ; 


9. Two tangents to a parabola include an angle 4: shew 
that the locus of their point of intersection is an hyperbola 
with the same focus and directrix. 


10. Shew under what limitation the proposition in Exam- 
ple 30 of Chapter x. is true for the hyperbola. 


11. The ratio of the sines of the angles made by a diameter 
of an hyperbola with the asymptotes 1s equal to the ratio of 
the sines of the angles made by the conjugate diameter. 


12. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas is constructed : prove that 
if one hyperbola touch the ellipse the other will do so like- 
wise: prove also that the diameters drawn through: the puints 
of contact are conjugate to each other. 


( 224 ) 


CHAPTER XIII. 
GENERAL EQUATION OF THE SECOND DEGREE. 


269. We shall now shew that every locus represented 
by an equation of the second degree is one of those which 
we have already discussed, that is, is one of the following: 
a point, a straight line, two straight lines, a circle, a parabola, 
an ellipse, or an hyperbola. 


The general equation of the second degree may be written 
ax’ + bay + cy*+dx+eyt+f=0; 


we shall suppose the axes rectangular; if the axes were 
oblique we might transform the equation to one referred to 
rectangular axes, and as such a transformation cannot affect 
the degree of the equation (Art. 87), the transformed equation 
will still be of the form given above. 


Tf the curve passes through the origin f=0; if the curve 
does not pass through the origin f is not =0, we may there- 
fore divide by fand thus the equation will take the form 


av+biry+cy'+det+tey+1=0. 
270. We shall begin by investigating the possibility of 


removing from the equation the terms involving the first 
power of the variables, 


Transfer the origin of co-ordinates to the point (4, &) by 
putting gz=a2' +h, y=y'+k, and substituting these values 
of x and y in the equation 


ax’ +bay+cy+dz+eyt+f=0......... (1); 
thus we obtain 
ax® + bry’ +cy™ + (2ah + bk + d) x! + (2ck + bh +e) y’ 


where f' =ah? + bhk + ch? + dh + eh +fi.cceccceces (3). 
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Now, if possible, let such values be assigned to h and k as 
will make the coefficients of «x and y’ vanish ; that is, let 


2ah+bk+d=0, and 2ck+bh+e=0; 


2ed — be Pae— bd 
thus h = Be ar ; k = fy hae ° 

It will therefore be possible to assign suitable values to 4 
and k, provided b* — 4ac be not = 0. 


We shall see that the loci represented by the general equa- 
tion of the second degree may be separated into two classes, 
those which have a centre, and those which in general have 
not a centre, and that in the former case b’ — 4ac 1s not zero, 
and in the Jatter case it is zero. We shall first consider the 
case in which b’—4ac is not zero, and consequently the values 
found above for A and & are finite. 


Equation (2) thus becomes 
ax + bax'y + cy2 Af! = Ov ceccceceseeenees (4). 


Now if (4) is satisfied by any values x,, y, of the variables, 
it is also satisfied by the values —c,, -—y,. Hence the new 
origin of co-ordinates is the centre of the locus represented 


by (1). ; 


Thus if L?— 4ac be not =0, the locus represented by (1) 
has a centre, and its co-ordinates are 4 and k, the values ot 
which are given above. 


The value of f’ may be found by substituting the values of 
hk and & in (3); the process may be facilitated thus: we have 


Qah+bk+d=0, 2%k+bh+e=0; 


multiply the first of these equations by A, and the second by 
k, and add; thus 2ah? + 2ck* + 2bkh+ dh+ek=0, 


or 2f’~— dh — ek — 2f=0; 


dh + ek _ cd? + ae’ ~ bed 
3 Sis ae 


We shall retain f’ for shortness. 
T.C.S. 15 


therefore f' = f+ 
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271. We may suppress the accents on the variables in 
equation (4) of the preceding Article and write it 
ax’ + bay toy +f! =0 ....cccceeeceee (5). 


This equation we shall further simplify by changing the 
directions of the axes. (Art. 81.) 


Put «=2' cos 0—y' sin 8, y= a sin@+y' cos 6, and sub- 
stitute in (5); thus 


a’* (a cos’ @ +c sin’ 6+0 sin 6 cos 8) 
+ y" (a sin’ # + ¢ cos’ 8 — b sin 8 cos 6) 
+a'y’ {2 (e—a) sin 8 cos 6 + b (cos* 6 — sin® 6)} +f’ = 0...(6). 
Equate the coefficient of 2’y' to zero; thus 
2 (c—a) sin 8 cos 8+ b (cos? 6 — sin* 6) = 0, 


or (c— a) sin 20 + b cos 20 =0; 
therefore tan 20 = eek hese (7). 
a-c 


Sinco 6 can always be found so as to satisfy (7), the term 
involving ay can be removed from (6), and the cquation 
becomes 


x'* (a cos*@ +c sin’ 6 + b sin 6 cos 6) 
+” (a sin? 6+. cos? 6—6 sin @ cos 6) + f' = 0, 
or As? + By? +f! = 0 vcccccsececsseeeens (8), 
where A=4{a+ce+(w—c) cos 26+ sin 26}, 
B= 4 \a+e-—(a—c) cos 20—3Ssin 26}. 


Since tan 20 = aoe : 
a—c 
26= aca wn 99 — b 
cos 20 Viet no and sin 26 = Vib so 
Hence A=}t[at+e+/{b* + (a ] 


c)"} 
) 


B=ilate—W/{o'+ (e—] 
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We may suppress the accents on the variables in (8) and 


write it me a — =; 

i Oe 

(1) If A, B, and f’ have the same sign, the locus is im- 
possible. 


y= 1. 


(2) If A and B have the same sign and f’ have the con- 
trary sign, the locus is an ellipse of which the semi-axes are 
respectively 


“f (-4). and af (-4). (Art. 160.) 


The locus is of course a circle if 4 = B.- 
(3) If A and B have different signs, the locus is an 
hyperbola. (Art. 211.) 


We have supposed in these three cases that f’ is not =0; 
if f’=0, and A and #3 have the same sign the locus is the 
origin; if f’=0, and 4 and J} have different signs the locus 
consists of two straight lines represented by 


y=+,/(-3)= 


From the values of A and B we see that 
_(a+c)’—b'—(a—c)" _ 4ac—b' 
Pl Sard ea Ae OS Sys 


Hence A and B have the same sign or different signs 
according as )* —4ac is negative or positive. 


AB 





272. Hence we have the following summary of the results 

of the preceding Articles of this Chapter. The equation 
ax* + bry + cy’ +dz+ey+f=0 ° 

represents an ellipse if l?—4ac be negative, subject to three 
exceptions in which it represents respectively a circle, a point, 
and an impossible locus. If 6’ — 4uc be positive, the equation 
represents an hyperbola subject to one exception when it 
represents two intersecting straight lines. 


273. We may notice that the equation found in Art. 271, 
15—2 
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tan 20 = a has an infinite number of solutions; for if 2a 


be one value of 26 which satisfies the equation, then if 
20 = 22+-n7, where n is any integer, the equation will be 
satisficd. But these different solutions will all give the same 
position for the axes. For the values of 6 are comprised in 
ni, 
2 

n we obtain a series of angles cach differing from a by a 
‘a 

*) 9 
selecting different values of n are that the axis of a in one 
case may occupy the position of the axis of y in another and 
vice versd, or the positive and negative directions of the axes 
may be interchanged. 


the expression a+ ; , and by ascribing different values to 


multiple of =, and the only changes that will arise from 


The radical in the value of cos 26 and of sin 26 in Art. 271 
may have either sign; but the sign must be the same in both 


in order that the relation tan 26 = 4 : _ may hold. 


274. It appears from the former part of Art. 271, that by 
turning the axes through an angle @ the equation 


ax’ + bry + cy? +f’ =0 
becomes a'a” + Di'y' + cy? +f' =0, 
a =h}{a+ct+(a—c) cos20 +b sin 26’, 
b' = (c—a) sin 20 + b cos 28, 
c =4{a+c—(a—c) cos 20-35 sin 26". 
Hence a+c=a+e; and 
6" —4a'c’ = {(c —@) sin 20 + b cos 20)? 
—(a+c)'+ {(a—c) cos 264+ sin 26)" 
=(a—c)*+0'—(a+c)* =b* — 4ac. 


Thus the expression 2*— 4ac has the same value whether it 
be formed from the coefficients of the general equation of the 
second degree before or after the axes have been shifted. 


The same remark applies to the expression a +c. 


where 
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Hence we conclude that if the curve represented by the 
general equation ax’+ bry + cy? + dx +ey+f=0' be a reet- 
angular hyperbola, a+c=0; for if the curve were referred 
to its transverse and conjugate diameters as axes this relation 
would hold, and therefore, as we have just seen, it must 
always hold whatever be the axes. 


275. We have next to consider the case in which 0? — 4ac 
is zero. We cannot now as in Art. 270 remove the terms 
involving the first power of the variables from the general 

equi Ation. but we can still simplify the equation as in Art. 271, 
by changing the direction of the axes, 

Let the equation be 

au’ + bay + cy t+ deteyt fa ccc, ‘Vhs 
put «c=2 cos6—y'sind, y=a2' sin O+y' cos8, 
then (1) becomes 
x” (a cus" 6 + csin® 6 + bsin 6 cos 8) 
+y” (a sin’ 6 +c cos’ 8 —b sin 6 cos 6) 
+ a'y' {2 (c—a) sin 8 cos 8 + b (cos? 8 — sin’ 8)} 
+ a’ (dcos 8+ esin 8) + y' (ecos 0—dsin 8) +f=0...... (2). 


Now let tan 29= “ then the coefficient of «’y' in (2) 


vanishes, and as ae ra 271 the coefficients of 2” and y” are 
t[at+ct+ Vl (a 1]. Oue of these cocfhicients must 


. 4ac—i? . 
therefore vanish since their product is ~ - 4? which, by 


hypothesis, =(); suppose the coefficient of 2? =0, thus, by 
suppressing accents on the variables, (2) may be written 


Cy? + Dat Ey tfH ccc (3). 
If D be not = 0, this may be written 


and thus the locus is a parabola. (Art. 125.) 
If D=0, then (3) represents two parallel straight lines, or 
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one straight line, or an impossible locus, according as E” is 
greater, equal to, or less than 4Cf. 


Hence if l?— 4ac = 0 the equation 
ax + bay + cy? +dxr+eyt+f=0 
represents a parabola subject to three exceptions, in which it 
represents respectively two parallel straight lines, one straight 
line, and an impossible locus. 
By combining this result with those stated in Art. 272, 


we have a complete account of the general equation of the 
second degree. 


276. We have shewn in Art. 270, that when 0? —4ac is 
not =0, the general equation of the second degree represents 
a central curve; we shall now prove that when b?— 4ac=0 
the curve has not a centre except when the locus consists of 
two parallel straight lines. 


Ifa curve of the second degree have the origin of co-ordinates 
for its centre, no term involving the first power of either of the 
variables alone can exist in the equation. 

For if possible suppose that the origin of co-ordinates is 
the centre of the curve 

ax® + bey + cy? + darteyt fH Ove (1), 
and let 7,, y, be the co-ordinates of a point on the curve, and 
therefore — 2, — 7, co-ordinates of another point on the curve; 
substitute successively in (1), then 

ax; + bx,7, + yy - dr, ey, +f= 0, 
ax,’ + bay, + cy, — dae, — ey, + f= 0; 
therefore, by subtraction, 
2 (dx, + ey,) = Ossecdeecsseaesseaswen (a) 

Now unless d@ and e both vanish, (2) can only be true when 
(v,, y,) lics on the straight line dr+ey=0. But the centre 
of a curve 1s a point which bisects every chord passing through 
it; hence the origin of co-ordinates cannot be the centre of 


the curve (1) unless both d and e vanish. 
277. Suppose then that we have an equation 


ax’ + bry +cy* + dx teytfaO0u...ccccee (1), 
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in which 0*—4ac=0. Here a and ¢ cannot both be zero, for 
then 6 would also be zero, and (1) would not be an equation 
of the second degree; we shall suppose that a@ is not zero. 
Now if the curve denoted by (1) had a centre, and we tovk 
that centre as the origin of co-ordinates, the terms involving 
the first power of x and y would vanish by Art. 276. But from 
Arts. 270 and 274 it follows that when l? — 4ac = 0, we cannot 
in general make these terms vanish by changing the origin or 
the axes. The only exception that can arise is when the nume- 
rators in the values of A and & in Art. 270 vanish, so that the 
values of h and & become indeterminate, and the two equations 
for determining them reduce to one; see A lyebra, Chapter Xv. 


We have then 2ae— bd =0, so that e= ig . Hence, by sub- 


stituting for c and e, the equation (1) becomes 


by? L 
ac® + bay + fo det ey +f=0, 


' by\? 
that is, a (2 + sf) +d (« + ) ee (2), 


Equation (2) will furnish two values of nol, so that if 


these values are possible the locus consists of two parallel 
straight lines. In this case any point on the straight line 
which is parallel to these two and midway between them will 
be a centre. 


Thus the result enunciated in the beginning of Art. 276 
is demonstrated. 


278. We may observe that relations similar to those 
obtained in Art. 274 hold when the axes of co-ordinates are 
oblique. For suppose the equation ac’ + hay cy’ +f" = 0 
to be referred to rectangular axes, and let the axes be trans- 
formed into an oblique system inclined at an angle @; sup- 
pose moreover that the new axis of 2 coincides with the old 
axis of z We have then to put (Art. 84) 


z=x+y'cos@, y=y sing; 
substitute these values in the above equation and it becomes 
a’'x? + U's'y' + cy” + f si 0, 
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where a=a, 
b' = 2a cos w + bsin a, 
c =acos'w + bsin wcosw+csin*o; 





thus b* — 4a‘c’ = (b’ — 4ac) sin’ w, 
and a’ +c'—b'cosw= (a+ c) sin’ a; 
so that a eee = b*? — 4ac, 
sin’ @ 
and eee eas. 
sin? w 


Therefore, by means of Art. 274, we conclude that for 
any system of axcs, rectangular or oblique, the expressions 
b? — 4a'c’ a’ +c’ —B cose 
and —___,_— 

sin’ sin” 
axes are changed. 





remain unchanged when the 


These results are very important, because as we have seen, 
the curve will in general be an ellipse, parabola, or hyper- 
bola according as the former expression 1s negative, zero, or 
positive ; and a rectangular hyperbola if the latter expression 
be zero. 


These results may be obtained by another method, which 
will be found instructive. Suppose that the axes of x and y 
are inclined at an angle A; and let us determine the points of 
intersection of the curve 

ac® + Dacy + Cy" = Joccrerrccesceceseeees (1), 
and the circle 
+ Lary COSA + YP HT... ecocereseeeees (2). 
Combining (1) and (2) we obtain 
g (x + 2ry cos r+ y’). = 7° (ax + bry + cy’); 
that is (g—1°a) a + (2g cos A —1°b) xy + (g — 1c) 7? = 0. 


This is a quadratic equation for finding 7s . Solving the 


quadratic we find that the expression under the radical 
sign 18 
r (b* — 4ac) — 4r°g (b cos A — @ — c) — 49’ sin*A 
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If this expression vanishes the two values of f are equal ; 


this indicates that the circle (2) touches the curve (1): and 
hence we may draw the important inference that the squares 
of the semi-axes of the curve (1) are numerically equal to 
the values of 7’ given by the equation 
b? — 4ac bcos -a—c 
ees ome hog eee ee dg ua ; 
city 4r’g winFX 4q° = 0..... (4) 
Now suppose the axes of co-ordinates transformed into 
another system inclined at the angle 2’, and let (1) become 


a’ a"? + U'e'y' es c'y"? = 9 
then the quadratic equation 
; 2 = Ava’ ¢ _ by? b' cos ’ ssi a’ = rod 
sin* d! sin* ! 
has the same geomctrical meaning as (+), and the roots will 
therefore be the same. Hence (4) and (5) must cuincide, 


and therefore 
b? — duc - bb? — 4a'c’ 


. = . 4 "  @eeeewnanercoesrece 6 

sli’ wv sin? (6), 
beost—a—c b’ecosN—-d—e' - 

and a ee | tS (7). 


sin? X sin? A! 


In fact if we divide — 44? by cither member of (6) we obtain 
the numerical value of the product of the squares of the sem1- 
axes of the curve. Similarly if we divide 4q times cither 
member of (7) by the corresponding member of (6) we obtain 
the numerical value of the sum or of the difference of the 
squares of the semi-axcs, according as the curve is an ellipse 
ur au hyperbola. 


279. We shall now shew how to trace a curve of the 
second degree from its cquation without transformation of 
co-ordinates; the axes may be supposed oblique or rect- 
angular. 


Let the equation be 
ax’ + bey +cy+dxr+eyt+f=0...... sgeieacstl)s 
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Solve the equation with respect to y; thus 


y= 4 [be te) 4e (aa + da +f)! 


eo ate + - {(b?—4ac) x* +2 (be—2cd) x+e*— 4cf'}?...(2) 


=axr+ B+ a (a + 2px + gy sennrsenseserenne(®) 





€ be — 2cd e — 4cf 
WHS O ye Eos Pm cae 2 ee age 
b?— 4ac | 


I. Suppose 2*— 4ac negative, and write — wu for — 
thus (3) becomes 
y= act Bt [—p (a? + Wet) cccccseeee (4), 
Now 2° +2px+q=(e+p)+q—p*; if then g—p* be 
ee the quantity under the radical is negative and the 
ocus impossible ; if g—p’=0, the locus is the point deter- 
mined by r=—p, y=ax+B8; if ¢—p’ be negative, we may 


put (w+ p)+q—p={ztptny(p’— 9g} je+p—V(p—-Q)} 
= (a —‘y) (v—6) suppose ; and thus (4) may be written 


1. ed 
y=art+ Bt {—p(e—y) (@—S)}? eee, (5). 
Since (a — 9) (« — 6} is positive, except when @ lics between 
y and 6, the values of y in (5) are real only so long as .r lies 
between y and 6. Moreover y is always finite, and thus the 
curve represented by (5) is limited in every direction. 


(a 3 


Since we know from our previous investigations that (5) 
must represent one of the curves enumerated in Art. 269, it 
follows that 1t must represent an ellipse. 


From the form of equation (5) we see that the chords 
parallel to the axis of y are bisected by the straight line 


For let there be two points on the curve (5) having the 
common abscissa 2, and the ordinates y’, y”, respectively; and 
let y, be the corresponding ordinate of (6), 
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then y, = a2, + B, 
y = an, +B+ {— # (2, —¥) (x, —8)}}, 
y” az, + B—{-p (2, —4) (w, - 8)}F. 


Thus y,=4(y+y"); and therefore the point (z,, y,) lics 
midway between the points (z,, y') and (a,, y”). 





In the figure DCD represents the straight line y=axr+8 ; 
the abscisic of D’ and D are y and 6 respectively ; supposing 
§ greater than y. The centre C is midway between J’ and 
D; its abscissa is therefore }(y+6). The equation to the 
curve will give the ordinates of J’, D, G', G. Since GC is 
parallel to the chords which D'D bisects, DD’ and GG are 
conjugate diameters, GG’ is a known quantity since the 
ordinates of G and G’ are known. DJ)’ is also a known 
quantity since the abscisse and ordinates of D and D’ are 
known. The angle between G4’ and DD is known from 
the equation to VD’; the axes of the ellipse may therefore be 
found (Arts. 193, 195). 
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; 4 
II. Suppose J?—4ac positive; put m for i thus 


C 
equation (3) becomes 
1 
y=ar+B+ fu (a? + 2px + q)}? wcevoceseres (7). 

Now 2°+2px2-+q = (a+p)?+q—p’; if then g —p* be posi- 
tive, the quantity under the radical is always positive, what- 
uver positive or negative value be assigned to a The curve 
therefore extends to infinity. Also it may be shewn as before, 
that the straight line y=ax+ 8 is a diameter of the curve ; 
but it never meets the curve, because the quantity x°+ 2pz+q 
or («+ p)*+ q—p* cannot vanish. Hence the curve consists 
of two unconnected branches extending to infinity, and is 
therefore an hyperbola. 

If g—p’=0, (7) becomes y=or+B8+V7u (24+ p). 
The locus now consists of two intersecting straight lines, 


If g—y* be negative we may as before write (7) in the 


form y= ae+8+{u(e—+y) (e—d)}*. Hence x may have 
any value, positive or negative, except those between y and §; 
thus the curve consists of two unconnected branches extending 
to infinity, and is therefore an hyperbola. 


We shall be assisted in drawing an example of this case 
by ascertaining the position of the asymptotes. 


The equation to the curve is 


y=artP + {u(2" + 2petg)}}; 
therefore y= ar+ Btx/p (1 + ? + 4. 
Expand by the Binomial Theorem; thus 


ya art Bt eWasl +4(2+4) + ae 
=ar+ Btu (xtp) + ke. 


The terms included in the &c. involve negative powers of 
and may therefore be made as small as we please by suf- 
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ficiently increasing x; hence from the nature of an asymptote 
the required equations to the asymptotes are 


y=art+B+/p(at+p), and y=ar+8—-Vy(x+p). 


Hence we can draw the asymptotes, and therefore the axes, 
for they bisect the angles between the asymptotes. The 
intersection of the asymptotes is the centre, and thus the 
situation and form of the hyperbola are known. 


We may observe that the tangent of the angle between 
the asymptotes is, by Art. 41, 
a+ /u—(z—Wvp) ae 
2 


oo that 1s Peta 


‘ . (0 — 4ac 
substitute fora and y» their valucs and we obtain se ro 


2 2 — the — Pre) \2 

The expression g—p*= a Na . 
this vanishes when (e*— 4cf') (b* — 4ac) — (be — 2cd)’ = 0, and 
therefore when (b°— 4ac) f+ ae’ + cd’ — bed = 0; so that if this 
relation holds the locus represented by (1) consists of two 
intersecting straight lines. 


We have hitherto supposed that ¢ is not zero, and as 
b? — 4uc cannot be negative if c be zero, it was not necessary 
to advert to the possibility of ¢ being zero while considering 
the first case. Butas c may be zero consistently with b° — 4ac 
being positive, we must now examine the consequences of 
supposing ¢ zero. 


The equation (1) may be solvdd with respect to a instead 
of with respect to y. Hence it will be found on investigation 
that the results hitherto obtained, when b*— 4ac is positive, 
are certainly true provided that a and c are not both zero; the 
latter case requires further examination. Suppose then a= 0) 
and c=0; thus (1) becomes bry + dx+ey+f=0; by chang- 
ing the origin this can be put in the form ba'y' +f" =0, 


where f’ = of ; ed the curve is therefore an hyperbola with 





the new axes for its asymptotes, except when bf—de = 0, and 
then it becomes two intersecting straight lines. When a= 0 
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and c=0, the expression (b°— 4ac) f+ ae’ + cd* — bed reduces 
to b (bf— de) ; thus we conclude that when b’ — 4ac is positive 
the equation (1) always represents an hyperbola, except when 
(L’— 4ac) f+ ae’ + cd’ — bed = 0, and then it represents two in- 
tersecting straight lines. 


III. Suppose b°—4ac = 0, then (2) becomes 
y=—-—5— 4 5 {2 (be — 2cd) a+ e — cf}, 


which may be written y=ax+ 8 4 io (p'x + q’) s 
sal 

2c’ 

p =2(be—2cd), g’ =e —4ef. 


If p’ be positive, the expression under the radical is posi- 
tive or negative, according as # is algebraically greater or less 


where a=—s, B=- 


than —{; if p be negative, the statement must be reversed. 


In both cases the curve extends to infinity in one direction 
only and is therefore a parabola. 


The straight line y=axr+ 8 is a diameter, bisecting all 
ordinates parallel to the axis of y, and mecting the parabola 


at the point for which a ne : 





lq , 
If p'=0, the equation becomes y=ax+8 + 7 ; this 
equation represents two parallel straight lines if q’ is positive, 
and one straight line if q’=0; if g' is negative, the locus is 
impossible. | 


We have hitherto supposed in considering the third case 
that ¢ is not zero; if c=0, then b=0, since U?—4ac=0; 
hence a and c cannot both be zero, for the equation (1) is 
supposed to be of the second degree. As before, we may 
solve equation (1) with respect to 2, and thus determine the 
pecuharities which occur when c=(0. We have found for 
example when ¢ is not zero, that the locus will consist of 


EQUATION OF THE SECOND DEGREE, 239 


a 


two parallel straight lines, when be— 2cd=0, and e? — 4ef is 
positive ; in like manner, if a@ be not zero, we can shew that 
the locus will consist of two parallel straight lines when 
bd —2ae=0, and d*—4af is positive. By means of the re- 
lation 6°—4ac=0, it is easily shewn that the second form 
of the conditions coincides with the first when a and c¢ are 
both different from zero. When a=0 the first is the neces- 
sary form of the conditions, but we see that the second form 
will then also hold. When c=0 the second is the necessa 
form, though the first will then also hold. Hence we sh 
include every case by stating that both forms of the conditions 
must hold. | 


Similarly the conditions under which the locus will con- 
sist of one straight line, or will be impossible, may be in- 
vestigated. 


280. We will recapitulate the results of the present 
Chapter with respect to the locus of the equation 


ax’ + bey +cy'+dx+eyt+f=0, 


I. Ifb*—4ac be negative, the locus is an ellipse admitting 
of the following varictics : 


(1) c=a, and Ls = cosine of the angle between the axes; 
al 
locus a circle (Art. 104). 


(2) (e?—4cf) (B — 4ac) — (be — 2cd)? positive; locus im- 
possible. 


(3) (e— 4cf) (U* — 4ac) ~ (be — 2cd)? = 0; locus a point, 


II. If U?—4ac be positive, the locus is an hyperbola, 
except when (b?— 4ac) f+ae’+ cd’?— bde = 0, and then it con- 
sists of two intersecting straight lines. 


Ill. If d*—4ac =0, the locus is a parabola, execpt when 
be — 2cd=0, and bd —2ae=0; and then it consists of two 
parallel straight lines, or of one straight line, or is impossible, 
according as @—4cf and d’—4af are positive, zero, or 
negative, 
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EXAMPLES. 


1. Find the centre of the curve 
a* — fry + 4y’ — 2ax+ 4ay = 0. 
2. Find the centre of the ellipse 


by (1 -*)+0x(1 — 5) =. 


3. Find what is represented by az’+ 2bry+cy’=1, 
when b* = ac. 


4, Find the locus of the centre of a circle inscribed in a 
sector of a given circle, one of the bounding radii of the 
sector remaining fixed, 


5. In the side AB of a triangle ABC, any point P is 
taken, and PQ is drawn perpendicular to AC: find the 
locus of the point of intersection of the straight lines BQ 


and CP. 


6. Deis any chord parallel to the major axis AA’ of 
an ellipse whose centre is (; and AD and CE intersect at P: 
shew that the locus of P is an hyperbola, and find the 
direction of its asymptotes. 


7. Tangents to two concentric ellipses, the directions of 
whose axes coincide, are drawn from a point P, and the 
chords of contact intersect at Q: if the point P always lies 
on a straight line, shew that the locus of Q will be a rect- 
angular hyperbola. 


8. Find what form the result in the preceding Example 
takes when two of the axes whose directions are coincident 
are equal. 


9. Prove that an hyperbola may be described by the 
intersection of two straight lines which move parallel to 
themselves while the arelice of their distances from a fixed 
point remains constant. 
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10. Two straight lines are drawn from the foeus of an 
ellipse including a constant angle ; tangents are drawn to the 
ellipse at the points where the straight lines meet the ellipse : 
find the locus of the intersection of the tangents, 


11. Find the latus rectum of the parabola (y— 2x)? =a. 


12. Shew that the product of the semi-axes of the ellipse 
y? — dry + 52? = 2 is 2. 


13. Find the angle between the asymptotes of the hyper- 
bola ry = be" +. 


14. Find the equation to a payabola which touches the 
axis of a at a distance a, and cuts the axis of y at distances 
B, & from the origin, 


15. If two points be taken in each of two rectangular 
axes, so as to satisfy the condition that a reetangular hyper- 
bola may pass through all the four, shew that the position of 
the hyperbola is indeterminate, and that its centre describes 
acirele which passes through the origin and biseets all the 
straight lines which join the points two and two. 


16. Two straight lines of given Jeneths coincide with 
and move along two fixed axes in such a manner that a eirele 
may always be drawn through their extremities; find the 
locus ‘of the centre of the cirele, and shew that it is an equi- 
lateral hyperbola. 


17. A variable ellipse always touches a given ellipse, 
and has a common focus with it; find the locus of its other 
focus, (1) when the major axis is given, (2) when the minor 


\ 


Axis 18 given. 
18. Draw the curve y’ — Sy + 60? — l4.r + 5y+4=0, 
19, Draw the curve 27+ 9° -—3 (e+ y) —ry=0. 
20. Find the nature and position of the curve 
oy? — Sry + 252" + Gey — 42cxr + Ic? = 0. 


21. The equation toa conic section is az" + Qbry+cy'=1: 
shew that the equation to its axes is zy (a —c) = b (2? —7/), 


T.C.3 16 
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22. The locus of the vertices of all similar triangles whose 
bases are parallel chords of a parabola will in general be 
another parabola; but if any one of the triangles touch the 
parabola with its sides, the locus becomes a straight line. 


23. <A scries of circles pass through a given point 0, 
have their centres in a straight line O.l, and meet another 
straight line BCL Let Mo be the point at which one of the 
circles mects the straight line O.A avain, and let N be either 
of the points at which this circle meets GCL From Af and 
N straight lines are drawn parallel to BC and OA respec- 
tively, intersecting at J?; shew that the locus of 2 is an 
hyperbola which becomes a parabola when the two straight 
lines are at right angles. 


24. The chord of contact of two tangents to a parabola 
subtends an angle 8 at the vertex; shew that the locus of 
their point of intersection is an hyperbola whose asvmptotes 
are inclined to the axis of the parabola at an angle @ such 
that tan d =) tan. 


25. Determine the locus of the middle points of the 
chords of the curve aa? + 2bxry + cy?’ + 2ec + 2fy + y = 0, which 
are parallel to the straight line we sin 8-9 cos 8 = 03 and licence 
find the position of the principal axes of the curve. 


26. Shew that the equation (2? — a)? + (7? — a’)? = at re- 
presents two ellipses. 


27, AB and AC are given in position, and BC is of 
constant length: shew that if 22 and 2U be drawn making 
any constant angle with AB and fC the locus of 2 is an 
ellipse. 


28, A number of parabolas whose axes are parallel have 
& common tangent at a given point: shew that if parallel 
tangents be drawn to all the parabolas the points of contact 
will lie on a straight line passing through the given point. 


29. If on one of the longer sides of a rectangle as major 
axis an ellipse be described which passes through the inter- 
section of the diagonals, and straight lines be drawn from 
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any point of that part of the ellipse which is external to 
the rectangle to the extremities of the remote side, they will 
divide the major axis into segments which are in geometrical 
progression. 


30. A series of ellipses have their equal conjugate dia- 
meters of the same magnitude, one of them bemg common 
to all while the other varies in position: shew that tangents 
drawn from any point in the fixed diameter produced will 
touch the ellipses at points situated on a cirele. 


31. TP, TQ are tangents to a central cone section, and 
the chord 7Q is produced to mect the directrices at /? and 
I’: shew that 


BPR SE ROL T se TE. 
32. In any conic section if PQ, AR make equal angles 


with a fixed chord PA, and VR be joined, shew that Ql 
will pass through a fixed point for all positions of ?Q, Pit. 


16—2 
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| CHAPTER XIV. 
MISCELLANEOUS PROPOSITIONS. 


281. WE shall give in this Chapter some miscellaneous 
propositions for the most part applicable to all the conic 
sections, 


To find the equation to a conic section, the origin and axes 
being wnrestricted in position. 


Let a, b be the co-ordinates of the focus; and let the 
equation to the directrix be Le + By + C=0. The distance 
of any point (2, ¥) from: the focus is {(c—a)? + (y—b)"}3, and 
the distance of the same puint from the directrix is 

“le+ Byt C 
v (2d? + *) * 
Let e be the ercentricity of the conie section ; then if (a, y) 
be a puint on the curve, we have, by definition, 
(12+ By + C) 
= a) (y Bye ye 
{(v a) +(y )*] MV (ol? + 55°) ( ); 
C(det yt OF oy 
Pe os eevee ee a }s 


We see from (1) that the distance of any point on a conic 
section from the focus can be expressed in terms of the jsirst 
power of the co-ordinates of that point whatever be the origin 
and axes. This is usually expressed by saying the distance 
of any point from the focus is a linear function of the co-ordi- 
nates of the point. 








therefore (c—a)*+(y—b)’= 


282. It will be seen by examining the equations to the 
conic sections given in the preceding Chapters that any conic 
section may be represented by the equation y*® = mx + 22", 
The origin is a vertex of the curve and the axis of x an 
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axis of the curve; m is the latus rectum; in the parabola 
n=0; n is negative in the ellipse and positive in the hy- 


perbola. In the circle m is the diameter of the cirele and 
n= —], 


283. To find the equation to the tangent at any point of 
a curve of the second degree. 
Let the equation to the curve be 
ax’ + bry +cy? + du +eyt f= Oe (1), 
the axes being oblique or rectangular. 
Let 2’, y' be the co-ordinates of the point, 
ey the co-ordinates of an adjacent point on the curve. 


The equation to the secant through these points 1s 
y ‘—y ; 
= y= a i ke Sa) Ueseumeseutvauents (2). 


Since (a, y") and (2, 7") are on the curve, 
ar® + br'y + cy? +d’ + ey + f=, 
an tbe’ y" +ey? + dul + ey" + f= 
therefore a (2? — 2") 4b (cy - ay) +e" —-y") 
td(c"-a2)+e(y"—-y)=9, 
or (a — a’) fa (a +a") + by" +d} 
+(y"—y) ic ty) tbe te, =0, 
therefore ae =— f a ty ee - : 
Hence (2) may be written 
a" +a) + by" +d 
Ig em ea ih hi Caer 


Now in the limit 2” =2' and y” =y'; hence the equation 
to the tangent at the point (c, y) 1s 
Qax’ e+ by +d , 
Ba Qcy' + ba’ +e ee 
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_ This equation may be simplified ; we have by reduction 
y (2cy’ + ba' +e) + x (2ax’ + by' +d) 
= 4! (2cy' + bx’ +e) +2' (2aa' + by' +d) 
= 2(ax"+ba'y'+cy"+de'+ey +f)—dzx' —ey — 2f; 
therefore 
y (2cy' + ba’ +e) + x (2ax' + by' +d) + dx’ + ey’ + 2f=0. 
If f= 0, the curve passes through the origin, and the equa- 
tion to the tangent at that point becomes y = — : a, which we 


see docs not involve the coefficients of 2’, y’, or xy, in the 
equation to the curve. 


The equation to the tangent at any point of (1) may also 
be found in the following manner : 


Let 2’, 7' be the co-ordinates of one point on the curve ; 
and wx’, y” the co-ordinates of another point on the curve. 


The equation to the secant through these points may be 
written 


a(c— 2) (ea) th(r—a)(y-y")+el(y-¥) (y-y") 
=ar+brytcy +da+eyt+f. 
For it is obvious that this equation is really of the first 
degree in « and y, and thercfore represents some straight line. 
Moreover the equation 18 satisfied when r=.w2, and 7 y=7 3 


and also when a=.r", and y=y. Therefore the equation 
represents the straight line passing through the points (z’, 7’) 


and (2, 4"). 


Now suppose a” = a", and 9’ =y'; then the secant becomes 
the tangent at the point (2, y’), and the equation becomes 


a(e—a)'+b(c-x) yy) +e(y-y) 
=ar+ bay + cy” +dx+ ey +f: 
and by simplifying we obtain the same form as before. 


284, The cquation to the normal at the point (c’, 7) 
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when the curve is expressed by equation (1) of the preceding 
Article and the axes are rectangular, will be 


,  2cy' + ba’ +e 
J-y = Sy . a’). 


285. It may be shewn as in Art. 183, that if from a 
point (4, &) two tangents be drawn to the curve expressed by 
equation (1) of Art. "283, the equation to the chord of contuct 
is ¥2Qck+bh+e)+a (2ah + bk +d) +dh+ek+2f=0. 


286. All chords of a conic section which subtend a right 
angle at agiven point of the curve intersect on the normal at 
that pornt. 

Take the given point of the curve as the origin of a sys- 
tem of rectangular axes, and let the equation to the curve be 


as? & bay + cy? + dit + ey = ais secececevens (1). 


The axis of « meets the curve at the points found by 
making y=0 in the above equation, that is, at the points 


r=Q, and r=— : . Similarly the axis of y meets the curve 
at the origin and also at the point for which y= — : ; 
Hence the equation = ++ an =], 
7 ¢ 
or vos awe + 1D waceeruneetie awe (2) 


represents the chord joining the points of intersection of the 
axes and curve. 


Also the equation to the normal to the curve at the origin 
is by Art, 254, 


C a 
| art! ee ee ere eT Te err ere es (33, 


Hence (2) and (3) meet at the point whose co-ordinates are 

—-d —-—e ; 

ate’ ate 
atc 


, and whose distance from the origin is thcre- 
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Now change the directions of the axes preserving the same 

origin; the equation (1) will then become 
a'x? x b'ar'y/ + cy” ae ax ae ey’ = 0, 

Also it appears from Arts. 274 and 275, that 

a+c=ate andd’?+e’=a'+e. 

Hence the normal at the origin will meet the new chord 
at the same distance from the origin as it met the orginal 
chord, that is, will meet it in the same point. Since this is 
true whatever be the directions of the axes, it follows that all 
the chords intersect at the same point. 


287. By comparing Arts. 154, 204, and 264, we see that 
the polar equation to any conic section, the focus being the 


ee a, di l 
pole and the initial line the axis, is r= ———, where 
: 1+e¢cos@ 
{= )alf the Jatus rectum. 


We shall use this in proving the following proposition : 

The semi-latus rectum of any conic section is an harmonic 
mean between the segments made by the focus of any focal chord 
of that cunte section. 

Let “VSP = @, see figure to Art. 158; 
l 


ene 





therefore SP= Tarr 
Suppose PS produced to meet the curve again at 1”; 
therefore SJ”’=.- . - ae 5 
l+ecos (7+ 0)’ 
J yb Leecsd  Laecon? 2 
SL St! l a 
which proves the proposition. 





therefore 


_ 288, The polar equation to the tangent to a conic sec- 
tion, the focus Leing the pole and the initial line the axis, is 
(Art: 205) 

l 
pe COS O008'( 8 = 0) cis Goscessscuceas (1), 


where @ is the argu'ar co-ordinate of the poitt of contact. 
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Similarly the polar equation to the tangent at the point 
whose angular co-ordinate is 8, is 


08 A+ COS (B—8)...ccccceccseeeee(2 


* 


At the point where these tangents mect, we have 
cos (2— 8) = cos (8 — 8). 


Now we cannot have a— 6 = B—8@, since @ and B are by 
supposition different ; we therefore take a— @= 0— 8, there- 
? , 
a+p 
fore d= : 


*) 


ol 


Thus the two tangents (1) and (2) meet at the point whose 
: . atp 
angular co-ordinate is ~~. 
2 
For example, suppose the conic section an cllipse 5 Tet 
ASP=a4, ASY =, and Ict the tangents at 2 and Q meet 
ut 7’; 





y 
ie 
f: ie 
/ Bs 
/p——~> 
ai 3g 
— 
_ “a oe 
ae eee at eee 
~\ 
an 
ee 


P] 


: “rny he +rpy 
then AST= nu B, therefore PST = B » =QsT; 
that is, the two tangents drawn from any point to an ellipse 
subtend equal angles at either focus. 
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Similarly the two tangents drawn from any point to a 
parabola subtend equal angles at the focus. 


With respect to the hyperbola we have to distinguish two 
eases. We have shewn in Art. 231, that from any point 
included between the asymptotes and the curve, two tangents 
can be drawn both meeting the same branch of the curve, but 
from any point included within the supplemental angles of 
the asymptotes two tangents can be drawn ineeting different 
branches of the curve. 


If now the two tangents from a point meet the same branch 
ofan hyperbola, it may be shewn as in the case of the ellipse, 
that they subtend equal angles at cither focus, We will 
consider the case in which the tangents meet different 
branches, 





Let T be a point from which tanvents 7P, TQ are drawn 
to different branches of an hyperbola. 


Let ASP=a; and let the angle which QS produced 
through S makes with AS be 8; then @ is an angle greater 
than a, and ASQ =8 — 7. 


Thus the equations to ZP and T@ will be respectively 


t = eos 0 +008 (2— 6), “=e cos 0 +-c0s (8B — 6). 
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At the point Z where they meet, we have 
cos (a — 8) = cos (8 — 8). 


We may therefore take 6 = : if ‘ 


a+, 
«) 


~~ 


, that is, we have 
as the angle which 7S produced makes with AS; thus 


a+ 


ww) 3 
aa 


AST = 7 — 


> , 


therefore TS P= a —- a 2 TSQ = B ie a 


therefore TSP 4+ 7SQ =r: 


that is, the angle which one tangent sabtends at cither focus 
is the supplement of the angle which the other tangent sub- 
tends at the same focus. 


289. We have given in Art. 120 the definttions of a pole 
and polar with respect. to a given cirele, The same detini- 
tions are used generally substituting come section for curcle. 
If then the equation to the curve be 


ax’ + bry + cy + le + ey +f= (), 
the equation to the polar of (a, y') is (Art. 283) 
x (Qua + by +d) + y (Qcy + be +e) + de’ + ey + 2f= 00. 
The cquation just given always represents a straight line 
at a finite distance from the origin except when both 
2aa'+by+d=0, and 2ey'4+ be +e= 0. 


But if a’ and 7’ satisfy these relations they are the co-ordi- 
nates of the centre of the curve; see Arts. 270 and 276. 
Hence strictly speaking there 1s no polar corresponding to the 
centre of a conic section ; this fact is frequently expressed by 
saying that the polar of the centre vs the straight line at infinity. 
See page 7+. 


290. Lf one straight line pass through the pole of another 
straight line, the second straight line will pass through the pole 
of the first straight line. 


252 POLE AND POLAR. 

Let («’, y’) be the pole of the first straight line, and 
therefore the equation to the first straight linc 
az (Qax'+ by! +d) +y (2cy' + ba’ +e) + da’ + ey’ + 2f=0...(1). 


Let (x”, y”) be the pole of the second straight line, and 
therefore the equation to the second straight line 


x (2a + by" +d) + y (2cy"+bx" + e)+ dx’ +ey"+ 2f =0...(2). 
Sincc (1) passes through (a, y") we have 
wn” (2a + by +d) + y" (2cy’ + ba’ +e) + dx + ey + 2f= 0, 
that 1s, 
w' (ar + by” +d) + y! (2cy" + bu” + e) + dc” + ey" + of = (); 
henee (2) passes through (2, 7’). 
291, The rutersection of two straight lines is the pole of 


the straight line which joins the poles of those straight lines. 
See Art. 122, 


202, Jf a quadrilateral ABCD be dnseribed in a conic 


section, of the three puints K, F, G, each ty the pole of the 
straight line guining the other two. 


F 


RRA 


8B A KE 


Let E be the origin; #A, ED the directions of the axes 
of x and y; and let the equation to the conic section be 


ax® + bry + cy? + dx t ey t f= On. cecceee (1). 
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Also suppose 

EA=h, EB=N, 

ED=k, EC=K. 
The equation to AC is , + +7 Sak Uinwpeanatat eetencaas (2) 
the equation to BD is vt 4 a eee ee (3) ; 
the equation to AD is ‘i + an ee eee (4) ; 
the equation to CD is ‘ + i = Nee AT eae ‘0, 
From (2) and (3) it follows that the equation 

1 1 1 1 . 
2 ees eee Poe teen) é 
a (+pta(.te) Ei aneeetemeees ((y) 


represents some straight. line passing throuch GL But from 
(4) and (5) it follows that (6) represents some straight line 
passing through #2 Hence (6) must be the equation to LG, 
Suppose in (1) that y=0; then we have the quadratic 

aa +de+f=0; and the roots of this equation are hand WV’; 
d oe 1 1 ie eae 

hence h+h =—-, hh a - therefore , +,,=—--.. Simi- 
C 7 hoh I 


larly, =o 
i+ eo I 

Hence (6) becomes dr + ey + 2f'= 0. 

But this, by Art. 289, is the equation to the polar of the 
origin; therefore FG is the polar of £. Similarly #G is the 
polar of L. Hence, by Art. 291, Gis the pole of LY, 

293. To determine the form of the general equation toa 
conic section when the axes ure tungents, 

Let ax’ + bry tcy + drt ey + fa... (1) 
be the equation to the conic section. 


To find where the curve mects the axis of 2, put y=0 
in the above equation; thus az’ +de+f= 0. 
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If the axis of a is a tangent to the curve it must meet the 
curve at only one point (see Art. 171); hence the rvots of the 
above quadratic must be equal; therefore 


UP SAS seinscctevniesunasuerseee (2) 
Similarly that the axis of y may be a tangent to (1) we 
must have 
CAS wait uaiessenteingeons »..(3) 


ae the values of aand ¢ from (2) and (3), then (1) 
becomes ad’? + 4d fc t+ ey? + defy + 4bfcy + 47? = 0, 


or (dic + ey + 2f)? + (4bf —2de) ry =0, 
d : 2bf— de 
or : ae 4 +1) + - (), 
(satay ae 
5 d 7 1 eC 1 2hf — de Sas 
Put of dh? ne a ape FBS 


thus we obtain for the required equation 


CY Vy = 
(oe 1) a a 


By putting suceessively a and 7 =0, we see that h is the 
distance from the origin to the point where the curve mects 
the axis of a, and & is the distance from the origin to the 
point where the curve meets the axis of y. 

If it be required to determine a conic section which touches 
two given straight lines at given points, and also passes 
through another given point, we may assume the last written 
equation to represent it, so that the straight lines to be touched 
are taken as the axes of wand y; then by putting the co-ordi- 
nates of the additional given point in the equation we find a 
single value for p. Thus there is only one conic section 
satistying the data, 


294. Suppose the equation 
ZY : 
(,+4%-1) Fr 1 | eee ees (1) 
to represent a parabola. Then, by Art. 280, 


2 : 4 
(i 7 n) = hips 
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4 
therefore w=0, or p=— his 


m4 
If »=0, (1) becomes r+ 
sents the straight line joining the points of contact of (D 
with the axes, 


—1=0; this equation repre- 


we have from (1), 


S32 hry 


e 

ze 4 

Gta i =) fe es a). 
wraaflare al if. pees oi) ; 
therefore aa [=+2? Gi 


wt! af 22 cy _4. 
therefore, a f )+t= lL; 


4 
H ee hl? 


hk 


an 1 . wo . 
therefore Ji + ds +1 


We may write this 


ni uy. . 
ms t/t I a oe 2) COR OCCo reer renee (3), 


remembering that the radicals may be positive or negative. 
Thus (3) is the equation to a parabola referred to two tan- 
gents as axcs, 


205, We may notice the form of the eyuation to the 
tangent to the parabola 


x y 
at qrl pcieeenies ied 1), 


The equation to the secant through (c’, y') and (2", 9") is 


ral ‘—y eon 
YY =i oy (ee). 


Since (2, y') and («”, y") are on the parabola, we have 


Pe n/t =], and 
Vata eat 
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Va — fat Ny yy’, 
Vk a Vb: ’ 

and en eA Vy ty ly + hy 
eee aa A/a —/a'° Ja” + aJucl Wh ae! + x” 


Hence the equation to pes sccant may be written 


thercfore 


Hence we have for the equation to the tangent at (2, 7’) 


,_ _ Av (hy’) 53 
DU gy Mee . 


y m y cr 


eo asi St ee ee ; , =], 
Vey) * alae) (ky’) * (he!) 


or 


Similar Curves. 


296. Drrixitiox, Two curves are said to be similar 
and similarly situated when a radius vector drawn from some 
fixed point in any direction to the first curve bears a constant 
ratio to the radius vector grawn from some fixed point ina 
parallel direction to the second curve. 


Two curves are said to be sémilar when a radius vector 
drawn from some fixed point in any direction to the first curve 
bears a constant ratio to the radius vector drawn from some 
fixed point to the second curve in a direction inclined at a 
constant angle to the former. 


The two fixed points are called centres of similarity. 


207. If two curves are similar, so that a pair of centres of 
similarity exists, then an infinite number of pairs of centres of 
similarity cau be found. 


For, suppose 0, 0' to denote one pair of centres of simi- 
larity; and let OP, OQ be radii vectores of the first curve 
and O'P’, O'@ the corresponding radii vectores of the second 
curve, so that the angle POQ = the angle POQ, and 

OP OQ 


VE” VU y" Suppose ahy point S taken and joined to O; 
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then make the ancle P’0'S’ = the angle POS, the angles 


heing measured in the same direction, and take 0’ S' so that 
()' y” Or Pp 
ae = op: : then Sand 8" shall be centres of similarity. 


For join SP, SQ, SP’, S°Q; then the triangles SOP, 
S'O'P’ are similar; and so also are. the triangles SOQ, 
S'O'Q'. Hence it easily follows that the angle GSP? = OST"; 

SP SY 


and that - SPRY ; and thus the proposition is established. 


298, {ll parabolus are similar curves. 


Let 4a be the latus rectum of a parabola, and 4a’ the latus 
rectuen of a second parabola. The polar equations of these 
curves, the foci bemg the respective poles, are 

Oy ; Oey! 


= o 0° == eee 5 
] + cos @’ 14+ cos @ 
; ae ae 
Hence, if @= 6, we have =-,. Thus any two para- 
r a : 
bolas are similar, and the foci are centres of similarity. 
299, To find the conditions which must hold in order 
that the curves 
an’ + bey + cy + dict ey + f= Orcccccnces (1), 
ait hry pc y+ Patel y Af aie eae 
may be sinilar and similarly situated. 
Suppose (A, hr), (4, k’) the respective centres of similarity ; 
for @ and y in (1) put 4+rcos 6, and k+rsin@ respectively ; 
we shall thus obtain a quadratic in x which may be written 


Le Mee SH 0 avs wiceste eis (3). 


For x and y in (2) put A’'+7' cos8, and / +t r sin 6 re- 
spectively ; we shall thus obtain a quadratic i in which may 
be written 


Lr? Mr! 4 NH cecccssssereeee (4). 


Now that the curves may be similar and similarly situated, 
we must always have 7’ =Ar, where A is some constant quan- 
tity; thus (4) becomes 

ML? + NAL tN! HO. cc ceecerececenes (5). 
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L_M_N 
FETE TP on 


Since neither NV nor N’ involves 6, we deduce as a neces- 
sary condition that bs must be constant whatever # may be. 
Put for Z and L’ their values; then 
a cos’6 + bsin 8 cos 8+. sin’ 6 . 

a! cust +0'sin 8 cos Oc sinkB~ © COMSIARE= H SAY----(1) 5 
therefore (a—pa’) cos 6+ (b— pb’) sin 8 cos 8 + (c— pc’) sin? O=0. 
Since this is to be true whatever 6 may be, it follows that 


Si eT | 
a b ¢ 
Hence we have arrived at (8) as necessary conditions, in 
order that (1) and (2) may be similar and similarly situated. 
We have still to ascertain whether these are sufficient to 
ensure the similarity. The direct method would be to exa- 
mine if 4, A&W’, ko can be so chosen as to make (6) hold; but 
the following method is more simple. The equations (1) and 
2), by micans of (8), may be written 


ax’ + bry +ey' + dct+eyt f= 0, 
ax’ +bryteytp(det+e'y+f') = 0. 


J. Suppose b*—4ac=0; then cach curve is in general a 
parabola, and therefore the curves are similar ; also their dia- 
meters are parallel so that the curves are similarly situated. 
See Art. 279. This conclusion is subject to the exceptions 
that may arise when either locus instead of a parabola, be- 
comes one or two straight lines, or impossible. 

II. Suppose &— 4ac not =0. We may then by changing 
the origin of co-ordinates for each curve reduce the equations 
tu the form 

2 
ax’ + bry + cy’ +f, = 9, 
ax’ + bry +eyr+ f,=0. 
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__ By expressing these equations in polar co-ordinates, they 
give 
= ee: eee ane een 
a cos’ 6 + b sin 8 cos 6 +c sin*@’ 


2 7, 


~ acos*6' +b sin & cos F +c sin’@ ’ 
r 
Thus, if 0=@, we have -,=constant. Hence the curves 
re 
are in general similar and similarly situated. This conclusion 
is subject to the exceptions that may arise when either locus 
Instead of a curve becomes two straight lines, or a point, or 
impdssible. 

300. Next, suppose we require the curves (1) and (2) of 
Art. 299 to be similar without the Lnutation of being simi- 
larly situated. For « and y in (1) we put respectively 

h+rcos 6, h+rsin 6, 
For x and y in (2) we put respectively 
h'+a'cos (8+), hk’ +7’ sin (@+a), 
where @ is some constant angle at present undetermined. Pro- 
ceed as in Article 299; instead of equation (7) we shall now 
have 
acos’ @ + bsin @ cos 6+ sin 6 
a’ cos* (6+ a) + U' sin (6 + 2) cos (6 +a) +c’ sin’ (8+ a) 
= 4 constant = uw say, 
This may be written 
a cos’ 6+ b sin 6 cos 6 + ¢ sin’ @ 
A cos'd +B sind cosd+ Csivta ™ 
where 
A=a' co’ atc sin?a + U' sin @ cos a, 
B=2(c —a’)sinacosa+ U (cos’?a—sin’a), 
C=a' sin?a+c'cus’a—U' sin @ cosa. 
That the curves may be similar we must have 


A Bb CG 


17—2 
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Hence each of these ratios must equal — ¢, 
BP _ (AO) . 
therefore amet me 
for BP L? 
therefore (a+ Gp Cer 
AC _(A+@)', 
aa uc (a+c)*’ 
therefore ee aces ga 
(l+C) (atc) 
Hence IR-4A0 _¥—4a0 
(A+ 0)? (a+c)*° 
But At C=a' +c, e 
and B’—-4AC=b"— 4a'c, (Art. 274) ; 
therefore ob" —4a'c' _ b'—4ac 
(a +c)*  (a+e)*” 


This relation must therefore hold, in order that the given 
curves may be similar. 


From the results obtained in Art. 278 it is easy to derive 
an instructive verification of the condition of similarity just 
demonstrated. It will be seen that similar conic sections 
have the same excentricity. 


Area of a Polygon. 


301. In Art. 11 we have given an expression for the 
area of a triangle in terms of the co-ordinates of its angular 
points: we shall now investigate the corresponding expression 
tor the area of any polygon. 


Let the angular points of the polygon taken in order be 
(a, Y1)s (Bg Ya)s ++ (Zar Ya); take any point (a, y) within the 
polygon and draw straight lines to the angular points of the 
polygon, thus dividing the polygon into triangles having a 
common vertex at (7, y). Then by Art. 11 the numerical 
values of the areas of these triangles are respectively 
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1( 
2) 
1( , ) 
Uy a Yg) $y (Y — Ys) +5 (Ye — ? 


. (tJ) +e, (y — ¥2) +t, Wy -y)| 


1( , | 
» 2 Yan ae Yn-1) + Wey YY —y,) + U,, (Yu ca »y 


hie. -3 
) is WY; =.) +r, ‘y —¥,) +7, (Ya -1) . 


Let us assume, for the present, that the sum of these ex- 
pressions will give the area, By addition 2 and y Se Ue 
and we obtain 


1 
9 fe (Y.— Ya) +2, (¥, — Ys) +2, (¥.- Y) + wee 
+ Diy Ynag Ya) + 2, aa} . 


By multiplying out this expression may be written thus: 


a 


‘ [rh — LY, + LY. — LY, + 
FY nn ~ CaiYn FEY ~ e, : 
The expression may also be written thus: 
; i (2, —2,) + Y, (2 — 2) + 5 (4, —-7,) + 
+ YY, (Ly — Lyn) + Yale, = 2.) 


302. We now proceed to examine the admissibility of 
the assumption made in the preceding Article. Suppose that 
the polygon has no re-entrant angle. We must then shew 
that the expressions for the areas of the triangles used in the 
preceding Article are all of the same sign ; for unless this is 
the case we do not obtain a correct numcrical value of the 
area of the polygon by adding these expressions. The required 
result may be obtained by the aid of a principle which we 
have already applied ; sce Arts. 54 and 215, 
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Consider the expression given for the area of the first 
triangle in the preceding Article. The expression will retain 
the same sign for all positions of (x, y) which are on the same 
side of the straight line passing through (z,, y,) and (2,, ¥,). 
Similarly the expression given for the area of the second 
triangle in the preceding Article will retain the same sign 
for all positions of (a, ¥) which are on the same side of the 
straight line passing through (2,, y,) and (a,, y,). Thus if 
the two expressions have the same sign for ae position of 
(@, y) within the polygon, they will have the same sign for 
all such positions, But by trial we can ack a that the 


two Aiea have the same sign when x= 9 neue 7,) and 


y=5 Ly, +¥,): the two expressions will in fact be found then 


to coingile: Thus the two expressions have the same sign 
for all positions of (x, y) within the polygon. Similarly the 
expressions for the areas of the second and third triangles 
have the same sign. And so on. Thus the assumption 
made in the preceding Article is justified. 


308. We will now briefly illustrate the method by which 
it may be shewn that the expressions obtained in Art. 301 for 
the area of a polygon hold even when the polygon has re- 
entrant angles. 


Suppose, for jake Ae Cake we have a auaivisieial figure 
ABCD, with a re-entrant angle at B. Through B draw a 
straight line parallel to the axis of a, and take a point b on 
this straight line, such that 46CD is a quadrilateral figure 
without a re-entrant angle. 


Let the co-ordinates of A be z,, y,; let those of B be 
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z,, ¥,; and so on. Let the abscissa of b be x Then we 
know that the area of AbCD is numerically expressed by 


1 
9 {x (4-42) +z (¥,— 4s) 5 x,(¥,— y,) + 2%, (7, -y)h : 


Now as x increases this expression becomes algebraically 
greater since y,— 7, Is positive; and as .c increases we see 
from the figure that the area increases: hence it follows that 
the expression 1s positive. Put c=a,+h, so that h= Lb. 
The expression then becomes 


1 
D) fe, (Y,—- 4.) +m, (Y, — ¥,) +2, (Y, as ¥,) + 2, v.- 9} 
+h 93 


] : 
and as oh (y,— ¥,) is obviously equal to the area of .1BCO, 


it follows that the other part of the expression is equal to the 


area of ABCD. 


304, Although the results given in Art. 301 are not. of 
great importance, yet the reasoning in Arts. 302 and 303 18 
very instructive. The method of Art. 303 may be apphed 
whatever be the form of the figure, with slight modifications 
which do not affect the principle. 


Homologous Triangles. 


305. In Art.76 we have spoken of homologous triangles ; 
we will here give another property relating to such triangles, 

Suppose ABC, ABC, A°B'C" three triangles such 
that any two of them are homologous ; and suppose morcover 
that AB, A’B’, A’ B" meet at a point: then the three centres 
of homology will lic on a straight line. 


For consider the triangles AA’A” and BB", By sup- 
position AB, A'B’, and A" B" mect at a point: therefore, by 
Art. 76, the intersections of corresponding sides of the triangles 
lie on a straight line; that is the intersection of AA’ and BI, 
of A’A" and BB’, and of A’A and B’B hie on a straight 
line. 
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And conversely if the three centres of homology le on a 
straight line the sides AB, A’, A” B meet at a point; so 
also do BC, BC’, B’C"; and CA, C'A’, C°A", This also 
follows from Art. 76. 


306. It may be easily shewn that if we take the equa- 
tions to the sides of two triangles as im Art. 76, then the 
equations 


utmeotnw=0, lutm’vt+tnw=0, lut+mrtn'w=0 


will determine a third triangle such that any two of the 
triangles are homologous, and that any three corresponding 
sides meet at a pot. ' 


EXAMPLES. 


1. Straight lmes are drawn through a fixed point: shew 
that the locus of the middle points of the portions of them 
intercepted between two fixed straight lines is an hyperbola 
whose axymptotes are parallel to those fixed straight lines. 


2. Through any point P of an ellipse Q?’Q' is drawn 
parallel to the axis major, and 2?Q and 2Q° each made equal 
to the focal distance S2?: find the loci of Q and (J. 


3. In the given straight lines AP, 1 are taken variable 
pomts p,q such that ays pPs Qq : gel: shew that. the 
locus of the point of intersection of J’47 and (yp is an ellipse 
which touches the given straight lines at the points P, @. 


4. TP, TQ are two tangents to a parabola, P, Q being 
the points of contact; a third tangent cuts these at p, ¢ 
at oe Tp , 19 
respectively: shew that ret Ty = 1, 
5. TP, TQ are equal tangents to a parabola, P, Q being 
the points of contact; if PZ, QT be both cut by a third 
tangent, shew that their alternate segments will be equal. 


6. From a point Oare drawn two straight lines to touch 
a parabola at the points P and Q; another straight line 
touches the parabola at 2 and intersects OP, OG at Sand 7: 
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if I’ be the intersection of the straight lines joining P7, QS, 
crosswise, Q, /?, Ware on the same straight line. 


7. From an external point two tangents are drawn to an 
ellipse: shew that an ellipse similar and similarly situated 
will pass through the external point, the points of contact, 
and the centre of the given ellipse. 


8. Land Bare two similar, similarly situated, and con- 
centric ellipses; Cis a third ellipse similar to if and J, its 
centre being on the cireumference of J, and its axes parallel 
to those of for B: shew that the chord of interseetion of uf 
and Cols parallel to the tangent to Bat the centre of C. 


e 
9. The straight line joming any point with the inter- 
section of the polar of that point with a directrix subtends a 
night angle at the corresponding focus, 


10. If normals be drawn to an ellipse from a given point, 
the points where they cut the curve will He on a reetangular 
hyperbola which passes through the given point. and has its 
asymptotes parallel to the axes of the ellipse, 


11. Tf CA, MP are the abscissa and ordinate of any 
point 2, on the circumference ofa cirele, and J/Q is taken 
equal to VP and inclined to it at a constant angle, the Jocus 
of the point Q@ is an ellipse. 


12. Having given the equation to a coni¢ section 
ar’ + Zhry + y 4-f= (), 


find the locus of the intersection of normals drawn at the 
extremities of each pair of ordinates to the same abscissa. 


13. Any two points P, Q are taken in two fixed straight 
lines in one plane such that the straight line ?Q is always 
parallel to a given straight line; J?, @ are severally joined 
with two fixed points Jf J?; tind the locus of the intersection 


of PH and Qf. 


14. The tangent at any point P of a circle meets the tan- 
gent ata fixed point A at JT, and 7 ix joined with #2 the 
extremity of the diameter passing through A: shew that the 
locus of the point of intersection of AP and BT, is an ellipse. 
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15. The polar equation to a conic section from the focus 
being = — €CO8 6=b, shew that the equation to a straight line 


which cuts it at the points for which @= a and 8 respectively, 
18 = —¢ cos 8 = b cos (a-" +8) sec — —" 


) 


ted 


16. Chords are drawn in a conic section so as to subtend 
a constant angle at the focus: prove that the locus of the foot 
of the perpendicular dropped from the focus upon the chord 
is a circle, except in a particular case when it becomes a 
straight line. 


17. If SP, SQ be focal distances of a conic section in- 


cluding a constant angle; shew that PQ touches a confocal 
conic. 


18. Having given two fixed points through which a conic 
section is to pass, and the directrix, find the locus of the 
corresponding focus. 


19. The focus and directrix of an ellipse are given; 
through the former a straight line is drawn making with the 
latter an angle whose sine is the excentricity of the ellipse. 
Find the locus of the points where this straight line mects the 
curve, the excentricity being variable. 


2(. A series of conic sections is described having a com- 
mon focus and directrix, and in each curve a point is taken 
whose distance from the focus varies inversely as the latus 
rectum: find the locus of these points. 


21. Two conic sections have a common focus § through 
which any radius vector is drawn meeting the curves at P, Q, 
respectively. Shew that the locus of the point of intersection 
of the tangents at P, Q, is a straight line. 


Shew that this straight line passes through the intersection 
of the directrices of the conic sections, and that the sines of 
the angles which it makes with these straight lines are in- 
versely proportional to the corresponding excentricities. 


22. A straight line is drawn cutting an ellipse at the 


points P, p; let. Q be either of the points at which the same 
straight line meets a similar, similarly situated, and concentric 
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ellipse: shew that if the straight line moves parallel to itself, 
PQ. Qp is constant. 


23. In two straight lines O.Y, OY, which intersect at 0, 
take OA=a, OB=6, shew that the centres of all the conic 
sections which touch the straight lines at 4 and J? lie on the 
straight line ay = ba. 


24, About two equal ellipses whose centres coincide, and 
whose major axes are inclined to cach other at a given angle 
an ellipse is circumscribed ; if A and J? be the semi-axes of 
the circumscribing ellipse, @ and b the semi-axes of the equal 
ellipses, and 22 the inclination of their major axes, then will 


OP + AP = (A+ Bea’) cos? a + (A*a? + TPb?) sin? a, 
Hence shew that about the two equal ellipses a similar 
ellipse may be circumscribed. 


25. Twosimilar ellipses have a common centre and touch 
each other; if 2 be the ratio of their linear magnitudes, m 
the ratio of the major to the minor axis in either, and @ the 
inclination of their major axes, prove that 


; ( z ( 1 ) 
snma=(n— |+i(m— ; 
n, an 


26. Two tangents (a, b) to a parabola intersect at. Pat an 
angle w, and a circle is described between these tangents and 
the curve: shew that the distance of its centre from JL is 


ab 


(a + 6) sec 5 + 24/(ab) tan ; 





27. If two chords at right angles be drawn through a 
fixed point to meet a curve of the second degree, shew that 
- nak a is constant, where # and r are the segments of one 
Rr Ltr 
chord made by the fixed point, and J?’ and r’ those of the 
other. 

28. The equation to the locus of the foci of all parabolas 


whose chords of contact with axes inclined at an angle a cut 
off a triangle of constant area is r= k 4/{siu 0 sin (a — 8)}. 
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29. A parabola slides between two rectangular axes, find 
the curve traced out by the focus, 


30. A parabola slides between two rectangular axes, find 
the curve traced out by the vertex. 


31. Successive circles are drawn cach touching the pre- 
ceding one externally and cach having double contact with a 
given parabola: shew that their radi form an arithmetical 
progression whose common difference is the latus rectum. 


32. A system of ellipses is represented by the equation 
in rectangular co-ordinates aa* + 2ery + by? =n (a +b), where 
a, b,c are variable and » constant: shew that every ptrallel- 
ogram constrneted on a pair of perpendicular diameters. as 
diagonals will circumscribe a certain fixed circle. 


33. If from any point in the tangent. to a conic section a 
perpendicular be dropped upon the straight line Joming the 
focus and the point of contact, prove that the distance of the 
pointin the tangent from the directrix is to the distance of the 
foot of the perpendicular from the focus as | is to e. 


34. Upon a given straight line as latus rectum, let any 
number of come sections he drawn, and from the fie us let 
two straight lines be drawn intersecting them all: then the 
chords of all the imtereepted ares will, if produced, pass 
through a single point. 


30. A str aight line of constant length moves so that its 
ends always lie on two given straight dines: find the locus 
traced out: ee point in the straight line which divides itin a 
given ratio. 


36. Tn any conic section if rand 7’ be focal distances at 
right angles to each other, and ¢ be half the latus rectum, then 


3 2 
7 a) a (= ae , is constant. 
r ol rol 


37. ‘Twoconic sections equal in every respect are placed 
with their axes at right angles and with a common focus S; 
SP, SQ being radi vectores of the one and the other at right 
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angles to each other, find the locus of the intersection of the 
tangents at Pand Q. 


Also find the locus when SPQ is a straight line. 


38. Sand /Tare the foci of an ellipse, and round S, 7/, as 
focus and centre, another ellipse is deseribed, having its minor 
axis equal to the Jatus rectum of the former, Through any 
point P? in the first draw SPQ to mect the second ; it is re- 
quired to find the locus of the interseetion of 2/2? and the 
ordinate QU. 


39. cf and B are the centres of two equal circles ; AP, 
BQ, radii of these circles at right ancles. Uf A/F = 22?, 
the straight line PQ always passes through one of the points 
of intersection of the circles. 


40. Tangents are drawn toa conie section at the points P, 
AR; another tangent is drawn at an intermediate pont (, ane 
meets the other tangents at 4, Ns shew that the angle ISN 
is half the angle LSJ? S being a focus. 


41. Ina parabola the angle between any two tangents 1s 
half the angle subtended at the focus by the chord of contact. 


42, If two equal ellipses have the same centre, shew 
that their points of intersection are at the extremities of 
diameters at right angles to one another. 


43. Given a focus and two tangents to a come section, 
shew that the chord of contact passes through a fixed point. 


44. A circle is described upon the minor axis of an cllipse 
as diameter: find the locus of the pole with respect to the 
ellipse of a tangent to the circle. 


45. Ina parabola two focal chords PSp, QSy, are drawn : 
shew that a focal chord parallel to ’Q will mect py produced 
on the tangent at the vertex. 


46. If from the vertex of a parabola a pair of chords be 
drawn at right angles to each other, and on them a rectangle 
be completed, prove that the lucus of the further angle 1s an- 
other parabola. 
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47. From a point P in the circumference of an ellipse 
chords ??Q, P2? are drawn at nght angles; express the co- 
ordinates of the point of intersection of QR with the normal 
at P in terms of the co-ordinates of 2. Shew that as P moves 
along the ellipse this point of intersection will describe the 


eiline oe oe oe) 
p te L? 4 Ga b? * 


48, Shew that the locus of the centre of an equilateral 
hyperbola described about a given equilateral triangle is the 
circle inscribed in the triangle. 


49, Two equal parabolas have the same axis and vertex, 
but are turned in opposite directions ; chords of one parabola 
are tangents to the other: shew that the locus of the middle 
points of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 


50. The co-ordinates of the focus of the parabola whose 
equation When referred to two tangents inclined at an angle 


w 1s J (+f (f)=1 are 


ub? a*b 


SAN ea Al coe et 
a+b? + 2ab cosa’ © a? +? + 2ubcosa@ 


51. If aa? + 2bry + cy? + 2a'e + 2c'y + d=0 be the equa- 
tion to a parabola, the axis of the parabola will be given by 


, 


; a Cc 
the equation (a +b) (2 + rae ) + (b+¢) (y + - ) = (), 


52. Two equal parabolas have the same focus and their 
axes are at right angles to each other, and a normal to one of 
them is perpendicular to a normal tu the other; prove that 
the locus of the intersection of such normals is a parabola. 


58. Find the locus of the intersection of two normals in 
an ellipse which are at right angles. 


54. Normals are drawn at the extremities of the conju- 
gate diameters of an ellipse, and by their intersections form 
a parallelogram, If ¢ denote the excentric angle of an ex- 
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tremity of one of the conjugate diameters, shew that the arca 





2 7.28 
of the parallelogram is a a sin’ cos" ¢. 


55. Through the four angular points of a given square a 
circle is drawn, and also a series of curves of the seeond 
order, and common tangents to the cirele and each curve are 
drawn. Find the locus of the points of contact of cach curve 
with its tangent. 


56. From any point J outside an ellipse two tangents 7'P 
and 7'@ are drawn to the ellipse: shew that a cirele can be 
described with 7’ as centre so as to touch SP, UL) SY, HQ, 
or these straight lines produced. 


If x aud y are the co-ordinates of 7) shew that the radius 


wo Lae eee YF 
of the circle is vey ere) , 


57. If from a point three radit vectores are drawn to a 
circle, and from the same point in the same directions three 
radii vectores are drawn to another circle, and the correspond- 
ing radii are in a constant ratio, that point is a centre of simi- 
litude of the circles. 


58 Tangents are drawn to the parabola r (14+ cos @) = 
at three points for which @ is equal to a, 8, y respectively ; 
shew that the equation to the cirele which passes round the 
triangle formed by the tangents 1s 


a Bo! at+pB+y 
T COS 4 COS , COS, = 5 COS (6- Ping cra 

Hence shew that the circle which passes through the 
intersections of three tangents to a parabola will pass through 
the focus. 


“~~ 
bo 
sI 
iO) 

— 


CHAPTER XV. 
ABRIDGED NOTATION, 


307. Through five points, no three of which are in one 
straight line, one conic section and only one can be drawn. 


Let the axis of « pass through two of the five points, and 
the axis of y through two of the remaining three points. Let 
the distances of ie first two points from tlie origin be h,, h,, 
respectively, and those of the second two points k, ks re- 
spectively ; also let h, & be the co-vrdinates of the remaining 
point. Suppose (Art. 269) 


aa? + bry t+cy+drt+eyt1l=0 0.00. ee (1) 


to be the equation to a conic seetion passing through the five 
points. Since the curve passes through the points (A,, 0) 
(h,, 0), we have from (1) 
Gh dh AT = Qc. ccc ceesccneenees 2 
Ah? + dh, tl SO... cece (3. 


Similarly, since the curve passes through (0, 4), (0, 4,), 
we have 


Pca) Ce | ee (4, 
Cho tek, tl =O... eee eeeee (5). 

Lastly, since the curve passes through (h, &), we have 
al? + bhi + ch? + dh + ek +1=0.........000... (6%. 


1 
From (2) and (3) we find a= hh, uae Ah, 


1 eg 
From (4) and (5) we finde=-—-, e=- Tee 
Ak, k 
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then from (6) we can determine the value of b. Since no 
three of the five given points are in the same straight line, 
none of the quantities h,, h,, k,, k,, h, k, can be zero; hence 
the values of the coefficients a, 8, c, d, e are all finite. If 
we substitute these values in (1), we obtain the equation to a 
conic section passing through the five given points. As cach 
of the quantities a, b, c, d, e, has only one value, only one 
conic section can be made to pass through the five given 
points. 


308. The investigation of the preceding Article may still 
be applied when three of the given points are on one straight 
line; the point (A, 4) for instance may be supposed to lie on 
the straight line joining (0, 4.) and (4,, 0); the conic seetion 
in this case cannot be an ellipse, parabola, or hyperbola, since 
these curves cannot be cut by a straight Jine in more than two 
points ; the conic section must therefore reduce to two straight 
‘lines, namely the straight line joining the three points already 
specified, and the straight ling Joining the other two points. 
It, however, four of the given points are on one straight line, 
the method of the preceding Article is imappheable; it is 
obvious that more than one pair of straight lines can then be 
made to pass through the five points. 


309. We shall now give soine useful forms of the equa- 
tions to conie sections passing through the angular points of a 
triangle or touching its sides. 


Let 1 =0, v=0, w=0 be the equations to three straight 
lines which mect and form a triangle; the equation 
yur + mw + nv =O veicccccceceeeeee (1), 


where J, m, n are constants, will represent a conic section 
described round the triangle; also by giving suitable values 
to l,m, n, the above equation may be made to represent any 
conic section described round the triangle. This we proceed 
to demonstrate. 


I. The equation (1) is of the second degree in thie variables 
x and y, which occur in the expressions u, v, w; hence (1) 
must represent 4 conic section. 


II. The equation (1) is satisfied by the values of x and 
T.C.S. 18 
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y, which make simultaneously vy = 0, w= 0; the conic section 
therefore passes through the intersection of the straight lines 
represented by v = 0 and w=0. Similarly the conic section 
passes through the intersection of w=0 and u=0, and also 
through the intersection of u=0 and v=0. Hence the conic 
section represented by (1) is described round the triangle 
formed by the intersection of the straight lines represented 
by uw=0, v=0, w= 0. 


III. By giving suitable values to J, m, n, the equation 
(1) will represent any conic section described round the tri- 
angle. For let S denote a given conic section described round 
the triangle ; take two points on S; suppose h,, k, the co-ordi- 
nates of one of these points, and ,, k, those of the other. If 
we first substitute A, and &, for a and y respectively in (1), and 
then substitute h, and k,, we have two equations from which 


we can find the values of ° and +3 suppose += p and T=% 
Substitute these values in (1), which becomes 
vw + pwu + quv =0......... peuuebesaaen (2) ; 


this is therefore the equation to a conic section which has 
five points in common with S, namely, the three angular 
points of the triangle and the points (h,, &,), (4,, k,). The 
conic section (2) must therefore coincide with S by Art. 307. 
Hence the assertion is proved. 


We might replace one of the constants in (1) by unity, 
but we retain the more symmetrical form; (1) may be 
lL mn 
written --+—+ —=0, 
uv w 


310. Equation (1) of the preceding Article may be written 
w (lv + mu) + nv =0.......cecceceeeee (1) ; 


we will now determine where (1) meets the straight line 
represented by 
U9 =O sass dendosinneeusenssioasus (2). 


By combining (2) with (1) we deduce nuv=0; therefore 
either «=0, or v=0; but by taking either of these suppo- 
sitions and making use of (2), we see that the other suppo- 
sition must also hold; hence the straight line (2) meets the 


on 


THE ANGULAR POINTS OF A TRIANGLE. 27 


curve (1) at only one point, namely, the point of intersection 
of u=0 and v=0. 


Hence (2) is the tangent to (1) at this point. Similarly 
mw + nv =) is the tangent to (1) at the point of interscction 
of w= 0 and v=0, and nu+lw=0 is the tangent at the point 
of intersection of u=0 and w=0. 


311, The demonstration of the preceding Article is imper- 
fect, because we know from Arts. 132, 222, that a straight line 
parallel to the axis of a parabola or to either asymptote of an 
hyperbola meets the curve at only one point, but is not the 
tangent at that point. The proposition may however be esta- 
blisheg in the following manner. Take the axis of « coinci- 
dent with the straight line u=0, so that u becomes gy, where 
q is some constant; also take the axis of y coincident with the 
straight line v=0, so that v becomes pe, where p is some 
constant. Suppose w= Ax+By+C. Then (1) of the pre- 
ceding Article becomes (Ax+ By+ C) (lpx+mqy) +npqry =0. 
By Art. 283 the equation to the tangent at the origin, that is 
at the intersection of c=0 and y=0, is lpxr+mgy=0, or 
ly+mu=0; which was to be proved. 


312. Let each of the three tangents in Art. 310 be pro- 
duced to mect the opposite side of the triangle formed by the 
straight lines «= 0, v= 0, w=0; then it may be shewn that 
the three points of intersection lie on the straight line 

ete 

m n 


=, 


The straight lines joining the angular points of the triangle 
formed by the tangents with the angular points of the original 
triangle respectively opposite to them, are represented by the 
equations aa 0, See 0, a 0 ; these three 

lL om m n n | _ 
straight lines meet at a point. Thus when a triangle is in- 
scribed in a conic section the straight lines joining each point 
with the pole of the opposite side meet at a point. 

313. Let u=0, v=0, w=0 be the equations to three 
straight lines, then the equation 

Au? + Bu + Cw’? + 2A’vw + 2B'wu + 2C'ur = 0 
18—2 


276 . EQUATION TO A CONIC SECTION. 


will gencrally represent any assigned conic section, if the 
constants A, B, U, A’, B’, C’ are properly determined. 


For suppose we divide the equation by one of the constants 
as 0", there are then five independent constants left. Now 
let S denote any assigned conic section ; take five points on § 
and substitute the co-ordinates of the five points successively 
in the above equation ; we shall thus have. five equations for 
determining the five constants. Suppose a, 4, ¢, a, b’ the 
values thus determined, then the equation 


au? + bv? + cw® + 2a'vw + 2b'wu + 2uv =0 
represents a conic section which has five points in common 
with S, and which therefore coincides with S. (Art. 307.) 


314. The method of the preceding Article, although im- 
portant and instructive, is not satisfactory, because we have 
not shewn that the five equations from which the constants 
are to be determined are consistent and independent. There 
may be exceptions to the theorem, and we therefore use the 
word generally in the enunciation. If the three straight lines 
meet ut a point, then the curve denoted by the equation always 
passes through that point, and the equation in this case will 
not represent any assigned conic section. If the three straight 
lines are parallel, u, v, w take the forms 


le+my+p, lat+tmyt+p', le+my+p", 
and the equation takes the form 
A (lc + my)* + pw (le + my) + v =0, 
which represents two parallel straight lines, and thus will not 
represent any assigned conic section. With these exceptions, 
however, the theorem is universally true, as we shall now 
shew by another demonstration. 

Since the straight lines are not all parallel, two of them 
at least will meet; suppose w=0 and v= 0 to be these two, 
and take their directions for the axes of y and x respectively; 
then u=0 becomes z= 0, and v=0 becomes y=0; also w=0 
may be written le+my+n=0. We have then to shew that 
the equation 


Aa! + By’ + C (la + my +n)? +2A'y (le + my +n) 
+2B'x (la+ my +n) +2Cay=0...... (1) 


will represent any assigned conic section by properly deter- 


mining the constants A, B,...... Suppose 
an® + 2bry + cy? + Qdx + 2ey + fH0.....000 (2) 


to be the equation to the assigned conic section. Arrange the 
terms in (1) and cquate the coefficients of the corresponding 
terms in (1) and (2); thus 


C=f, An+Cmn=ce, Bin+Cln=d, B+ Cm'+2A'm=c, 
Cln+Al+ Bm4+C=b, 14 (7% 4 2B 7 =. 


These equations determine successively CA, BBC", a. 
As the given straight lines do not meet at a point, wis not 
zero;*hence the values found for C, ut)... are all finite and 
determinate. Thus (1) 1s shewn to comcide with (2), and the 
required theorem is demoustrated. 


315. We will now investigate the equation to the tan- 
gent at any point of the curve represented by 
Awt But + Cu’ +24 ew + 2B wu t+ 2C uv = 0. 
Let u,v, be the values of u,v, w respectively at one 
° vt " ’ . ‘ 
point of the curve, and wu’, ve", wv" their values at another point 


of the curve. Then the equation tu the straight line joining 
these two points may be put in the form 


A(u-u'\(u—u' + B(v—v') (v—0") + Cw-w’) (w-w") 
+24’ (v—v')(w—w") + 2B (w—w') (u—w") +2 C'(u—w’) (v—v") 
= Au + Bu? + Cw’ + 21'vw + 2Bwu + 2Cuw. 
For this equation is really of the first degree in the variables 
u,v, and w, and therefore represents some straight line; more- 
over the equation is satisfied at the point (w’, v, w’), and also 


at the point (u”, v", wv"), and therefore it represents the straight 
line which passes through these two points. 


Now suppose the point (w’, v”, w’) to move along the 
curve until it coincides with the point (w’, v, w’). Then the 
secant becomes ultimately the tangent at (w’, v’, w’), and the 
equation to this tangent is 
Auu' + Bov' + Cww' + A’ (ww' + wr) + B (wu + uw’) 

+ C' (uv + vu’) =0, 
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316. Asa particular case of the preceding Article sup- 
pose that 4’, B’, and C" are zero. Then the equation to the 


curve 1s 
Au? + Bur + Cu =0 oc ccassecsescnveees (1); 
and the equation to the tangent at (u’, v’, w’) is 
Auw + Bor’ + Cww' =0 ..cecececeeeeeeees 2). 


Hence we can find the condition which must hold in 
order that a proposed straight line may touch the curve 
denoted by (1). Let the equation to the proposed straight 
line be 
Nt + MY + VW =O... cecsecccecrecceveees o(3). 

Tf (3) denotes the equation to the tangent at (w’, v', w’), 
we find by comparing (3) with (2) that 


Au DY Oe, 
H pb pv’ 
Let r denote the value of each of these fractions; then 
, Ar » fr , vr 


ee Pp SG 


These values must satisfy (1) since (w’, v’, w’) is a point on 
the curve; thus . ok 
wv _ a. 


this is therefore the required condition. 
317. The investigation of Art. 315 may be modified in 
special cases by using a different form for the equation to the 


secant. For example suppose that A, B, and C are zero. 
Then the equation to the curve is 


A’vw + B'wu + C’wv = 0, 
which may be also put in the form 
uiv Ww : 
The equation to the straight line which passes through 
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the points (u’,v, w’) and (u”, v’, wo") on the curve may be 
put in the form 
/ id s 

ee ee a0 

we vv ww 
For this equation is of the first degree in the variables wu, v, 17, 
and therefore represents some straight line; moreover the 
equation is satisfied at the point (w’, v, a’) and also at the 
point (wv, v", w"), and therefore it represents the straight line 
which passes through these points. 


Therefore the equation to the tangent at (w, 0”, w’) Is 


Au Bo Cw iss 
oe jer Viactsesselaeseuees ais 
U Vv (tH 


Hence we can find the condition which must hold in order 
that a proposed straight line may touch the curve denoted 
by (1). Let the equation to the proposed straight line be 


AU MY + VW =D. rrceceeeeserees (3). 


If (3) denotes the equation to the tangent at (w, v’, w’), 
we find by comparing (3) with (2) that 
A PB C 


: "ge 


on 
c—_ es oe 


| Au? po” vw 
From these relations and (1) we obtain as the required 
condition | 
NV (AA) + / (Bu) + /(C'r) = 0. 
318. Zo express the equation to a conic section which 


touches the sides of a triangle. 


Let u=0, v=0, w=0 be the equations to the sides of 
a triangle; then any conic seetion may be represented by the 
equation 
Au? + Bu’ + Cw + 2A'vw + 2B’ wu + 2C'uv = 0......(1). 
To find where this conic section meets the straight line u = 0, 
we must put u=0; thus (1) becomes 


Bo? + Cu* + 2A 0 =O... eesececcees we(2), 
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e e Uv 
Now from (2) we obtain by solution two values of —, say 
v v id 
eet a and --=y,. The equation v= y,w represents some 

w 

straight line passing through the intersection of v=0, and 
w=0. Hence since (1) is satisfied by those values of # and 
y which make simultaneously u= 0 and v—p,w = 0, the inter- 
section of the straight lines w=0 and v—p,w=0 is a point 
on (1). Similarly the intersection of w= 0 and v — pw = 0 1s 
@ point on (1). Hence the straight line w= 0 will meet (1) 
at two points, and therefore will not be a tangent to it, unless 
the straight lines v — ww =0, and v—p,w=0, coincide. Hence 
that «w= 0 may touch (1) we must have pw, = pw,, and thexefore 
A*= BC. 

Similarly that v=0 may touch (1) we must have B?=CA; 
and that w= 0 may touch (1) we must have C?= AB. From 
these three relations we see that A, #, and C must have the 
same sign, because the product of each two is positive. Also 
the sign of A, B, and C may be supposed positive, because 
if cach of them were negative we could change the sign of 
every term in (1), and thus make the coefficients of uv’, v’, 
and w* positive. We may therefore put 

A=?f, B=n’, C=; 
thus 
A=tmn, B=tal, C=+ln, 

Hence (1) becomes 

Pu® + n?v? + nv’? + 2mnvw + Qnleu + Wmuv =0......(3). 

We shall now examine the ambiguity of signs that appears 
In this expression. 

J. Suppose all the upper signs to be taken. The equa- 
tion may then be written 

(lu + mu + nie)? = 0, 

This is the equation to a straight line, or rather to two 
coincident straight lines. 

II. Suppose the lower sign to be taken twice and the 
upper sign once; we have then three cases, 
(lu+mv—nw)?=0, or (lu— mv + nw)? =0, 
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or (—lu+mv+nw)*= 0. 
Each equation represents two coincident straight lines. 


III. Since then the forms in J. and II. represent straight 
lines, we see by excluding these cases from (3), that if a@ curve 
of the second degree touch the straight lines 

u=0, v=0, w=), 
its equation must take one of the forms 
Pe? + m?e? + 12? — 2mnvw — 2Znlwu — 2Zlmuv=0... ( 
Pu? + an?e? + 17? — 2mnvew + 2nlwu + 2laur=0... (5, 
CP + nv? + nw? + 2mnvw — Qnleu+ mur =O... (0% 
Pu? + te + nw? + 2mnew + 2nleu — 2lmuv= 0... ( 


These four forms may also be written 


(lu) + f(mr) + J(nw) =0...... (8) from (4, 
i (—lu) + J(mr) + a/(nw) =0...... (9) from (55, 
al (bu) +a/(— mer) + f(r) = 0.0... (10) from (63, 
J (lu) + fOr) +4/(—nw) =0...... (11) from (7), 


which may be verified by transposing and squaring, so as to 
put the equations in a rational furim, 


319. It is easy to verify the proposition that the curve 
represented by the equation 


nf (lu) + a/(mv) + / (nw) =0 


cannot cut the straight lines w=0, v=0, w=0. For sup- 
pose the above equation satisfied by the co-ordinates of a 
point; then these co-ordinates must make du, mz, and nw, all 
positive, or all neqative. Suppose lu is positive; then for any 
point on the other side of u=0, the expression fu becomes 
negative, and thus the co-ordinates of such a point. will not 
satisfy the equation unless both mv and nw are also negative. 
But if the curve cuts the straight line w=0, there will be 
points on both sides of u=0 lying on the curve, and it will 
be possible to change the sign of u without changing the signs 
of vand w. Hence the curve cannot cut the straight line 
“u=0. Similarly it cannot cut the straight lines v= 0, w =0. 
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The same mode of proof will shew that the curves repre- 
sented by equations (9), (10), and (11), of the preceding Article 
cannot cut the straight lines u= 0, v=0, w= 0. 


320. The forms in equations (5), (6), and (7) of Art. 318 
may be derived from (4) by changing the sign of one of the 
constants. Thus, for example, (5) may be derived from (4) 
by changing the sign of J. In the following Article we shall 
use (4) as the equation to a conic section touching the sides 
of a triangle ; it will be found that we might have used (5), (6), 
or (7). We shall see in a subsequent Article, a case in which 
it is necessary to distinguish the forms. See Arts, 324, 325. 


321, Equation (4) of Art. 318 may be written 
(lu — mv)? + nw (nw — 2mv— Zu) =0......... (1). 


* 


If we combine this with w=0, we deduce that 
lu—my =0 OOo ee eee CoeeeMeveresens (2): 


hence we can interpret the last equation; it represents a 
straight line passing through the intersection of u=0 and 
»y=(), and also through the point where the straight line w=0 
meets the curve (1). It may be shewn as in Art. 310, that 
nw — 2mv — Qt =O... cccceccscencees (3) 


represents the tangent to (1) at the other point where (2) 
meets it. 


Similarly we can interpret 


INV — NW = Oe.cercccrccecenescess (4), 

lu — 2Qnw —Qmv =O... cccccneececeees (5), 
eed ee re (6), 

my — Qlu — Qnw = Oo... cceeceeeeseeees (7). 


The intersection of (3) with w=0, of (5) with w= 0, and 
of (7) with v=0 will lie on the straight line 


lu +mu+ nwo =0. 


The straight line lu+ mv =0 passes through the intersec- 
tion of uw =0, and v= 0, and also through the mtersection of 
(8) with w=0; hence its position is known, 
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Similarly the equations mv+nw=0, and nw +lu=0, 
can be interpreted. 


322. We will now investigate the equation to the tan- 
gent at any point of the curve prs by 
A Ut Bvt Crlw=O...ccccccocescsees (1). 


We might clear this equation of ire and so obtain the 
form already considered in Art. 315, and then express the 
equation to the tangent at any point. Or we may proceed 
thus : 

The equation to the straight line passing through the 
points (w’, v, w') and (u,v, w ”) on the curve may be put in 
the form 

A (u—w) Pe Biv—r') a C(w—w’) _ 
Vu taiue av afore Jw’ ale” 

For this equation is of the first degree in the variables 
u, v, w, and therefore represents some straight line ; moreover 
the equation is satisfied i at the point (1, v, w’) and also at the 
point (uw, v”, w"), and therefore it represents the straight line 
passing through these two points. 


un 


Now suppose the point (u”, v", w”) to move along the 
curve until it coincides with the point (uv), 9’, tw’). Then the 
secant becomes ultimately the tangent at (u’, v, w’); and the 
equation to this tangent is 


Atuou)  Bv—v) , Cw-w) 


Vi Fue yw =" 
ea Au Buy Cw “ i 
that 1s a + vi + aa stemsaae, (2). 


Hence we can find the condition which must hold in order 
that a proposed straight line may touch the curve denoted by 
(1). Let the equation to the proposed straight line be 

AU A MYT VW =O. cecccreeeeereeeees (3). 

If (3) denotes the equation to the tangent at (w’, v’, w') we 

find by comparing (3) with (2) that 
Pe ee 
Avu pyv vw" 
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_ From these relations and (1) we obtain as the required 
condition 


323. To find the equation to the circle described round a 
triangle. 


It will be convenient in this and the two following Articles 
to use the form xcosa+ysina—p=0 as the type of the 
equation to a straight line; we shall therefore put a, 8, y for 
u, v, w respectively (Art. 73). 


Let a=0, B=0, y=0 be the equations to the sides of 
a triangle; then, by Art. 309, 


[Pry + mya + NAB =0 wreeeeccccersseees (1) 


will represent any conic section described round the triangle ; 
hence by giving proper values to J, m, n, this equation may 
be made to represent the circle which we know by geometry 
can be described round the triangle. We might procecd 
thus: in (1) write for a, 8, y the expressions which they 
represent, then equate the cocfiicient of wy to zero, and the 
cocfiiciont of a* to that of y’; we shall thus have two equa- 
n m 


tions for determining I and p> and with the values thus 


obtained (1) will represent the required circle. We leave 
this as an exercise for the student, and adopt another method. 
The equation to the tangent to (1) at the intersection of 
a=(, and 8 =0, is, by Art. 310, 


18 Pina 0 ie nianstietevsnesaetnces . 


Let A, B, C denote the angles of the triangle opposite the 
sides a=0, B=0, y=0, respectively; by Euclid, 1. 32, 
the tangent denoted by (2) must make an angle l with the 
straight line a=0, and an angle B with the straight line 
B=0. Suppose the origin of co-ordinates within the triangle, 
then the equation to the straight line passing through the in- 
tersection of a=0 and 8=0, and making angles 1 and B 
respectively with these straight lines, is 


‘asin B+ Bsn A=0....... cee (3). 
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Thus (2) must coincide with (3); therefore we have 
t_sind | Similarly, 7” = sin B 
m sin B’ Yn ain O° 
Thus the equation to ena circle described round the tri- 
angle is 
Bysin 4 + yasin B+ af sin C= 0. 


324. To find the equation to the circle inscribed in a 
triangle. 


Suppose the origin of co-ordinates within the triangle; then 
for all points on the circle a, 8, y are neyative quantities 
(see “Art. 54). Now the equation to the circle must. be of one 
of the forms (8), (9), (10), (11) given in Art. 318; the first is 
the only form applicable, ‘namely, 


(la) + af (mB) + fry) = 0 cececeeceees 1, 
which is equivalent to 
AV (— la) + f/(— mB) + f/(— ny) = 0.000000. es) 


The other forms are inapplicable, because they would 
introduce impossible expressions. We have then to deter- 
mine the values of l,m, and n. If we put a=0 in (1), we 


. n Nos : : 
obtain a a thus mi the ratio of the perpendiculars drawn 
to the sides B=0, y=0, respectively, from the point where 


the circle meets the straight line a@=0. Let r be the radius 
vf the circle ; then we kuow from geometry that the eae 
dicular from this point on 8 =0 is r cot) sin C or 2r cos © ; 


a similar expression holds for the saeeailicales on y= zi 


2C A 
" cos => } cos . 
Hence —=—_———, Similarly =—— =. 
™ cos? a cos? L 
ae 2 


Therefore the _— equation is 


4 va+ 008% = WB +008 5 a 0. 
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325. To find the equation to the circle which touches one 
side of a triangle and the other two sides produced. 


Let the circle be required to touch the side opposite to 
the angle A and the other two sides produced. Suppose 
the origin within the triangle; then for all points comprised 
between the side a=0 and the other sides produced, a is 
positive and 8 and y are negative. Hence by Art. 318, the 
form of the equation to the circle must be 


(Ia) + 4/(mB) + ¥ (ny) = 0. 


Hence, as before, by considering the point where the circle 


meets the straight line a = 0, we have 
G 














cos" meU sin® ¢ cos® A cos” A 
~-- =n __ = 2 and _- = 2 — — 
Mog ™— sink? - ec Co sin? — 

2 2 2: 3 2 


Hence the required equation is 
cos 4 V(— a) + sin vB + sin 5 vey 0. 


Similarly the equations to the other two circles may be 
written down. 


326. The results in Arts. 312 and 321 which hold for 
any conic section, wil’ of course hold fora circle inscribed in, 
or described about, a triangle respectively. We have only to 
use the values of J, m, n, found in Arts. 328... 325. 


327. Many applications have been made of the method 
of abridged notation to express the equations to circles deter- 
mined by various conditions. We will give some of these 
applications as specimens, and the student will have no diffi- 
culty in applying the same methods to other examples. 


328. If the equation to one circle, expressed in a rational 
form, be denoted by S=0, the equation to any other circle 
can be expressed in the form S+Aa+y8+ry=0, by pro- 
perly choosing the constants A, w, and». This result follows 
from the known form of the equation to a circle in the com- 
mon co-ordinates ; see Arts, 88, 104,110. Thus, to take the 
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most general supposition, let the equations to two circles be 
in common oblique co-ordinates 


K (x* + 2xy cosw+y’) + Lx+ My + N=0, 
k (a* + 2a2y cosa+y")+le + my +n = 0, 
Denote the first equation by S=0; then the second equa- 
tion is equivalent to 


84% (le+-my +n) - Le My-N=0, 


which we may denote by Stu=0. Here u is an expression 
of thg first degree in x and y, and so will be identical with 
Az + wB + vy, if we determine A, py, and y suitably, 


If S=0 and S+dra+p8+ry=0 be the equations to 
two circles, Az+pB+vy=0 will be the equation to the 
radical axis of the two circles; see Art. 110. 


Since az+8+ cy is a constant, by Art. 73, we may 
instead of S+ (Aat+pB+vy) use 


S+ (az+ b8 + cy) (la+ mB + ny) 
or =«- S+ (asin A+ sin B+ysinC)(la+mB+ ny), 


provided we properly determine the constants in each case, 


329. To express the equation to the circle which nasses 
through the middle points of the sides of the triangle of reference. 


Let a=0, B=0, y=0 be the equations to the straight 
lines which form the triangle of reference ; sec Art. 78, Assume 
for the required equation 


By sin A+-y2 sin B+a8 sin 
+ (asin A+ sin B+ y sin C) (la+mB + rm) =0; 
see Arts. 323 and 328. 
At the middle point of the side BC we have a=0, and 
B_snC. 


y sin B’ 
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substituting in the assumed equation we obtain 
sin A sin C : m sin C 
sin B eee c( sin B +n) 0, 
or sin A +2(m sin C+nsin B) = 0. 
But sin. A= sin B cos V+cos B sin C; thus 
sin C' (2m + cos B) + sin 3 (2n + cos C) =0. 


In a similar manner we obtain two analogous equations ; 
and from the three equations we deduce 





| 1 1 
l=— cos A, m = — , COS B, n=— 500s C. 


Q 


Hence the required equation is 
By sin A +yzsin B+a8 sin C 
: 
— ,(asin4+8sin B+y sinC) (acos4+8 cos B+y cos C)=0. 


) 
ond 


The radieal axis of this cirele and the circle described 
round the triangle of reference is therefore determined by 


acos A+ £8 cos B+ cos C= 0. 
380. To express the equation to the circle which passes 


through the feet of the perpendiculars from the angles of re- 
ference on the opposite sides. 


Assume for the required equation 
By sin 1 + y2 sin B+ a8 sin C 
+(asinA + Bsin B+ysin C) (la+ mB + ny) =0. 
At the foot of the perpendicular from A on BC we have 
cos or ee ; 
a=(, and ~ =--- |; substituting in the assumed equation 
y cos B 
we obtain 


sin AcosC feos . : m cos C0 
ge bee sin B+ sin c) ( <oa B ) = 0, 


or  sin.dcos Bcos C+sin A (mcos (+n cos B) =0; 








therefore (m + cos B) cos C+ (x + 5 608 c) cos B= 0. 
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In a similar manner we obtain two analogous equations ; 
and from the three equations we deduce 


1 1 
==_ < = aw + . > = aw 4 7 
l=— Jcosd4, m=— 5cosB, n=— 5 cos C. 


Hence the required equation is 
By sin A+ yasin B+a8 sin C 
| ae ; 
—5 (asin 4+ sin B+ysin C)(acos 4+ 8 cos B+y cos (") = 0. 


Thus the circle is the same as that considered in the pre- 
ecding Article. 


331. Let O denote the intersection of the perpeudiculars 
from the angles of a triangle on the opposite sides. Then it 
is known that the circle which passes through the six points 
specified in the preceding two Articles also passes through 
the middle points of OA, OB, and OC. The circle is ealled 
the nine-pornts circle. See Appenduxr to Luclid. 


It is easy to shew that the circle which passes through 
the six points specified in the preceding two Articles also 
passes through the middle points of OA, OB, and OC. For 
consider the triangle OBC. The perpendiculiars from the 
angular points on the opposite sides meet these sides respec- 
lively at points which coincide with the feet of the perpen- 
diculars from the angles A, 2B, C on the opposite sides; thus 
we know that the circle considered in the preceding two 
Articles passes through these points: hence it also passes 
through the middle points of OB and OC, as well as through 
the middle point of BC. Similarly the circle also passes 
through the middle point of OA. 


O is a centre of similitude of the circle described round 
the triangle ABC and the nine-points circle of the triangle ; 
see Art. 119. For, as we have just seen, the three radii 
vectores drawn from 0 to the circumference of the former 
circle, namely OA, OB, OC, are respectively double the radii 
vectores drawn in the same direction to the latter circle; and 
it is easy to shew that the same ratio will hold for any cor- 
responding radii vectores. 


T. C. 8. 19 
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332. To investigate the conditions which must hold in 
order that the general equation of the second degree may re-. 
present @ circle. 

Let the equation be 

Lo? + Mp’ + Ne’ + 2L' By+ 2M’y2x+ 2N'aB = 0. 

Let A denote the area of the triangle of reference; then, 

by Art. 73, 
axzt+U8+cy=—2A; 


therefore av=— 2Aa— (bB + cy) a. 
Similarly @? = -—2AB— (cy +.a2) B; 
and ey’ = 2Ay aay (ax + bB) y. 


Substitute for a’, 6’, and y* in the general equation, and it 
becoines 


,, Me Nb Na te 
arr fe ANY) 9 fongr_ 43% _ 2 
(21 b c By + (2a c a yA 


+ (2N'— s — x) af 


b 

la MB MN 

eS gear ae =o. 

a ob c 

Then, by Arts, 323 and 328, we see that the necessary and 

sufficient conditions im order that this equation may represent 
a circle are 














Mc Nb Na Le Lb Aa 
OF es ee | (an ONT cae 
ot, b Co! = if Cc Qa 2. a b 

a 7 b a C ’ 


that 1s, 
2D'be — Me — NY = 2M'ca — Na’ — Le? =2N'ab — LY? — Ma’. 
333. Tov determine the radical axis of two circles repre- 
sented by general equations. 
Let the equations be 
Da’ + MB? + Ny’ + 2D’ By + 2M'ya + 2N'28 = 0, 
[2° + mB * + ay? + 2 By + 2n'y2 + 2n'sB = 0. 
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Since, by supposition, these equations represent circles 
they may, by the preceding Article, be put in the form 


(2 [' — 7 — *) (aBy + bya + caf) 


Cc 
4 m3 y, 
a b c ) 
me nb 


1 ; 
. (2 aa -") (aBy + bya + c2P) 
_ on « +m ym) ai, 
: 


— 24 ( 


b C 
Beence the equation to the radical axis is 
Ia # MB - Ny la i mp 4 MY 
a b ce a h C 


oD be —-MP- NG 2 be — met — nb* ’ 


a Lasin Bsin C+ MB sin C sin A+ Nysin al sin B 
20’ sin Bsin C— Msin? C— N sin? B 

_ lasin B sin C+ mB sin Csind + nysin A sin B 
~ 2U'sin B sin C—m sin? C—nsin® B 


3e4. The nine-points circle of a triangle touches the in- 
scribed and escrubed curcles of that triangle. 
The equation to the nine-points cirdle may be put in the 
form 
a’ sin wl cos. 4+ BP’ sin B cos B+’ sin C eos C 
— By sin A—ya sin B-—af sin C=0, 


The equation to the imseribed circle is 
A B CU 

*» ‘ r ’ t r) ' 7 ab . 

cos = a + cos 3 VB + cos 5 /y7=09; 


putting this in a rational furm we obtain 
¥ 


A B 
2.44 2,44 2.4 
a’ cos’ -, + B* cos y t 7 C8 5 


° 3 B ae ; ) 2 C 2 ‘) 2 A z B 
— 287 cos’, Cor’, — 2yx cus" 5 cos® |, — 24h cus’ | cus’ 5 =0, 
= re out rd om ee) 


19—2 
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_ The equation to the radical axis of these circles by 
Art. 333 1s 

sin A sin Bsin C(2cos A + B cos B +¥ cos C) 


ry Aer eee me 





7 a ay 


sin A sin Bsin C+sin Bcos B sin* UV + sin Ccos Csin® 8 


A sin Bsin C+ rere Csin A+¥ cos* Cin A sin B 


4 
poe, ) 


—— 
— 


B. 7 ’ 
2 cos? 5 cos" sin Bsin C+ cos* 5 sin? C + cos‘ s sin’ B 


that is, 
acos A +8 cos B+ ¥ cos C 


B ae 
5) y cos’ ~~ 


eee 2 2 
sin.A sin Bsin C\ -——--,-+---. + ——- 
“mA sin B ij sin C 


A 
acos‘=- cos‘ 


Pa J ’ 

2 cos’ cost cog’ 

2 cos” cos’ ~ cos’ = 
2 2 2 


or = (x cos. 4 +8 cos 2+ 008 C) cos At cos F eos he 


2 

A C 

4 4 al 

a, Rp. oft» B cos » C08! 5 

= fest SID SIT | mere fee fer 
2 > 2 sin A sin 3 sin C 


This equation may be simplified by substituting for the 
trivonometrical functions their known values in terms of the 
sides; let s denote the half sum of the sides, then we obtain 


(2 cos. 4+ 8 cos B+ ¥ cos C) ik 
C 


A _B 4 4 
. B cos » ¥C08" 5 


= +——— 
“sin A sin B sin CU , 


a cos‘ 


therefore 


a feos. 2) 4 B feos B~ * TOI 


ca 


(s— cy" = 
+7 Joos C- ae =(Q, 
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a(c—a) (a —b) B(a- b) (b-) c) rea y(b—c) (c—a) 
“be at ca be 

a 
aa Bb yc 


or eS ee oa 
b=c c=-a@ a—b 


= 0, 


this may also be written thus 


acos } A eae Boosh B yeos$ C 
sin} (B—C) ° sin} (C—A) © sin} (A—Z) 
Now the radical axis touches the inscribed circle; for it 
may be shewn that the condition of tangency investigated | in 
Art. 322 is satisfied; and as the radical axis Louches one of 
the dircles the circles must touch, and the radical axis is the 
common tangent at the point of contact. 
Similarly we may shew that the nine-points circle touches 
the eseribed circles. 


= (). 


339. If S=0 be the equation to a circle in a rational 
form, the equation to any concentric circle will be of the form 
S—k=0, where & is some constant. Or, as a+ O33 + cy is 
a constant, we may put the equation in the forn 

S—liaat b3+ey) =0, 
where J is sutne constant. 


For example, required the equation to a circle which is 
concentric with the cirele deseribed round the triangle of 
reference, and which touches the side a. Assume foe the 
equation 

aBy + byz+¢:8 —liar+bB + c7)*=0. 


At the point of contact with the side awe have @=0; 


si oh i. dee 
thus aBy—l(b8 +eyP?=0. This quadratic in : must then 


have equal roots, so that 40°U'c = (a — 2lbc*: thus l= ae 
336. Let there be any quadrilateral, and let its sides be 
represented by the equations 
t=0, u=0, v=0, w=0, 
then the equation 
: tu+kvwo =0, 
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where i is a constant, represents a conic section circumscribin g 
the quadrilateral. For the equation represents a conic section 
passing through the four points determined respectively by 
t=0 and v=0, t=0 and w=0, 
u=0 and v=0, uw=0 and w=0, 


Also by giving a suitable value to k, the equation may be 
made to represent any conic section passing through these 


four points. 


The above equation has the following geometrical inter- 
pretation. If any quadrilateral figure be inscribed in a conic 
section, the product of the perpendiculars drawn from any 
point of the curve on two opposite sides bears a constant’ratio 
to the product of the perpendiculars on the other two sides. 


We may observe that the term quadrilateral is often used 
in analytical geometry in a wider sense than in ordinary 
synthetical geometry. Thus, if we have four given points, we 
may obtain three different quadrilaterals by connecting these 
points in different ways. Take, for example, the figure in 
Art. 75; and let A, B, C, D be the given points. The three 
different quadrilaterals are (1) the figure bounded by AB, 
BO, CD, DA; (2) the figure bounded by AC, CD, DB, BA; 
which in fact consists of the two triangles GAZ and GCD; 
(3) the figure bounded by 4C, CB, BD, DA, which in fact 
consists of the two triangles GBC and GDL. 

Similarly, four given straight lines may be considered to 
form three different quadrilaterals by their intersections, Take, 
for example, the figure in Art. 75, and let the given straight 
lines be LDC, FAB, AGC, BGD. The three different quad- 
rilaterals are (1) the figure bounded by GC, CE, EB, BG; 
(2) the figure bounded by GD, DE, £A, AG; (3) the figure 
bounded by 4C, CD, DB, BA. 


If four straight lines have for their equations 
t=0, w=0, v=0, w=), 


the conic sections passing through the angular points of the 
three different quadrilaterals which these straight lines form, 
may be denoted by the equations 


tutkvyvo=0, tutkuw=0, twt+kur=0. 
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337. We shall next consider the equation uv ~—w*=0, 
This represents a conic section which passes through the point 
determined by «=0 and w=0, and also through the point 
determined by v=0 and w=0. Also each of the straight 
lines u=0 and v=0 touches the conic section where it meets 
it; for if we combine u=0 with the above equation, we sce 
that w=0 also, that is, the straight line w=0, meets the 
curve at only one point, namely, that point at which 1=0 
and w=0 intersect. Similarly the straight line » =0 touches 
the curve. Thus w=0 and v=0 represent two tangents to 
the conic section, and w=( represents the corresponding 
chord of contact. 


We may also shew in the following way that the straight 
line w= 0 cannot cut the curve: for points on one side of the 
straight line «=0, the expression & is positive, and for points 
on the other side of the straight line, negative; but 27 is of 
invariable sign; thus the straight line w= 0 cannot cut the 
curve. 


The geometrical interpretation of the above equation is as 
follows. The produet of the perpendiculars from any point of 
i conic section on a pair of tangents bears a constant ratio to 
the square of the perpendicular from the same point on the 
chord of contact. 


338. We will now consider the equations toa secant and 
a tanvent to the curve denoted by w="; the results for 
this particular case are included in the general results of 
Art. 315, but the investigation may be put im a different 
form. 

Let (u’, v, w’) denote one point on the curve, and (a, 7”, w") 
another. The equation to any straight line passing through 
the first point may be denoted by 


uv — ww =A(vu — ww’), 


where is a constant. For this equation is of the first degree 
in u,v, w, and therefore represents some straight lime; and 
the equation is obviously satisfied’ at the point (w, 0’, w’). 
Suppose the straight line to pass also through the point 
(u", vw’); then we have 


uege 


ue — ww’ =rA(v Ww — wy’). 
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Hence, by division, 





av’ —ww' ou — wu’ 
uly —w'w vu — ww’ 
, t s ? 
. uv — ww vu —ww 
that 1s, 7D — pai eae amare ’ 
W J, at , VU W ad S 
—v—-ww —, —-ww 
v v 
yy ay 
or a (uv’ — ww’) + a (vu' — ww") = 0. 


This equation then represents the secant passing through 
the two given points. Hence the equation to the tangent at 
the point (w’, v', w’) 1s : 

uv + vu —2ww' = 0. 


a , 
Suppose ie pw’, then from the equation to the curve 


1 mi : uw" ” ov 1 
ue similarly if ~ =", then Tar Thus the equa- 
tion to the secant may be written | 


1 /u ) eer 
—i | z= W —, _ =, 
Fh | + 7 (vu —w)=0 


or U + wy — (wi + pe” w=0; 
and the equation to the tangent may be written 


’ 
v 
>} 

‘Ww 


w+ wv — Qu'w = 0. 


339, Next take the equation Pu?+ mv? = nw’. This 
may be written (nw + mv) (nw —mv)=Eu®, Hence by 
Art. OOF nw +mv=0 and nw—mv=0 are tangents to the 
conic section represented by the equation, and w= 0 is the 
equation to the corresponding chord of contact. Since these 
two tangents meet at the point of intersection of »v=0 and 
w= 0, it follows that this point is the pole of u = 0. 


Similarly we may write the equation in the form 
(nw + lu) (nw — lu) = m', 


and infer that the point of intersection of u=0 and w=0 is 
the pole of v=0. | 
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Hence it follows that the point of intersection of u = 0 and 
v= 0 is the pole of w=0. See Art. 291. 


340. The following is a particular case of the preceding 
Article, a+ B?=n'y*. (See Art. 71.) Suppose the straight 
lines a=0, 8=(0, at right angles; then a7+ 6" is the square 
of the distance of the point (#, y) from the intersection of 
a=W and B=0. Hence the above equation represents a 
conic section which has y= 0 for its directrix, and the inter- 
section of a= U0 and 8=0 for its focus. The straight lines 
ny —a2=0 and ny+a=0 are tangents to the conic section, 
touching it at the extremities of the focal chord B= 0; alse 
these tangents mect on the straight line y=0; hence, the 
tangents at the extremities of any focal chord meet on the cor- 
responding directric. Also the above tangents mect on the 
straight line a= 0, which by supposition is perpendicular to 
B=0; hence, the straight line which joins the fucus to the 
intersection of tangents at the extremities of a focal chord 1s 
perpendicular to that focal chord. 


341. If w=0 and v=0 be the equations to two conic 
sections which meet at four points, then «+ lv =0 will repro- 
sent any conic section which passes through the four points 
of intersection. This will be obvious after the proofs given 
of similar propositions. 

Also if w=0 and w'=0 be the equations to two straight 
lines, w+dww'=0 will represent any conic section passing 
through the four points at which the lincs w=0 and w' =0 
meet the conic section u= 0. 

Also u+lw?=0 will represent a conic section passing 
through the points of intersection of the conic section u= 0, 
and the straight line w=0. This conic section will have the 
same tangent as u=( at the points where u=0 and w= 0 
intersect; we might anticipate this would be the case from 
observing the interpretation of the equation u+lww' =0, and 
supposing the straight linc w =O to approach the straight 
line w=0, and ultimately to coincide with it. We may 
prove it strictly by taking one of the points where u=0 
meets w= 0 for the origin, and the straight line w= 0 for the 
axis of 2; thus u becomes of the form 


Az’ + Bry + Cy? + Du + Ey, 
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and we can sce, by Art. 283, that 

Ax’ + Bry + Cy’ + De+ Ey =9 
and Az’ + Bay + Cy’ + Dat Ly + ly’ =0 
have the same tangent at the origin. 


Also by giving a suitable value to 7 the equation w+ lw? =0 
may be made to represent the two straight lines which touch 
the conic section w= 0 at the points where it intersects the 
straight line w=0. This may be inferred from Art. 293; 


the equation w=0 is equivalent to i +4-1=0 =(), and the 


2 
equation w=0 is equivalent to (; + ‘ — 1) + pry=0." Thus 


by taking l=—1 we have w+le?= pry; and the equation 
ry = 0 denotes the tivo tangents to the come section «=> 0 at 
4s points of interscetion with the straight line w= 0. 


342. Pascal's Theorem. The three intersections of the 
apposite sides of any hexagon inscribed tn a conic section are 
on one straight line. 


et r=0, s=0,t=0, u=0, r=0, w=0, be the equations 
to the sides of a hexagon which is insertbed in the come sec- 
tion S=0. Let the he ‘xagon be divided by a new straight 
line @=0 into two quadrilaterals, one of which has for ‘its 
sides the straight lines obtained by equating to zero sucecs- 
sively, 7, 8, ¢, 6, and the other the straight lines obtained by 
equating to zero successively, u, v, w, @ Now we kuow that 
if a, 6, d, m are appropriate constants, the equation to the 
conic section may be written in the forms asd + brt =0 and 
lrep+ muw=0; therefore ash + brt and led + muw must each 
be identical with S; therefore asd + brt =lvp + muw; there- 
fore (as — lv) d = muw — brt. 


The right-hand member of this equation vanishes when 
wand r simultaneously vanish, and when w and ¢ simulta- 
neously vanish; also when w and r simultaneously vanish, 
nud when zw and f simultaneously vanish. Since the left- 
hand member is identically equal to the right-hand, the left- 
hand member must also vanish in these four cases; that is, 
one of its two factors ¢ and as—/v must vanish in each of 
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these four cases. By construction, @=0 represents the 
straight line joining the point determined by r=0 and w=0, 
with “the point determined by f= 0 and w= Os and thus we see 
that as — lv=0 is the straight line j joining the intersection of 
u=Q0 and r=0 with that of f= 0 and w=0. But the straight 
line as —le=0 obviously passes throueh the ite section of 
s=(0 and v=0; therefore the three points determined respec- 
tively by w=(0 and = 0,¢=Oand w=0, s=0 and v=0, he 
on a straight line. 


Tt is to he observed that if six points be connected, by 
straight lines in different ways, as many as sixty figures can 
he formed which may be called heragons | in an extended sense 
of that word. Thus for six aiven points on a conic section 
there will be sixty applications of Paseal’s Theorem, 


343. Let s=0 be the equation to a eonie section, and 
w=, »=0, w=0, equations to three straight lines; then 
—PW=0, s— am’? =0, 6 —17u? = 0, represent. curves of the 
second degree touching the proposed conic seetion, — By pro- 
perly choosing a, 7m, 4 m,n, weanay make each of the last 
three equations represent a pair of straight lines touching 
s=(0.) (See Art. 341.) Thus, if there be a hexagon cireum- 
seribed round the come section s = 0, the equations 
s—Pw=0...(1), s-t=0...(2), 8-1? = 0,..(3), 


may be taken to represent the six sides of the hexagon. 
By combining (1) and (2) we obtain 
s— Pu? — (s — mv’) = 0, or (mo — ln) (me + Lu) = 0...(-4), 
for the equation to a pair of straight lines which pass through 
the intersections of (1) and (2). 
Similarly (nw — mr) (nw +mv)=0...... sebet ane (4) 


represents a pair of straight lines which pass through the in- 
tersections of (2) and (3). And 
(di — nw) (Lut nw) =O.......ccce eee (6) 


represents a pair of straight lines which pass through the in- 
tersections of (3) and (1). 


The six straight lines which we have obtained may be 
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arranged in four groups, each containing three straight lines 
which meet at a point, namely, 


mv — lu = 0, nw —mv = 0, lu — nw =0, 
mv + lu = 0, nw +mv=0, lu — nw =(, 
mv + lu = 0, nw — mv =0, lu +nw = 0, 
mv —lu=0, nw + mv = 0, lu + nw = 0. 


This result is consistent with Brianchon’s theorem ; if a 
hexagon be described about a conic section the three diagonals 
which join opposite angles meet at a pornt. 


For suppose that a hexagon is described round a conic 
section, and let its angular points be denoted by A, By C, D, 
E, EF. By properly choosing u, v, w, l, m,n, we may make 
equation (1) denote the straight lines AB and DE, equation 
(2) denote the straight lines BC and EF, and equation (3) 
denote the straight lines CD and FA. We will now examine 
what straight lines are determined by equations (4), (5), and 
(6). Equation (4) determines the two straight lines which 
pass through the intersections of the straight lines determined 
by (1) and (2); and as the signs of J and m are at present in 
our power we may take them so that mv —lu=0 shall repre- 
sent the straight line BE, and then mv + lu=0 will represent 
the straight line joining the point which is common to AB and 
EF with the point which is common to BC and DE. Simi- 
larly as the sign of 7 is still in our power, we may take it 
so that nw —mv=0 shall represent the straight line CF, and 
then nw + mv=0 will represent the straight line joining the 
point which is common to BC and FA with the point which 
is common to CD and EF. One of the two straight lines 
represented by (6) is AD, and the other is the straight line 
joining the point which is common to VE and FA with the 
point which is common to CD and AB; it is however not 
obvious how we are in general to discriminate between these 
two straight lines. Thus the proof of Brianchon’s theorem 
is not perfectly satisfactory, and accordingly we shall give 
another proof by which the theorem is deduced from that 
of Pascal. 


Let the angular points of the hexagon be denoted as 


before by the letters 4, B, C,.D, £, F. Let the straight line 


BRIANCHON'S THEOREM. 30L 


be drawn which passes through the points of contact of the 
conic section and the tangents AB, BC; also let the straight 
line be drawn which passes through the points of contact of 
the conic section and the tangents DE, EF; and let P denote 
the point which is common to these two straight lines. Then 
I is the pole of BE; see Arts. 108, 120, 289. In the same 
way we may determine the pole of (’F which we shall denote 
by @, and the pole of AD which we shall denote by 2. By 
Pascal’s theorem P, Q, and R lie on a straight line; hence 

JE, BE, and AD mect at a point, namely, at the pole of the 
straight line PQA; see Art. 291. 


For further information on the subject of this Chapter 
the student is referred to Salmon’s Conic Sections. 


EXAMPLES. 


1. Shew that if a—c:a’—c'::b:0', a circle may be 
described through the intersections of the two conic sections 
axu*+ bry + cy? +dxe+eyt+f=0, 
av+baeyt+cytdeteyt f=0. 

Find also the condition that a parabola may be described 


passing through the origin and the points of intersection of 
these curves. 


9. Two conic sections have their principal axes at right 
angles: shew that a circle will pass through their points of 
intersection. 


3. The equations to two conic sections arc 
Ay’ + 2Beyt+ C4 2A'x=0, ay’ + Wry + cz’ + 2uxr=0. 


Shew that the straight lines joining the ongin with their 
points of intersection will be at right angles to cach other if 


a(A+C)=4 
4, An ellipse is described so as to touch the asymptotes 


of an hyperbola: shew that two of the chords joining the 
points of intersection of the ellipse and hyperbola are parallel. 
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5. If aB=c' be the equation to an hyperbola (Art. 71), 
then cB = 0, a—f’ =0, a’ — n’B’ =0, are the respective equa- 
tions to the asymptotes, the axes, and a pair of conjugate 
diameters, n being any constant. 


6. Thestraight lines which biscct the angles of a triangle, 
meet the opposite sides at the points P, Q, &, respectively : 
find the equation to an ellipse described so as to touch the 
sides of the triangle in these poimts. 


7. From any point two straight lines are drawn, one in- 
clined at an angle a, the other at an angle 5 +4, to the axis 
e ° 
of a parabola: shew that another parabola may be described 
which shall pass through the four points of intersection, 
whose axis is inclincd at an angle 2a to that of the given 
parabola, 


8. Prove that the equation to the conic section which 
passes through the point (h, k), and touches the parabola 
y'=lx at the vertex and at an extremity of the latus rec- 
tum, is (y’?—Ix)(k— 2h)’ = (y — 2a)? (k? — th). 

Shew that it is an ellipse or hyperbola according as the 
point (A, i) is within or without the parabola. 


9. A conic section touches the sides of a triangle ABC at 
the points a, b,c; and the straight lines Aa, Bb, Cc, intersect 
the conic section at a’, b’, c’: shew that : 


(1) the straight lines Aa, Bb, Cc pass respectively 
through the intersections of Be’ and Cb’, Ca’ and Ac’, Ab 
and Ba’, 


(2) the intersections of the straight lines ab and ad’, bc 
and b’c', ac and a’c’, lie respectively on AB, BC, CA. 


10. A conic section is described round a triangle ABC; 
straight lines bisecting the angles of this triangle meet the 
conic section at the points A’, B’, C’, respectively: express 
the equations to A’B, A'C, A’B’. 


11. Ifaconic section be described about any triazigle, and 
the points where the straight lines bisecting the angles of the 
triangle meet the conic section be joined, the intersection of 
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the sides of the triangle so formed with the correspondin 
sides of the original triangle lie on a straight line. 


or 
2 


12. Interpret the equation 


poe ere) ence wees 
(+e (+h 1) + wry =0: 


find how many parabolas can be drawn through four given 
points. 


13. Ifu=0, v=0, w=0 represent the sides of a tri- 
angle, shew that the sides of any triangle which has one 
angle on each side of the former may be represented by 


" 


u+nv+— =0, "++ le =0, Mw + 
ne n l 


+=), 


where |, m, n are constants. 


Find also the relation which must hold between J, m,n, in 
order that the straight lines joining corresponding angles of 
the two triangles may meet at a point. 


14, Acircle and a rectangular hyperbola intersect at four 
points, and one of their common chords is a diameter of the 
hyperbola: shew that another of them is a diameter of the 
circle, 


15. ACA’ is the major axis of an ellipse, P any point on 
the circle described on the major axis, AP, A’? mect the 
cllipse at Q, Q’; shew that the equation to YQ’ is 

(a® + 6’) y sin 6 + 2b%x cos 8 — 2ab’ = 0, 
the ellipse being referred to its axes, and @ being the angle 
ACP. 


If an ordinate to P meet QQ at £, the locus of J? is an 
ellipse. 


16. The locus of a point such that the sum of the squares 
of the perpendiculars drawn frum it to the sides of a given 
triangle shall be constant, is an ellipse; and if the constant 
be so chosen that the ellipse may touch the side opposite to 


the angle A at D, then CD: BD: 3c, 
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17. With the notation of Art. 323, shew that the equation 
to the straight line through C and the centre of the circle is 


acos B= B cos A. 


18. Suppose in Art. 323 that D is the middle point of the 
are AB; then the equations to BD and AD are respectively 


asin C+y (sin A+sin B)=0; 
Bsin C +y (sin A+ sin B) = 0. 


19. In Art. 318, equation (4), if A’, B’, C’ be the points 
of contact of the triangle and conic section, shew that the 


equation to A’B’ is lu+ mv — no = 0. ° 


20. In the figure of Art. 292, suppose w= 0 the equation 
to AC, v= 0 the equation to BD, and w=0 the equation to 
I-F, and that Pu* + m’v? — nw? = 0 represents a conic section 
passing through A, B, C, D; then express the equations to 
the tangents at A, B, C, D, and also to the straight lines 
AB, BC, CD, DA. Shew also that the straight line FG 
passes through the intersection of the tangents at A and B, 
and of those at C and D. 


21. Express by the aid of Art. 323 the equation to the 
circle described round the triangle formed by the straight lines 


y=mxr+ = M0 -+ : + 2 
= — = —_— = MN 2 —, 
J rm,’ y mM,” J “ ™M, 


Y{ence deduce the last proposition of Art. 146. 


22. Give a geometrical interpretation of equation (1) in 
Art. 310, and shew that it is a particular case of the theorem 
in Art. 336. 


23. Interpret the last equation in Art. 323: deduce the 
following theorem; if from any point of the circle which 
circumscribes a triangle, perpendiculars are drawn on the 
sides of the triangle, the feet of the perpendiculars lie on one 
straight line. 


24. If ellipses be inscribed in a triangle each with one 
focus on a fixed straight line, the locus of the other focus is 


a conic section passing through the angular points of the 
triangle. ; 
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25. Three conic sections are drawn touching respectively 
each pair of the sides of a triangle at the angular points where 
they meet the third side, and each passing through the centre 
of the inscribed circle: shew that the three tangents at their 
common point mect the sides of the triangle which intersect 
their respective conics at three points lying on astraight line. 
Shew also that the common tangents to each pair of conics 
intersect the sides of the triangle which touch the several 
pairs of conics at the above three points, 


26. With the angular points of a triangle ABCas centres, 
and the sides as asymptotes, three hyperbolas are described, 
having A’, B’, C’ as their vertices respectively : prove that if 

mene pet @ ; 
AA’ sin z= BB’ sin 5 = CC’ sin 5, the intersections of cach 
pair of hyperbolas lie on the axis of the third. 


27. The necessary and sufficient condition in order that 
the equation 127+ m6*+ny* =0 may represent a rectangular 
hyperbola is + m+n=0. 


28. Shew that /(la) + /(mB) + (ny) = 0 represents in 
general an ellipse, parabola, or hyperbola according as 
lL mn). : 
lmn |-+-- + —] is positive, zero, or negative; where a, 4, ¢ 
a 6b e¢ ° 
denote the lengths of the sides of the triangle formed by 
a=0, B=0, y=0. 
29. Shew that /8y+myz+na8 =0 represents in gencral 
an ellipse, parabola, or hyperbola according as 
Pa? + mb? + n'c® — 2lmab — 2mnbe — 2nlca 
is negative, zero, or positive. 
30. Express the equation to the circle which is con- 


centric with the inscribed circle of the triangle of reference, 
and passes through the angular point A. 


31. Find the fourth point of intersection of the conic 
sections luw + mwu + nuv = 0, and [yw +m'wutn'uv= 0. 


T.C.S. 20 
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32. Shew that the equation to the radical axis of the 
circles inscribed in a triangle and circumscribed about it 1s 


acosec A cos‘ 4 + B cosec B cos* a4 y cosec C’cos' 5 =0. 
33. Find the equation to the diameter of the curve 
By + mya +na8=0 which passes through the point of in- 
tersection of the straight lines 8 =0 and y =0. 


34. Find the equation to the tangent to the curve 
(la) + / (mB) +4/(ny) = 0, which is parallel to the straight 
line y=0; and thence shew that the centre of the curve is 
determined by a : 

mc+nb nat+le Ib+ma 

35. Employ the method of Art. 332, and the result given 
in Example 29 to find the condition which determines whether 
the general equation 


La? + MB? + No? + 2L'By + 2M'y2 + 2N'aB = 0 
represents an ellipse, parabola, or hyperbola. 


36. A conic section passes round a triangle, and the 
tangent to the curve at each angular point is parallel to the 
opposite side of the triangle: shew that the curve is an 
ellipse. 


37. OP, OQ are tangents to an ellipse at P, Q, and 
asymptotes of an hyperbola; AS is a common chord parallel 
to PQ: shew that if PR touches the hyperbola at #, QS 
touches it at S; also if PS, Q& intersect at U, then OU 
bisects PQ. 


38. If t, u, v, w be linear functions of 2 and y, shew that 
the equation to the tangent at the point (¢’, u’, v’, w') to the 
conic section given by tu = vw is tu'+ ut' = ww’ + wv’. 


39. Ifa=0, B=0, y=0, £48 + % a0, 74% 4% no, 
a ef see 1, C, 2 2 ‘ 
— + ; + 5 =0, be the equations to the sides of a hexagon which 
circumscribes a conic section, shew that 


a, (b,c, -_ b,c.) + a, (d,¢, oe bc,) + a, (b,c, _ b.c,) is 0. 
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40. ABC is the triangle of reference; D, FE, F are the 
middle points of the sides: express the equations to the 
straight lines which bisect the angles of the triangle DEF. 


41. Express by means of abridged notation the equation 
to the ellipse which touches the sides of a triangle at the 
middle points of the sides. 


42. From a point P two tangents are drawn to a conic 
section meeting it at the points Af and JW respectively; the 
straight line through P which bisects the angle MPN meets 
the chord MN at Q; any chord of the conic section is drawn 
through @: shew that the segments into which the chord is 
divided by the point Q subtend equal angles at P. 


20—2 


( 308 ) 


CHAPTER XVI. 


SECTIONS OF A CONE, ANHARMONIC RATIO AND HARMONIC 
PENCIL. 


Sections of a Cone. 


344, WE shall now shew that the curves which are 
included under the name conic sections, can be obtained by 
the intersection of a cone and a plane. 


DEFINITION. A cone is a solid figure described by the 
revolution of a right-angled triangle about one of the sides 
containing the right angle, which remains fixed. The fixed 
side is called the axis of the cone. 





Let OH be the fixed side, and OHC the right-angled 
triangle which revolves round Of. In order to obtain a 
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cone such as is considered in ordinary synthctical geometry, 
we should take only a finite straight line OC; but in analy- 
tical geometry it is usual to suppose OC; indefinitel y produced 
both ways. A section of the cone made by a plane through 
OH and OC will meet the cone in a straight line OB, which 
is the position OC would occupy after revolving half way 
round. Leta section of the cune be made by a plane per- 
pendicular to the plane BOC; let AP be the section, Al being 
the point where the cutting plane meets OC} we have to find 
the nature of this curve AP. Leta plane pass through anv 
point P of the curve, and be perpendicular to the axis O17; 

this plane will obviously mect the cone in a circle DPE, 
havints its diameter D# in the plane BOC, Let WP? be the 
straight line in which the plane of this circle meets the plane 
section we are considering, Jf being in the straight line D&. 
Since each of the planes which intersect. in ALP is perpen- 
dicular to the plane BOC, AL? is perpendicular to that plane, 
and therefore to every straight line in that plane. 


Draw AF parallel to ED, and MZ parallel to OB; join 
AM. Let AM=7, MP=y, OAz=c, MOC=a, OA ve 0; 
the angle AMZ will be equal to the inclination of dL to OB, 
that is, to r— @— 22. 


_ MD sn JAD sind. x sin @ 
Now WA = sin WDA se ee > therefore MD = pe 5 e 


EM =FL=FA—-AL=2csina—AL; 
AL sin AVE _ sin (7 —6— 22) | 
AM sin ALM s ) ’ 

SID € +24 





r sin (9+ 2a 
therefore A ee - 2a) 
CUS @ 


sin (6 + 2: 
therefore EM = 2c sina ee 4) : 
But, from a property of the circle, MJ" = EM. MD, 


; (9+2 
therefore ed {2 Bo az sin (8 + 22)) 
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If we compare this equation with that in Art. 282, we see 
that the section is an ellipse, hyperbola, or parabola, accord- 
sin @ sin (0 + 2a) 

cos’ @ 
is, according as 0+ 2a is less than a, greater than 7, or 
equal to a. 

Hence if AM is parallel to OB the section is a parabola, 
if AM produced through M meets OB the section is an ellipse, 
if AM produced through A meets OB produced through O the 


section is an hyperbola. 


ing as — ig negative, positive, or zero, that 


If c=0 the section is a point if 6+ 2a is less than 7, two 
straight lines if @ + 2a is greater than 7, and one straight line 
if 6+2a=7. The section is also a straight line whatever c 
may be, if @ =0 or 7. 

The equation above obtained may be written 

, sin @sin (9+ 22) (2c sina cosa A 
f= costa «(sin (0+ 2a) 7 J) 
suppose 8+2z to be less than 7, so that the curve is an 
ellipse; then by comparing this equation with the equation 
ty 
y= 2 (2az — 2"), we have 


2csinacosa 0b’ sin @sin (@ +22) 


war a 
“sin (O+2a)? a* cos” a 
c sin 22 c’sin’a sin 8 
Thus 2@= .~,—.~, Be. 0-5. 
sin (6 + 2a) sin (0 + 2a) 
‘ Bcos'a — {sin® (6+a)—sin’a} cos’ (6 +a) 
Also &=1—— =———____ , _____- = +; + 
a cos’ a cos" @ 


If we suppose in the figure on page 308 that AJf is pro- 
duced to meet the cone again at A, then 2a = Ad’, as might 
have been anticipated; also b may be shewn to be a mean 
proportional between the perpendiculars from A and 4’ on 
the axis OH. Similar results may be obtained when the 
curve 1s an hyperbola. 


345. An ellipse of given excentricity can always be ob- 
tained from a given cone by properly choosing the cutting 
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plane. For we have the equation cos* (6+ a) =e" cos*a, in 
which a and ¢ are given, e being Jess than unity. Now it is 
manifest that there must exist a value of 6 between 0 and 


7 : : ; ; 
9 —% which satisfies this equation, and also a value of 8 


T 
between ae. and or — 2a. 


ad 


From a given cone we cannot obtain an hyperbola of 
given excentricity unless the given quantities are such that 
e* cos’ @ is not greater than unity. 


346. Art. 344 admits of great extension. 


We may first give a more general definition of a eone. 
If a straight line move so as always to pass through a fixed 
point and a fixed curve the surface generated is called a cone, 
The fixed point is called the vertex, and the fixed curve the 
directrix. 


Lf a cone be formed with any conic section as directrix 
any plane section of the cone will be a conic section. 


The demonstration will be similar to that in Art. 344. 
Let O be the vertex, and instead of the circle with PC as a 
diameter let there be any conie section for directrix. The 
plane HPD is to be taken parallel to the plane of the direc- 
trix, so that the curve EPP) will be a similar conic section. 
The plane OBC may be any fixed plane passing through the 
vertex, so that it will not be necessarily perpendicular to the 
bee EPD. Now an equation of the second degree will hold 

etween ALP and WD, because the curve PD is a conic 
section ; and ALD bears a constant ratio to AM; therefore an 
equation of the second degree holds between MP and AM, 
And MP is always parallel to a fixed direction. Therefore 
the curve AP is a conic section. 


347. In consequence of the extension of the definition 
of a cone it is necessary to have a special name for the par- 
ticular cone considered in Art. 344; and accordingly it 1s 
called a right circular cone. The word circular indicates 
that the directrix is a circle ; and the word right indicates 
that the straight line drawn from the vertex to the centre of 
the directrix is at right angles to the plane of the directrix. 
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An obligue circular cone is a cone in which the directrix 
is a circle, but the straight line drawn from the vertex to the 
centre of the directrix is not at right angles to the plane of 
the directrix. 


When the word cone occurs in mathematics the student 
will often have to determine from the context whether the 
word is used in the gencral sense of Art. 346, or is used as an 
abbreviation for right curcular cone. 


345. The case of an oblique circular cone deserves sepa- 
rate consideration. 


Let O be the vertex of the cone; EPD a scction parallel 
tou the plane of the directrix, which is therefore a circle. 


Q 





Let AP be a section made by any plane. Let Pp be the 
intersection of these two planes; and AD that diameter of 
the base which bisects L’p. Let .W be the point of bisection, 
and Jf the imtersection of the plane Pp and the plane 
KOD. Then MP is always parallel to a fixed direction, but 
is not necessarily at right angles to AL. 


Proceeding as in Art. 344 we have MP? = EM. MD. 
Now LM = h1—- AL. Also the ratio of AZ to AM is con- 
stant, and so is that of MD to AM Thus finally we obtain 
MP? =nv.AM—p. AM’, where d and pw are constants, which 
involve F'4 and the sines and cosines of the angles JLAD, 
MDA, AML. 


It is easy to shew that im a certain special case the section 
is a circle. Suppose the plane OLD perpendicular to the 
plane uf the directrix; and suppose the plane J/4P perpen- 
dicular to the plane OLD: then JfP is at right angles to 
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AM. Let AM produced meet OF at A’: then the section 
will be a circle provided JLP* = AM. Ml’, that is provided 
AM.MA'=EM.MD. This requires the trianeles 1/7) and 
A’ME to be similar; thus the angle 11D must be eqnal te 
the angle MEA’, and the angle MD.1 equal to the angle 
MA'E. Such a section of an oblique circular cone is called a 
sub-contrary section. 


349. Conversely, suppose we have a given conic section, 
and we require to form an oblique circular cone which shall 
contain the conic section. 


Refer the conic section to axes consisting of a diameter 
and the tangent at its extremity. The angle between these 
axes will determine the angle «LMP of the preceding figure. 
‘Then > and pw will have known values, so that we have two 
equations for finding four unknown quantities, namely, Jet 
and the angles JZ4/), 14, LW. ence the problem is 
indeterminate; and will remain indeterminate even if one 
condition is introduced. 

Such a condition, for example, might be the following : 
let ILA produced meet at @ the plane through @ parallel to 
the plane of the directrix; and let AQ be required to have 
a given value. 

Suppose AJ produced to meet O/F at A"; then 
OQ MP) OW LA 
AQ Mal’ A’Q” MA’ 

OW’ MD, AL 

A (J ° al’ V M A’* 

The right-hand expression is what we have denoted by pg: 


thus when the conic section is given, and also 1, it follows 
that O@ is known. 


and 


therefore 


Anharmonic Ratio and Harmonic Pencil. 


350. We will now give a short account of anharmonic 
ratios and harmonic pencils, which are often used in investi- 
gating and enunciating properties of the conic sections, 
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Let there be four straight lines meeting at a point; then 
if any straight line 4DCB be drawn across the system, 


+ ao will be a constant ratio. 





Suppose O the point where the straight lines mect; then 
AB _sinAOB AC sin AOC. 
AU sinABU’ AO sin ACO’ 

AB snAOB sin ACO 


therelore AC an 406 anane: 
Similar! DB_sin DOB sin DCO. 
J DC sn DOC’ sin DBO’ 
AB DB sinAOB sin DOB 
therefore : 


AU~ DC sin AOC’ sin DOC’ 


Now suppose any other straight line A’D'C’B’ drawn 
across the system, then since AOB and ’O2 are the same 
angle, and so on for the other angles, we have 

See 
AC*™ DU AC VC"? 


which proves the proposition. 
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Similarly we can prove that each of the following is a 
constant ratio 

AB CB 

AD* CD 


Pr ied cae! 
AD’ BD’ 

351. DEFINITIONS. Any four straight lines mecting at 
@ point form a pencil. 

A straight line drawn across a pencil is called a trans- 
versal, 

The four points at which the straight line meets the pencil 
18 called a range. 
. AB DB AB CB 
Any one of the constant ratios C7 DO’ AD OD’ 
AC, BC 
AD’ BD 

The pencil is called harmonic if AB. DC= AD. BC, that 
is, if the rectangle formed by the whole straight line (AB) 
and the middle part (DC) is equal to the rectangle of the 
other two parts (AD), (BC). 


is called an anharmonic ratio of the pencil. 


352. The harmonic pencil is so called because it divides 
any transversal harmonically. For since AB. DC = AD. BC, 


AB BC oad 

AD DO’ that is, if we call AB, AC, AD, the first, second, 
and third quantities respectively, the first 1s to the third as 
the difference of the first and second is to the difference of the 


second and third. 


When the pencil is harmonic one of the three constant 
ratios of the pencil is equal to unity. 


We shall sometimes select one of the anharmonic ratios of 
a pencil, and confine our attention to it, and shall then speak 
of the selected ratio as the anharmonic ratio of the pencil. 


353. Suppose OA, OB, OC, OD form an harmonic pencil ; 
if we take any new origin VU’, and join O'A, OB, O'C,", O'D, 
these four straight lines form a new harmonic pencil; for the 
transversal ABCD is cut harmonically. 
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354, The anharmonic ratio of a pencil is not altered if 
the transversal mect the straight lines of the pencils produced, 
instead of the straight lines themselves. 





Suppose OA, OB, OC, OD to be a pencil, and let a 
transversal A’B’C’D' meet three straight lines of the pencil, 
and the fourth 40 produced at A’. The angles A,OB, AOL 
are supplemental; and so are AOD, A'OL”; and so on. 
Hence any anharmonic ratio formed on ABCD is equal to 
the corresponding ratio formed on A’B'C'D’, 


355. Suppose AB. CD = AD. BC, so that OA, OB, OC, 
OD form an harmonic pencil. By the last proposition 
AB CB _AB CB 
AD” CD” AD’ CD 
therefore 0.4’, OB’, OC’, OD' form an harmonic pencil. 
Similarly OC", OB, OA’, and DO produced through O 
will form an harmonic pencil. Thus from one harmonic 


pencil by producing the straight lines through the vertex, 
we can derive four other harmonic pencils. 


=]; 


356. The straight lines whose equations are a=0, B= 0, 
a~k8=0,a+k8=0 form an harmonic pencil. 
Let OJ be the straight line a=0, ON the straight line 


8=0, OP the straight line a—k8=0, OQ the straight line 
a+k8=0, 
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~Q 


Let a transversal meet the pencil at mpnq; then (Art. 71) 
sin POM _hk= sin QOM 
sin PON sin QON’ 
sin POM sin 1. VON 


Heretone sin PON sin VOM ae 

therefore (as in Art, 35 0) pm WP 1; 
pn" gm 

therefore pm. qn=pn, qm. 


The same result will follow if we draw the transversal in 
a different position. The harmonic pencil is so formed that 
its outside straight lines are always one of the two a= (0) and 
8=0, and one of the twoa—AB=0 and a+hB= 0, 


357. The anharmonic ratio of the four straight lines 
_ ok 
a=0, B=0, a—kB=0, atkf=9, is ,,. 


For as in the preceding Article we have 


sin POM _ Blu ya k’; 
sn ee » sin YON = 


therefore, by Art. 351, Dp expresses the anharmonic ratio. 
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$58. Article 356 will also hold if the equations to the 
straight lines be u=0, v=0, u—kv=0, and wu+kv=0. For, 
by Art. 57, we have u=Aa, v=, where A and pm are con- 
stant quantities; hence the equations u— ky = 0 and u + kv=0 
may be written \a—kuS=0 and Aa+ kuS=0, ora—kB=0 


and a+k8=0, where k'= se . Hence Article 356 becomes 
immediately applicable. 


359. The four straight lines EB, EC, EG, EF, in Art. 75, 
form an harmonic pencil; for their equations are 


u=0, w=0, u—nw=0, lut+tnw=0. 

By symmetry FB, FA, FG, FE, will also form an har- 
monic pencil. 

Also GD, GC, GF, GE form an harmonic pencil, for their 
equations are respectively 

lu-mv=0, mv—nw=0, lu—mv—(mv—nw) = 0, 

lu — mv + mv — nw = 0, 
360. A straight line drawn through the intersection of 


two tangents to a conic section is divided harmonically by 
the curve and the chord of contact. 


Refer the curve to the tangents as axes ; its equation will 
‘be of the form (Art. 293) 


zy ,\" 
({+%-3) pry =Onsceccccssrcceeees (1). 


Suppose a straight line drawn through the origin, and let 
its equation be (Art. 27) 


So 
ha eee (2). 


Thus the distances from the origin of the points of inter- 
section of (1) and (2) will be the values of r found from the 
equation 


2 
(7+"- ) + plmr* = 0, 
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tom i1\* 
or (G+ Z-3) Se ak ee (3). 
If r’ and r” be the roots of the equation, we have 
1 1 Lom 
nt orn2 (7+) se rasesncinpies (4), 


Also the equation to the chord of contact is 


@ sy 
;, + a 0 ewes eee is (5). 
Hence for the distance (r,) of the point of intersection of 
(2) artd (5) from the origin, we have the equation 


lr, | mr, 1 lim 
Rt yah or ag ae palvsiesangueenee (6), 
2 1 ~=1 
From (4) and (6) we have a eo thus r, is an har- 


. 1 
monic mean between 7’ and 7”. 


Since LMNO is divided harmonically, if from any point in 
AB we draw straight lines to Z, N, and O, these straight lines 


O 


with AB form an harmonic pencil. A particular case is that 
in which the point in AB is the intersection of the tangents 
at NV and Z, which we know will meet on AB produced. 
(See Arts. 103, 185.) 
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361. Let A, B, C, D be four points on a conic section, 
and P any fifth point. Let a denote the perpendicular from 
P on AB, B the perpendicular from the same point on BC, 
y on CD, & on DA. Then by Art. 336 we know that 
wherever P may be, ay bears a constant ratio to Bd. Now 
AB .a= twice the area of the triangle PAB 


=PA.PB.sin APB; 


therefore gx E42 sin APB 
1ererore RY 7 Tema ar 


Similar values may be found for £8, y, 8. Thus 


Sa ers joo sin APB. sin CPD 
bears a constant ratio to 
PA.PB.PC.PD , 


a sin BPC. sin DPA; 


sin APB.sinCPD. . , 
therefore sn BPC sin DPA 18 Constant, that is, the pencil 
drawn from any point P to the four points A, B, C, D, has a 
constant anharmonic ratio. 


EXAMPLES. 


1. Differont elliptic sections of a right cone are taken 
all perpendicular to one plane which contains the axis of the 
cone: if the elliptic sections have equal major axes, shew that 
the locus of the centres is an ellipse. 


2. Iftwo spheres be inscribed in a right cone so as to 
touch the plane of any section, the points of contact of the 
plane with the spheres will be the foci of the conic section, 
and the intersections of this plane with the planes of contact 
of the spheres.and the cone will be the directrices of the conic 
section, 
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3. Find the locus of the foci of all the parabolas which 
can be cut from a given cone, 


4, Shew that a given hyperbola cannot be cut from a 
given cone unless the vertical angle of the cone is greater than 
the angle between the asymptotes of the hyperbola. 


5. Shew that the latus rectum of any section of a given 
cone varies as the perpendicular from the vertex of the cone 
on the plane of section. 


6. A conic section circumscribes a triangle, and at each 
angular point the tangent, the two sides of the triangle, and 
the Jerpendicular on the opposite side form an harmonic 
pencil: determine the equation to the conic section. 


7. If the equations to the three diagonals of a quadri- 
lateral be u=0, v=0, 0 =0, shew that the equations to the 
four sides may be put in the form dw + mr + nw = 0, 
—lut+mvt+nw=0, lu-mv+tnv=0, lutmv—nw =. 
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CHAPTER XVII. 
PROJECTIONS. 


362. In the preceding Chapters we have carried on our 
investigations chiefly by the aid of co-ordinates; there are 
various other methods by which we may discover and de- 
monstrate theorems relating to the Conic Sections: we shall 
now explain one of these, which is called the method of 
projections. 


363. There are two kinds of projection which may be 
called respectively orthogonal projection and conical pro- 
jection : we proceed to consider the former. 


364. DEFINITIONS. From any point let a perpendicular 
be drawn on a fixed plane; the intersection of the perpen- 
dicular with the plane is called the orthogonal projection of 
the point on the plane. The plane on which the perpen- 
dicular is drawn is called the plane of projection. 

The orthogonal projection of any line straight or curved 
is the locus of the orthogonal projection of every point in 
that line. 


365. We shall use the word projection as equivalent to 
the term orthogonal projection, until the contrary is specified. 


366. The projection of a straight line is in general a 
straight line. 


P r Y 
Let PQ be a straight line. From any point P in the 
straight line draw Dp perpendicular to the plane of projection, 
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meeting it at p. Let a plane pass through PQ and Pp, and 
let its intersection with the plane of projection be pq. 


Then pg is a straight line, by Euclid, x1. 3: and we shall 
shew that pq is the projection of /’Q. 


Take any point # in PQ; and in the plane QOPp draw 
Rr parallel to Pp, mecting pq at r: then Rr is perpendicular 
to the plane of projection, by Euclid, x1. 8, so that r is the 
projection of Lt. 


If the given straight line be perpendicular to the plane of 
projection, its projection is a point. 


367. The length of the projection of a straight line is 
equal to the length of the original straight line multiplied by 
the cosine of the angle between the straight line and vs pro- 
jection. 


Let PQ be a straight line, nq its projection; draw L’m 
parallel to pg meeting Qg atm. Then 


pg= Pm=PQ cos OPm. . 


And by the angle between PQ and pq is meant the angle 
between one of these straight lines as PQ, and any straight 
line Pm parallel to the other. Thus QPm is the angle be- 


tween PQ and pq. 


368. The projections of parallel straight lnes are them- 
selves parallel straight lines. 


Let there be two parallel straight lines: denote them by 
PQand RS. Let p denote the projection of J, and r thie 
projection of 22, 


The plane QPp is parallel to the plane Sktr, by Euclid, 
x1. 15; the intersections of these planes with the plane of 
projection are parallel by Euclid, x1. 16; and these inter- 
sections are the projections of PQ and 228 by Art. 366. 


The angle between PQ and its projection is equal to the 
angle between /2S and its projection by Euclid, x1. 10. 


369. Let the boundary of any plane figure be pro,ected ; 
then the area of the projected figure 1s equal to the urea of the 


21—2 
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original figure multiplied by the cosine of the angle between 
the two planes. 


First, suppose the figure to be a triangle having onc side 
in the plane of projection. 


Let ABC be the triangle, having the side AB in the 





plane of projection. Let ¢ be the projection of C. Draw 
CP perpendicular to AB, and join cL, 


Ce is perpendicular both to Ac and De; thus 
Al? = AC* — Cl? = Ad + Cc? — (De? + Co) = Ac? — De’; 


therefore the angle A Dc is a right angle. 
Now the areca of ABc = AB.Dc; and the area of 


ABC= ; AB.DC: therefore 
ee a 
area of ABC DC 

and CDc is the angle of inclination of the planes, 

Next, suppose the figure to be any triangle. 
Let ABC be any triangle. Let the plane of ABC meet 
Cc 


=cos CDe; 


a b 


the plane of projection in the straight line ab. Let y denote 
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the angle between the planes. Join a@B. Then, by the 
former case, 


area of projection of aCb = area of aCb x cox ¥y, 

area of projection of aBb = area of aBb x cosy; 
therefore, by subtraction, 

area of projection of aCB = area of aC'B x cos +. 


This shews that the proposition is true for any triangle 
which has one angular point in the plane of projection. 
Hence it is also true for the triangle al. And therefore, 
by subtraction, it is true for the triangle ABC. 


® 
Next, suppose that the area is any plane rectilinear 
figure. Then the figure may be decomposed into triangles, 
and as the propusition is true for cach triangle, it is true for 
the whole figure. 


Last, suppose that the areca is bounded by curved lines, 
We nay inscribe any rectilinear polygon in this figure, and 
the proposition will be true of the polygon ; and by suffi- 
ciently increasing the number of sides of the polygon, and 
diminishing the Jength of each side, the area of the polygon 
can be made to differ as little as we please from the area of 
the figure. Thus we may admit that the proposition is also 
true for the area bounded by the curved lines, 


370. The projection of the tangent at any point of a curve 
is the tangent at the correspondiny point of the projection of 
the curve. 


Let P and Q be two points on a curve; let p and g 
be their projections. Then the straight line through p and 
is the projection of the straight line through 2? and Q. Let 
Q move along the curve to P; then the limiting position of 
the secant through 2 and @ is the tangent at 7 to the curve: 
and as ( moves to P along the curve, q moves to p along the 
projection of the curve, and the limiting position of the secant 
through p and q is the tangent at p to the projection of the 
curve. 


371. The projection of a circle 1s an ellipse. 
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Let C be the centre of a circle; let BCB’ be that diameter 
which is perpendicular to the intersection of the plane of the 


B 


A, 


circle and the plane of projection. Let AA’ be the diameter 
at right angles to BB. : 


Take any point P on the circumference of the circle, and 
draw PM perpendicular to AA’. Then 


CM’ + PM’ = CP? = CA’. 

Now, suppose the projections of C, P, AL to be denoted 
by c, p, m respectively. Then cm is parallel and equal to 
CM, and pm = PM cos y, where ¥ is the angle of inclination 
of PM to its projection. Thus 

(cm)* + eee CAS 
cos" me 
Let cm=2, pn=y, CA=r: then 


y _os 
cosy 





a" + 


Now y¥ is the same for every ordinate; see Art. 368; and 

cm and mp are at right angles by the reasoning in the first 

art of Art. 369. Thus the above equation represents an ellipse 

iaving r for the semi-axis major, and r cos y for the semi-axis 
minor. 


The straight line ACA’ is either the line of intersection 
of the plane of the circle and the plane of projection, or is 
parallel to this line. In the former case m and Af coincide, 
and y is the angle of inclination of the two planes; in the 
latter case y is equal to the angle of inclination of the two 
planes by Euclid, x1, 10. 
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It is obvious that the centre of the circle is projected into 
the centre of the ellipse. 


372. Conjugate diameters of an ellipse are the projections 
of diameters of a circle which are at right angles to each 
other. 

For if diameters of a circle are at right angles to each 
other, each diameter is parallel to the tangent at the extremity 
of the other diameter. 

Hence, by Arts. 368 and 370, the projection of each dia- 
meter 1s parallel to the tangent to the projection of the 
circle at the extremity of the other diameter, Therefore, by 
Art. 491, the projections of diameters of the circle which are 
at right angles to each other are conjugate diameters of the 


ellipse. 


373. The area bounded by two radii of a circle which 
are at right angles to each other, and the corresponding are 
of the circle, is a quarter of the area of the cirele, Therefore, 
by Arts. 369 and 372, the area bounded by two conjugute semt- 
diameters of an ellipse and the corresponding arc of the ellipse 
as one quarter of the area of the ellipse. 


374. To find the area of an ellipse. 


Let a and b be the major and minor semi-axes of the ellipse; 
therefore, by Art. 371, the ellipse can be obtained by projection 
from a circle of radius a; and thie cosine of the angle between 


; ea ee 
the plane of the cirele and the plane of the ellipse is =. The 
area of the circle is known to be wa’; see Trigonometry. 

| | 
Hence, by Art. 369, the arca of the cllipse is ~ x Tt’, 
that 1s abd, 
375. It is now easy to see that certain propertics may 
be immediately inferred to belong to the cllipse froin the fact 
that they belong to the circle; for example, the results of 


Arts. 182, 184, 185, and 194 may be thus obtained. Such 
properties are called projective properties. 


‘Also Art. 203 may be thus obtained ; for it is obvious by 
Euclid, m1. 31, that if a chord and a diameter of a circle are 
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parallel, the supplemental chord is parallel to the diameter 
of the circle which is at right angles to the first. 


376. Again, Art. 208 may be obtained by projection. 
For by Euclid, 111. 35, if two chords of a circle intersect, the 
rectangles contained by their segments are equal. Denote 
the chords by POp and QOg, so that PO x Op= QO x Og. 
Let CD be a radius parallel to OP, and CE a radius par- 
allel to OQ. Then as CD= CE, we have 


PO x Op _ 90x 04 
Ch CE 


Now when the circle is projected into an ellipse, since 
PO is parallel to CD, the projection of PO bears to the 
projection of CD the same ratio as PO bears to CD; and in 
like manner the projection of Op bears to the projection of 
CD the same ratio as Op bears to CD. A similar remark 
applies to the projections of QO and CE, and to the pro- 
jections of Og and Ck. Hence the property of the ellipse 
follows from that of the circle by projection, 


377. It will be instructive for the student to apply the 
method of projections to the following examples: 20, 38, 42, 
30 of the Examples attached to Chapter 1x, and 2, 3, 9, 
19, 23, 24, 25, 31, 32, 43, 52 of the Examples attached to 
Chapter X. 


378. We proceed to consider the other kind of projection 
which is called conical projection, and sometimes perspective 
projection. 


379. DEFINITIONS. The conical projection of any point 
on a given plane is the intersection of the plane by a straight 
line drawn from a fixed origin through the point. The conical 
projection of any line, straight or curved, is the locus of the 
conical projections of every point in that line. Or we 
may put the definition thus: if every point in a line, straight 
or curved, be joined with a fixed origin, the assemblage of 
these joining straight lines will constitute a cone, and the 
intersection of the cone with any given plane is called the 
conical projection of the line on the plane. 
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_ The fixed origin is called the vertex, the given plane 
is called the plane of projection ; when the projected line lies 
in a plane, that plane is called the original plane. 


380. It is obvious from our definition that the shadow 
formed on any plane by a figure when light falls on it from 
a point, is the conical projection of the figure corresponding 
to the point as vertex. 

By the single word projection in the remainder of this 
Chapter is to be understood conical projection. 


381, The projection of a straight line is in general a 
straight line. 

For the projection of a straight line is the intersection of 
two planes, namely, the plane of projection and the plane 
passing through the given straight line and the vertex. 

If the given straight line passes through the vertex, its 
projection on any plane not passing through the vertex is 
& put. 


382. The projection of the tangent to a curve at any point 
ws the tangent to the projection of the curve at the corresponding 
potnt. 

This may be established in the manner of Art. 370. 


383. Projections on parallel planes of the same figure 
with the sume vertes: are simular. 

Let O denote the vertex. Let P, Q, 2 be the projections 
of three points of a figure on any plane; p, ¢, 7 the pro- 


jections of the same points respectively on a parallel plane. 
Join 2Q, QR, pq, qr. Then by Euclid, vi. 4, 
PQ OP QR 
pt” Op gr 
Also the angle PQR = the angle pyr by Euclid, xr. 10. 
In this way we can shew when the projections are recti- 
linear figures that they are similar; and the proposition may 


be extended to curvilinear figures in the manner exemplified 
in Art. 309. 
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384, It follows from our definitions that if two plane 
sections be made of a cone, each curve thus obtained may be 
considered as the projection of the other. Now it appears 
from Art. 349, that any conic section may be projected into 
a circle by a suitable adjustment of the cone and the plane 
of projection, And thus it will follow that certain pro- 
perties may be inferred to be true for the conic sections 
when they have been shewn to be true for the circle. Such 
properties of a figure as may be inferred to be true for the 
projection of the figure are called projective properties. It is’ 
not possible to give a brief definition of these properties ; 
it will be seen that they relate to the positions of points 
and straight lines, and not to the magnitudes of lines, 


385. For an example of projective properties we may 
take the theory of poles and polars, Thus the properties 
of Arts. 101 and 102 being demonstrated for a circle, may be 


inferred to be true of any conic section by Arts. 382 and 
384, 


Again, Pascal’s Theorem and Brianchon’s Theorem might 
be demonstrated for the circle, and then inferred to hold for 
any conic section, Of course the method would be ad- 
vantageous only in the case in which it would be easier to 
demonstrate the property for the circle than for a conic sec- 
tion generally. 


386. But the great advantage of the method of pro- 
jection arises from the fact that by properly choosing the 
projecting cone and the plane of projection, we are able to 
simplify the theorem we wish to establish by substituting 
some particular case instead of the general enunciation: this 
we shall now proceed to explain. 


387. Itis obvious from our definition that every point 
has its projection unless it lies in a plane through the vertex 
parallel to the plane of projection; and then the straight line 
from the vertex through the point never meets the plane of 
projection. Hence we may say that points in the plane 
through the vertex parallel to the plane of projection have no 
projections ; this is usually expressed by saying that such 
points are projected to infinity. 
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The plane through the vertex parallel to the plane of 
projection may be called the vertex plane. 


388. If two straight lines intersect in the vertex plane 
their projections are parallel straight lines. 


The projections cannot mect because the point at which 
the original lines meet is projected to infinity by Art. 387. 


389. Conversely, if the projection of a point is at an 
infinite distance, that point must be in the vertex plane, If 
the projections of two or more points are at an infinite dis- 
tance, those points must be in the vertex plane; if the points 
are known to be also in another plane, they must be in 
the intersection of this plane and the vertex plane, so that 
they must be in a straight line. 


390. Any angle may be projected into an angle of as- 
signed magnitude. 


Let A denote the angular point; Jet a plane be drawn 
parallel to the plane of projection meeting the straight lines 
which form the angle at Band C. On BC in the plane 
parallel to the plane of projection describe a segment of a 
circle containing an angle equal to the given angle. Join A 
with any point on this seginent and take any point on the 
joining straight line for the vertex. Then the angle BAC 
will be projected into an angle of the assigned magnitude, 


391. In the preceding investigation, the plane of pro- 
jection may be any plane which dves not coincide with the 
plane of the angle, and is not parallel to it: we may, there- 
fore, take the plane of projection such that the sale ag 
vertex plane shall pass through an assigned straight line, 
that is, so that an assigned straight line shall be projected to 
infinity. 

If we require a second angle to be also projected into 
an angle of assigned magnitude, we must determine in the 
manner employed a second segment of a circle; and when 
these segments intersect, the point of intersection may be 
taken as the vertex. 
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392. Any quadrilateral may be projected into a parallelo- 
gram having a given angle. 

Draw the third diagonal of the quadrilateral; sce Art. 75. 
Take the plane of projection such that this straight line is 
projected to infinity: then the projection of the quadrilateral 
is a parallelogram, tor the opposite sides of the projection do 
not mect. 


393. As an example of the application of projections we 
will take the following theorem: a quadrilateral is inscribed 
in a conic section ; tangents are drawn at the angular points, 
thus forming a second quadrilateral: the diagonals of both 
quadrilaterals intersect at a point. 


Project the figure so that the inscribed quadrilateral may 
be a rectangle; see Art. 392. The sides of a rectangle in- 
scribed in a conic section are parallel to the axes. Hence, 
by symmetry, the diagonals of this figure and of that formed 
by the tangents at the angular points will intersect at a 
puint. 


394, Any conic section may be projected into a circle, and 
a gen straight line i the plane of the conic which does not 
antersect the cunic section may be at the same time projected to 
anfinity, 

This has been shewn in Art. 349. 


395, The following demonstration of Pascal's Theorem 
has been given by the method of projections: Project the 
conic into a circle, so that the quadniateral formed by two 
pairs of opposite sides may become a parallelogram; see 
Arts. 392 and 394: the theorem then reduces to a simple 
property of the circle, namely, if a hexagon be inscribed 
in a circle, and two pairs of opposite sides be parallel, so is 
the third pair. This simple property may be established by 
elementary geometry. 

This demonstration is however not complete. For in 
Art. 394, there is the limitation that the straight line which 
is projected to infinity does not intersect the conic section, and 
thus Pascal's Theorem is only established for such figures as 
conform to this restriction. Writers who use the method 
of projections are accustomed to assume that theorems which 
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are demonstrated under certain limitations will hold when 
those limitations are removed. For example, a straight line 
which really does not meet a curve, is called an ideal secant, 
and treated in effect as if it did meet the curve. But it 
would be beyond the scope of an elementary work like 
the present to discuss the grounds on which the assumption 
is based, 


EXAMPLES. 


Tue following Examples may be treated by the method 
of projections: 


1 CP and CD are any two conjugate semi-diameters of 
a given cllipse; tangents to the ellipse at 2 and J) mect 
at 7: shew that the triangle C/P7' is equal to the tri- 
angle CDT. 

2. CP and CD are any conjugate semi-diameters of a 
given ellipse; Ais any point in 2), and CL is the semi- 
diameter parallel to PD: shew that the tnangle AC. is of 
constant area, 


3. CP and CD are any conjugate semi-diameters of a 
given ellipse; PQ is a chord drawn parallel to a fixed 
straight line: shew that JQ will be parallel to a fixed 
straight line. 


4. Iffrom the extremities of the axes of an clhpse any 
four parallel! straight lines be drawn, the points at which they 
cut the curve will be the extremitics of conjugate diameters, 


"5. CP and CQ are any two semi-diameters of an cllipse; 
from Pa straight line is drawn parallel to the conjugate to 
CP, meeting CQ at M; from Q a straight line is drawn par- 
allel to the conjugate to CQ, mecting CP at NV: shew that 
the triangles CPM and CQ are equal. 


6. PQ is any diameter of an ellipse; 2, S any two 
points on the curve; let Pi and QS, or these straight lines 
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produced, meet at M, and PS and QR at T: shew that TM 
is parallel to the diameter conjugate to PQ. 


7. If parallelograms which circumscribe an ellipse have 
their areas constantly equal to » times that on the major and 
minor axes, all the angular points of the parallelograms lie 
on two ellipses similar to the given one, and having their 
axes to those of the given ellipse as /(n?+n) +./(n*—n) to 
unity. 


8. If a parallelogram be inscribed in the inner of two 
similar, concentric, and similarly situated ellipses, and its 
sides be produced to meet the outer, and the adjacent points 
of intersection belonging to each pair of parallel lines be 
joined, shew that the quadrilateral figure formed by producing 
these joining straight lines will be a parallelogram, having its 
corners situated on a third ellipse, similar to the two former, 
and independent of the original parallelogram, 
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ANSWERS TO THE EXAMPLES. 


CHAPTER I. 

8. THE co-ordinates of D are 3 (z,+2,) and }(y,+y,) The 
co-oMdinates of G are 4 (x, +2, +a,) and §(y, +y,+y,)- 

10. Let r and @ be the polar co-ordinates of C. Then the 
angle AOC =the angle BOC’; ov 0-6,~ 6-6; thus d= (0,46). 

Again, from the known expression for the area of a triangle 
(see T'rigonometry, Chapter xv1.), triangle AOB -= dr,r, sin (8, —4,), 
triangle AOC = rrsin (9-6), triangle BOC. drirsin (8, -- 0). 

Thus 7,7, sin (9, — 6,) = 7,7 sin (0 - 6,)+ 7,7 sin (0, — 8) 

= r(r,+7,)5in 3 (8, — 6) ; 
therefore 7 (r, + 7,) = 27,7, c08 4 (8, — 6). 


CHAPTER III. 


1 (1) y+2e=1, (2) ae 2. (3) y- &. (1) z= 0. 
2. y-4=-3(x-4), y—4>4(e-4). 
3. y-l=(J/3-2)¢, y-l=—(/3+2)z. 


1 
4. you, y=—2. Y= 3 x= (). 
6. 90°, xe=—}, y = 3. 7. 60% 8. 45° 
9. y = « (z—a). 10. y=. 1}. 2,/2. 
ab pa ab x y_1 1 
12. a+b) 13. en pe 14. Me ak 


15. (1) The origin. (2) Two straight lines, y= and y=—«a. 
(3) Two straight lincs,z=Q andz+y=0. (4) Theaxes, (5) Im- 
possible. (6) Two straight lines, z=Qand y=a, 16. (1) Two 
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straight lines, e=aand y=. (2) The point (a, 6). (3) The point 
(0,a). 17. Thestraightlinesy=xandy=32. 19. 4y=5a, 
and 3y+22%—20=0. 20. Let a be the Jength of the side of 
the hexagon ; the equations are to AB, y=0; AC, y/3=a; 
AD, y=2f/3; AE, x=0; AF, y+2/3=0; BC, y=,/3 (x-a); 
BD, w=a; BE, y+ J/3(e-a)=0; BF, y,/3+x-a=0; CD, 
y+au /3=24,/8; CH, y /3+xe=3a; CF, 2y=a,/3; 

y=/30; DF, y f/s-x=2a; HF, y—-«,/3=a,/3. 21. If 
(2, 4f:)) (ay Yo)y (Xs) Ys) be the angular points, the co-ordinates of 
the point midway between the first and second are a, A noe j 
similarly the co-ordinates of the point midway between the second 
aud third points are known ; and then the required — can 


be found by Art, 35. 92, ™ mt tamu, anv, 4. 4 =, 
oc 2ab sin w 





=¢ ; tangent of the angle between them ob 29. The 


, ‘ Lc] Q % 
points whose abscisse are a+ b J(a? +0) and a-- r/ (a? + b°). 
) 


PH AAC 
dl. f(t ~ 4 25 30. 90°. 36. JI°(6)=0 gives a system 


A 2 G 
of straight lines through the origin; sin 36=0 gives the three 
straight lines y=0, y=-a /38, y=—a/3. 40, The second 


pair of straight lines bisect the angles included by the first: pair. 
44, Let ABC be the triangle ; take A for the origin and straight 
lines through A parallel to the two given straight lines as axes ; 
let 2, y, be the co-ordinates of B, and x,, y, those of (Then it 
may be shewn that the equations to the three diagonals are 

YI gE Hs et et ie 
from these equations it may be shewn that the three diagonals 
meet at a point. 45. Take O as origin and use polar equations 
to the given fixed straight lines. 46. Leta, be the abscissa of the 
point of intersection of the two straight lines ; then the area of the 
triangle is 4 (cy—¢,) %. 47. This may be solved by Art, 11. 
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Or we may use the result of the preceding Example; for by draw- 
ing a figure we shall obtain three triangles to which the preceding 
Example applies, and the required area is the difference between 
two of these triangles and the third. The result is 


af ara? (ams, fame} 





2(m,—m,) 2(m,—m,)  2(m,-m,)J’ 
which may also be written thus 


{ey (m,— Mz) + C, (m, —-—™ s) + €, (m, a m,)}" 





re tnt 


2 (m,— m,) (m,—m,) (m,— _m,) ° 
That sign should be taken which gives a positive result, It will 
be seen that the numerator vanishes if the three points of inter- 
section of the straight lines lie on a straight line; the denominator 
vanishes if any two of the straight lines are parallel, 


CHAPTER IV. 


l - = + fe ae ie 7. Since the required straight line is 
acai to fai eee in Example 5, we may assume for its 
equation acos A — B cos B+k=0, where k is some constant to be 
determined. Now at the middle point of 42, we have —a :- sin 3, 
Cc, C Cc, 

—~B= yy Sin A; therefore — 9 sin B cos A + ;, Sin Acs B+k=0; 
thushisdetermined. 13. Assume for the equation Au+po+vw=0; 
then since the straight line passes through the first point, 
N+ pm+yn-0, and since it passes through the second point, 
MN’ +pm'’+rr'=0. From these two equations find the rutios 
of A, », v; thus we obtain for the required equation 

(ma — ni'n) uw + (rel — 2’) v + (lin’ - Um) w= 0. 

14. ab(u-—v)+c(b+a)w=0., 

15. Assume for the required equation la + mB + ny =0; at the 
centre of the inscribed circlea=B=y; thusl/+m+n=0; at the 
centre of the circumscribed circle a, 8, y are proportional respeo- 
tively to cos A, cos B, cosC’; thus / cos 4 +m cos B +n cos C =0, 
Hence the required result may be obtained. 


T.C.S. 22 
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18. ToCP, 2mv—nw=0; to DP, 2lu—2mv+nw=0; 
to AQ, lu—2Qmv+2nw=0; to BY, lu—2mv=0. 


96. Take a=0, B=0, y=0 to represent the sides of the 
triangle A’B'C’; then the equations to BC, CA, AB will be respec- 
tively B+y=0, y+am0,a+f8=0,. Then tho equation to AA’ 
will bo B-y=0, so that AA’ is perpendicular to BC. 


97. The equation to OO’ is B-y=0; take B-y—da=0 
for the equation to the straight line drawn through D. Then it will 
be found that the equation to OF is B-y—A (a— y)=0, and that 
the equation to O'F is B—y—A(a+fB)=0. Thus at the pomt P 
we have B=—y. The same relation holds at the point Q. 


la + mB + ny 
es + ne +2! — 2mn cos A — Bri cos B— 2lm cvs ‘) 


28. 


Ta. +m'B +n'y 
aera m+n —2n'n' cos A — 2n'l cos B— 2l'm’ cos CY" 


30. See Ex. 29 and page 72. 31. Denote the triangle 
p sin P 
2sin QY sin WR 
from Pon QF. The length of this perpendicular is known from 
Example 30; and sin 2, sin Q, and sin # are known from page 70. 


by PQ; the area is where p is the perpendicular 


32. ad+bpt+cv=0. 33, (A+ mpu+nv=0, 


84. We must have > ms: identical with 


a-a  aa+bp — (aa’ + 68’) : 
) cc gy 


eee AB te 
this gives ah+bu+cv=0. 35. We shall find that 575 =); 
and AF = a - hence triangle . AEF — be 
AB lb+ma’ triangle ABC (ic + + na) (lb + ma)” 
And triangle DEF 9abelmn 


“triangle ABC ~ (Ic + na) (lb + ma) (nb + me) * 
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37. Divide by y*’; thus we have a quadratic in B. then 
Y 


as in Art. 60 we obtain (F?— AB) (D*— BC) =(FD — BE)’, that is 
AD*+ BE* + CF*— ABC - 2DEF=0. 


38. See Art. 9 and xu. of Art. 78: thus we get the first 
form. Also (a,—a,) sin A + (8, —£,) sin B + (y,—y,) sin @ --0; 
transpose the last term and square; thus we express (a, — a,) (8, — B,) 
in terms of (a,—a,)’, (8,—8,)*, and (y,- y,)’, and so obtain the 
second form, To obtain the third form from the first we put 
= ere (8, — B,) sin B + (y,—y,) sin c} for (ai —a,)°, and make a 


similar substitution for (8, — B,)’. 


CHAPTER V. 


2 


1 (e+ y*)?_ a? (a*-y’). 3. y?. ¢/2x'— : 
4, y? sinta=4az’, 6. By Art. 83, wo have 
sin (w— a) sinjw—B) , sina _, sin 
ing 8 opin 7 sine’ "ain 


CHAPTER VI. 


1. (1) Co-ordinates of the centre 2 and — 2, radius 3. 


(2) Co-ordinates of the centre —3 and 2, radius 3. 


2. The first straight line mects the circle at the points 
(—4, 3) and (3, — 4); the second at the points (0, — 5) and (— 5, 0); 
the third touches it at the point (— 4, — 3). 


5. ease )t+y—-yl(yty)+cu +yy =0. 
8. For determining the abscissx of the points of intersection 
we have 2” (1 +i) ot (b— 8) 2ax +k’ ~ 2b% =0; if the straight 
t t 


line touches the circle we must have (kb — ha)’ + 2kh (kat hb)~W7k. 


9. 2y+3zr=0. 14. a? +y°—axy—hxe—-ky=0. 
15. Inclination of axes 120°; co-ordinates of the centre each =h ; 
radius =A, 16, Inclination of axes 60°; co-ordinates of tha 


22—2 
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eentre each = ° 5 radius = 75. 17, af+y’+ay/2-9=0. 
Sins nia xe J/(hi + k* — 2hk cos w) 

18. 2+y+aytur+y—-1=0. 19. re 

23. a+y’=a (2+ of Msi? jr =" cos (6 _ 5) : 27. A circle. 

28. Use the equation in Me 26. 29. Using polar 


co-ordinates, we have 


r+ ,/(7° +a" —2racos 6) = pe +@ *— 2ra.cos (5 -6)}; 


reduce and we get { /3r- 2a Cos (6- st = 0; thus the locus is 
the circle circumscribing the triangle. 
30. sin’a+sin’B +sin’ y+... =cos*a+cos’ B+ cos’ y+... 
and sin 2a + sin 28 + sin 2y+...= 0. 


32. If the perpendiculars are both on the same side of the 
straight line the locus is a circle ; if on different sides the locus 
consists of two straight lines. 33. <A circle. 34. A circle. 
36. Solve the quadratic in r; it will be found that r= 2a cos 6 
or — asec 6; thus the locus consists of a straight line and a circle. 

38. Take the extremity of the diameter as the pole; it will 
follow from Example 37, that the tangent at P is represented by 
the equation 2¢ cos’ a = 7 cos (2a—6), and the tangent at Q by the 
equation 2ccos*B=rcos (28-6). These tangents meet at 7’, so 


cos (2a—@) _ cos (2B — 6) | ; from this we shall 


h = 
at that point we have Set cos" B 


find tan 6 aon (B : 2). , 80 that if C be the centre of the circle 
2 cus B cos a 


_ csin (8 +a) 
~ cos B cosa’ 





Hence we can shew that Cg — Ct = Ct— (Cp. 


39 and 40. Assume 2*+y°+ Ax+ By +C=0 for the required 
equation, and substitute successively the co-ordinates of the given 
points (x, y,), (@,, y,) and (#, y,). It will be found that the 
values of A, B, and C have for their common denominator 
BY, — 7,Y,+ BY, — 2H, + 2,Y,—2y, Then see Art. 36. 
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CHAPTER VII. 


3ab 
4. xw=y, and x+}3 =: 


i 


o. Let y= mz be the equation to ono straight line; then 


b= 4 met ; 
« /(1 Sy) 


this is a quadratic for finding m, and we may replace m by if : 


thercforo 5° (1 + m*) = (y, — mz,)* ; 


3. Ate? 4 Cla? + Bac + ACU 2ACac — Bb (Ae + Ca) = 0. 
10. Let the given ratio be that of ¢ to p; then the required 
equations are - (la + mB + ny) == " (Va+m B+ n'y), where 


1? = 0 +m? + n®— 2mncos A — 2nl cos B~ 2lm cos C, 
B= 17 +m? +n? — 2m’ cos A — 2n'l cos B— 2l'm' cos C. 
11. Letaand £B be the inclinations to the axis of 2 of the 


straight lines represented by the given equation; and let 6 be 
the inclination of one of the bisecting straight lines. Then 


6=4(a+f), or ~+4(a+f), so that 20=a+f, or r+a+fP. 
In both cases tan 26 = tan (a + B), so that 


2 tan 6 tana+tanB 
1-tan’@ 1-tanaten fp’ 





Now by the theory of quadratic equations tana + tan B = =o 


and tana tan B= S . And as the equation to one of the required 


2yz iB 
straight lines is y= 2 tan 6, we have finally —, poe aoe 
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CHAPTER VIII. 


1 y=22. 2. y'=5ax—2*. 3. The locus consists 
of two parabolas of which the centre of the circle is the common 
focus, and the directrices are the two tangents to the circle which 
are parallel to the fixed diameter. 4, The second curve is 
s parabola having its axis coinciding with the negative part of 
the axis of y; the curves intersect at the origin and at the point 
s=4a,y=-4a 5. y=ut+a. 6. tan’) 7. yr+u=3a. 
8. At the point (9a, — 6a) ; length 8a ,/2. 9, y=2a,/3, 
z= 3a, 11. The abscissa of the required point is 0 or 3a. 
13, The curve is a parabola having its axis parallel to that 6f y, 
and its vertex at the point z=43, y=}. The straight line is a tan- 
gent at the point z=1,y=0. 20. Abscissa of required point is 
(2 a) \ -Grlinat=(< y  lenllveP chord ate! 
rae ), ordina o~ (Or ty): ength of chor yt | a'+y’*)§, 
22. Locus of Y, e=—2a. Locus of Q’, x= ay’. 23. Refer 
the parabola to /7' and the diameter at P as axes. See Art. 151. 
25. See Art. 155. 27. Transform equation (1) of Art, 125 
to polar co-ordinates, and we shall deduce r = 2a — oy — - ee ay 


28. Use the result of the preceding Example. 


29, ra ag hl® V(- cos 26) 30. The locus is a 
cos’ 6 

parabola ; see Art. 147. 32. Jet J/y=J/(a2 /2). 

33. (y’— 2’)? — Bax’ J2=0. 34. aft y’—x(a+2’)—yy'+az'=0. 

37, Use the result of Example 5, Chap. vi. 41. The equation 


‘to one tangent can be written y = m (x+ a) +< ~ 9 (see Example 40), 


and that to the other y=—— (e+ a')—a'm. By eliminating m 


we have for the required locus r+a+a=0. 42. Take for the 
equation to the chord y = mx+n; then to find the abscissa of the 
middle point of the chord we must take half the sum of the roots 
2a—-mn 


of the equation (mz +n)*=4ax; so that the abscissa is ~ 
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Now since the chord touches the parabola y* = 8a (ic —¢) the equa- 
tion (mx +n)’ = 8a (a —c) must have equal roots ; by means.of this 


condition it can be shewn that cs = 
{ 


C. 44. The equa- 

tion to the normal at a point (2’, y’) is y-y/=— is (c-a'). If 
| 

the normal is to pass through a given point (A, &) we have 

»__Y¥ \~ alen of ft : 

k-y =— 3 (h- @) 5 also x =i Thus we obtain a cubic 


equation for determining y’, namely y” + 4a (2a—) y' — 8a°k = 0, 
By Chapter ut. of the Theory of Equations the sum of the roots 
of Mais cubic equation is zero. The points of intersection of the 
parabola with a circle (2 — 0)" + (y—c)*=:7* are found by combining 
the equations to the two curves. Thus we obtain 


(Z-d) + y-ot-r 


which is an equation of the fourth degree in y. By the Theory 
of Equations the sum of the roots is zero, If then three of the 
roots coincide with those already shewn to have a sum equal to 
zero, the fourth reot is zero; and the corresponding point is there- 
fore the vertex of the parabola. Ah, The tangents of the 
inclinations to the axis of 2 of the three normals that can be 
. drawn through a point (x, y) are determined by the cquation 
m' +m (2 -*) +2%=0, See Art, 135. Suppose m,,n,, m, the 
aj; & 
roots of this cubic, then by Chapter m1. of the Theory of Equations 


x y 
oe ) <7 Ta, ‘ = 48 
m,+m,+m,=0, mym,+ mm, + m,m,= 2 a? umm, ; 


if two of the normals are at right angles we may put mm,=—1; 
from these equations by eliminating m,, m,, and m,, we find 
y* =a (x— da). 46. By the length is meant the length of the 
common chord; by the breadth is meant the distance between 
the two tangents which are parallel to the common chord. 


k* — 4ah a 
47. Ws Fat)" 55. The equation y= mx+ = vepre- 
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-sents a tangent to the parabola ; if this passes through the point 





(h, ) ‘we have k=mh+—; also mas where (a, y) is any 


point on the tangent; thus h-# or ae we =); this will give 
the first form of the equation. The second form may be deduced 
from the first ; the student will see hereafter what suggested the 
second form; seo Arts. 341 and 343. 56. The equation 
y" = 4ax represents the parabola ; and the equation ky — 2ax = 2ah 
represents the chord of contact; hence it follows that the equa- 
tion 4ax (ky — 2as:) = 2ahy" represents some locus passing through 
the intersection of the parabola and chord ; then see Art. 61.¢° 





i i oe y=a (- + : . . IZfthe equation to tho third 
mm, m, ™, 
tangent is y=m r+ — the required ordinate is 
8 
( L.A. A 1 ) 
m, mm, ms, mmm, 


3 





CHAPTER IX. 


1, A ‘ 2. ytex=a; the intercept on the axis of 
= 5 and tho intercept on the axis of y= a. 3. yt+ae* == : 


4. The excentricity is determined by e‘+e’=1. 5. y =" (w+); 


y= Ae ; the straight lines are parallel if 2e"=1. 6. y= ig (x — ae) ; 





9 
the abscissa of the point of intersection is rae ; 
ep 2a%e— ax’ (1+e*) 
=— - b : a ee 
CBE OTe) Ol aaa a (1 +e) — See’ 


b* 
Je@ Jarre 9 fee By 
10. The co-ordinates of the point are a= 5, y= is 


9. The co-ordinates of the point are 2 = 
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19. It will be found that the circle falls entirely without the 
ellipse if the inclination of the two parallel straight lines ‘to the 


major axis be greater than tan™ * 22. = cos d+ sin d= I. 


25. The co-ordinates of the required point are 2 = Ge @) 


b —ae" 
_ 2 
= sad ; the straight lines are parallel when e‘ + ¢* = 1. 
b-ae 


9 


28. 2° +y'—x(aer+x’)—yy'+acex’--0. 30. If the point (A, k) be 
205? 
(a'k'+ 0h’) : 
if ths point (h, &) be not between the directrices, the sum of the per- 
O~}2 
pendiculars is = Tse oe , the upper or lower sign being taken 


between the directrices, the sum of the perpendiculurs is 


according as / is positive or negative. 31. A circle having its 
centre at the centre of the ellipse and radius =a + 6. 


32. y=taeJ(a'+b*). See Art. 171. 34. Locus is the 
circle 27+ y*°= a7 +6*; this may be deduced from tho second part 
of Example 33. 35, Seo remark on Ex. 55 of Chap. viu. 
42. The first part of this Example may be solved by finding the 
equation to the straight line passing through the points of inter- 
section of the two ellipses. 45, oh + y= (a+b) (wt y). 
46. Leth, & be the co-ordinates of an external point ; the equa- 
‘tion to the corresponding chord of contact is a’ky + U*hx: a'b'; 
the equation to the straight line through (A, 4) perpendicular to 
the chord is (y—h) Dh=a"k (2@—h). Wo require that the latter 
straight line shall be a tangent to the ellipse ; the necessary condi- 
tion may be found by comparing this equation with the equation 
y= mx + ./(m’a* +0"); thus we shall obtain for the condition 
Kat + h°b® = h7h? (a* — b*)’. 48. a? (y* + Qyk) + 6" (a” + 2ah) = 0. 
51. Transferring the origin to the vertex of the ellipse the equa- 
tion becomes 


y=m (2a) + /(m'at + 89) =me—matma (14!) 
(l+e)cy4 


= mz — ma + ma} arta a where ¢=(1 —e)a. 
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Expand the square root by the Binomial Theorem; then ulti- 


; Be seat ¢ 
mately when ¢= 1 and a is infinite, we have y= mx + = 


52. An ellipse. 53. The locus is an ellipse; if A be 
the origin, AB the axis of x, cach of the co-ordinates of the focus 
2 
is equal to half the radius of the circle. 54, © “ 55. Put 
acos @ for x and b sin ¢ for y in the preceding result (Art. 168); 
g 

then the greatest value is a : 

the ellipse, and Q the centre of the circle inscribed in the triangle 

SPH; then if y’ be the ordinate of P it may be shewn thfit the 

. re » WP , 

radius of the circle which = Pes u langle Digs ae ; this 

semiperimeter of triangle 1 +e 

is the ordinate of Q. Let a’ be the abscissa of P, then it may 

be shewn that the abscissa of Q is ex’; thus it will be found that 

the required locus is an ellipse. 58. Find the point at which 

SZ mocts the normal at P; also find the point at which 1/2’ 

mocts the normal at P; it will then appear that the points coin- 
cide, 60. See Example 12 of Chapter vi. 


57. Let P denote a point on 








CHAPTER X. 


1. ab (bx -— ay’) + ya(ay’+be’)=a'b, 2.“ Refer the ellipse 


to the diameter and its conjugate as axes, 3. See Art. 1]. 
8. r(a’sin’ 6 + b° cos? 6) = 2ab* cos 0. Qand 10. Use the re- 


sult of 8. 12. Result the same as that in Ex. 11. 13. They 


intersect when 6=0 and when @= = . 14. The equations to 


at 


the tangents at the ends of the latera recta are (Art. 205) 
r(e cos @ +s8in 6) =a (1 —-e*); r (sin 6 —¢ cos 0) =a(1 +); 


r (e cos 6 — sin 6) = a (1 —e'); r (sin 6 +e cos 6) = —a(1 +’). 
The equations to the tangents at the ends of the minor axis are 
rsind=6; rsin@=—0. 15. A straight line through 5S. 


See Art 205. 17. 008G=-~——,, r=a(l+ec’), 18 Be 
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b 
tween and. 20. See Art, 208. 22. The sine of the 


angle between the radius vector from the centre and the tangent 


s oe where p* (a* + b*— 77) = a®b* by Art. 196; then the least value 


of. P z may be shewn to be when 27° =a’ + 0%. 29. It may be 


ae that the axis of the parabola must coincide with one 

of the axes of the ellipse, hence the latus rectum will be either 
2a" 2b” 

Jai st) O° Wea By 


35. Use the polar equations to PQ and pq; see Art. 205. 


31. An ellipse. 32. An ellipse. 


38. Two of the sides of the parallelogram are determined hy the 


equations = cos +4 sing=#], and the other two by the 


° wc ° 
equations — cos ¢’ +) sing =*1; see Example 22 of Chap. 1x. 
a 


It may be shewn that the diagonals of the parallelogram inter- 
sect at the centre of the ellipse ; then if the centre of the ellipse 
be joined with two adjacent corners of the parallelogram the 
triangle thus formed is one fourth of the parallelogram ; and 
the area of the triangle is known by Example 7 of Chap. 1. 
— ay’ , bx! 

in y , and the ordinate oe <., 42. The 

a 

co-ordinates of the intersection of the tangents are found in 
Ex. 41; call them / and /, then use the second form given in 


.  . ba’ 
41. Theabscissais -- 


Ex. 35 of Chap. 1X. 44, The greatest value may 
be found by substituting for 2’ and 7’ their values from Art, 168 ; 
it is ab (/2-1). 48. An ellipse referred to its 
egual conjugate diameters, 51. This may be solved by means 


of Ex. 50. Or we may take the usual axes, then if «’, y be the 


co-ordinates of P those of Af will be “—— ie = by’) and z ie + by’) | 





+b ‘+8? 
those of W will be — as ed and by feeds Hence the solu- 


tion can be aaa: 52. See Art. 208, 
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CHAPTER XI. 


l. 4° — 32% =— 3a*. 2. <A straight line. 7. Bee 
Arts, 178 and 228. 


CHAPTER XII. 


3. Let a straight line be drawn through the focus mecting the 
hyperbola at P and p and the asymptotes at Q and q; then it may 
=< (e? — 1) 2a sin’? a 2a sin a sin 6 
pean = cos cos*a — wos a — cos’6 








cos*a — cos’6 ' 
and the required a is half the difference of Pp ana Qq. 
4. Take the centre of the circle as tho origin, 4B as the axis 
of x, and a diameter parallel to PQ as the axis of y; then the 
locus is given by the equation y*?=2"-—a’, and is therefore a 
rectangular hyperbola referred to conjugate diameters. 9. By 
Example 53 of Chapter vit. wo shall obtain tan a = ve Ree : 
thus (h +a)? tan’a =k? — 4ah ; therefore (h + a)* sec’ a = i + (h— a)’. 
10. Both tho diameters must meet the curve; it will be found 
that this requires the conjugate axis to be greater than the trans- 
verse axis, 


CHAPTER XIII. : 


1. Tho equation may be written (2 — 2y) (x -— 2y — 2a) = 0, and 
therefore represents two parallel straight lines; a straight line par- 
allel to them, and midway between them, will be a line of centres. 


2 b=, h=$. 3 Twoparallel straight linc, 4. A 
parabola. 5. An hyperbola if the angle A is less than 7 oe 
an ellipse if it is greater than * g?® straight line if it is equal to. 
6. The equation to the hyperbola is a’y* = a°b* — 4ab*x + 35°a* ; the 
asymptotes are determined by the equations ay = = ( — =) b /3. 
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8. The locus is then a straight line which coincides with the 
2 

equal axes. 10. Use Art. 205. 11. Y » 13. Tan” 

M4. fay +2 /(86)}"— 2aff'x— a? (8 + f’)y + a°BB’ = 0. 

17. (1) Acircle about the other focus of the given ellipse as 
centre; (2) an ellipse about the other focus of the given ellipse 
as focus, and having the same cxcentricity as the given ellipse, 
18. The equation is (y— 3x41) (y—22+4)=0, and therefore 
represents two straight lines. 24. Use the result given in 
Example 06 of Chap. vii. 26. The equation may be written 


(+ y? + ay J/2-a*) (c+ y'- xy Jl-a’). 0 
97. Take AB and AC as axes of w and y. Let the angle 


PBA and the angle 12C'A bo each equal to a, and the angle 
BAC =. Let «x and y be the co-ordinates of 7’; then 


pp? ye x sith 
sina SIU 
And BC? = BP? + CP? -2BP.CP cos BPC. 2k. Tuke the 


given point as the origin, the common tangent at that point us 
the axis of y, and the diameter through that pomt as the axis of 
z. Then the equation to the parabola will be of the forin ’ =: deg, 


: C ° 
and the equation to the other tangent y =: me + ee where mm is con- 


stfnt for all the parabolas. Whatever be the value of ¢ the point 

of contact is on the locus 9° = 4am(y- mx), which is obtained 

by eliminating ¢; that is on the locus (y— Zac)’ = 0. 29. We 
i? 

may take for the equation to the cllipse y ta (2am — x"). Let 


(x’, y’) be w point on it; then the equation to one of the straight 


pal 


’ 9 ; : 
lines is y + 26= Bie 2; put y=0, then a= : this gives 


ba: 
y + 2b" 
the length of one segment. The length of the segment at the 
2h (2a — x) 

y’ + % 


the length of the third segment ay nt 30. Tuke one of 


other end of the major axis will be — ; and therefore 
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the ellipses, and refer it to its equal conjugate diameters as axes, 
the axis of x being that which passes through the fixed point. 
Let C be the centre of the ellipse, P the point of contact of the 
tangent from the fixed point, PM the ordinate of P: then it 
may be shewn that Jf is a fixed point and MP a constant length. 


31 (Fo ) = OF EE iy Avmo0e aid ie Ais 


70) ~~ SQ. HQ SQ QR’ 
WTP PR 
and UO" QR? by Art. 158. 32. Refer the ellipse to rect- 


angular axes with P as origin and PK as the axis of x The 
equation will be of the form az’ + bay + cy?+de+ey=0. ‘hen 
the equations to /Q and PH will be of the form y= me and 
y=—mz. The equation to Qk can now be obtained ; it will be 
found to be 


x (ebm? — edm? — da) + y (ca — bd + ecm’) + e’m? — d? = 0. 
This may be written in the form 
{a (eb — ed) + yee + e*} m? — {ada + y (bd — ea) +d! -:0, 
so that the straight line always passes through the point de- 


termined by x (eb-cd) + yec+e’= 0 and zda+ y (bd -ea) +d? = 
See Art. 77 


CHAPTER XIV. 


2. Each locus is an ellipse. 4, 5, 6. Use oa! eauption 


in Art. 294, 7. The equation to the ellipse is as val; 
the equation to the chord of contact is —, i Be 1; hence the 


equation +2 = + 4 represents some locus passing through 
the points of eae 10. The equation to the hyperbola 
is (y — k) Ba = (x—h) a’y. 12. Let yx’, y” denote the two ordi- 
nates which correspond to the same abscissa 2’; then 


y=— be! + /('x"—an"—f), yy" =—ba'-,/(B'x"- ax" f) 
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The equations to the normals are, by Art, 284, 
(y —y') (ax + by’) = (y’ + bz’) (2 — x’), and 
(y — y’) (az! + by") = (y” + ba’) (w~ 2°) 
by addition (a — b*) a’ (y+ 2bz’) + bf=0...(1) ; 
by subtraction } (y + bx’) —(a—b*) v=: 2-2", 
therefore a’ (1 + 20° — a) = @— bY... eeccce sees (2). 


Substitute the value of 2 from (2) in (1) and the required equa- 
tion will be obtained. The locus is an hyperbola. 13. Locus 
a dqnic section, which passes through // and 2, and through the 
intersection of the fixed straight lines. 18, A circle having its 
centre on the straight line joining the two points. 1. 


Two 
loci, an ellipse, and a parabola. 20, A cirele, 20. 


Seo 
Art. 293. 26. Use the equation to the parabola given in 
Art. 294, and the equation to the circle given in Example 21 to 
Chap. vi. «29. orsin26=c. 30. abyityiad -a® 32. See 
“Example 30 to Chap. x. 39.) Anellipse, 37, In the first case 
the locus is a circle ; in the second it is a straight line, = 38. A 


: - bis? ? 
circle having its centre at //. 44, wtp 1, 4G. The 
a ae - ; _ mm y 
equation is ¥°= 4a (x — 8u). 50. The straight line - = 0, 


a b- 
bigects the chord of contact, and is therefore paralle) to the axis 
of the parabola; if through the point (a, 0) a straight line be 
drawn making the sume angle with the tangent at that point 
as the axis makes, the focus must be in this straight line: 
y(a+2bcosw)+b(a-a) 0 is the equation to this straight line. 
Similarly we can draw a straight line through the point (0, 6) 
which will also contain the focus. 02. We may take for tho 
equation to one normal y= mx—am-—am’, and for the other 
=m'y—am’—am"; also m’=—m. Then by addition y+2=m(x-y), 
Substitute for m in the first equation and reduce ; thus we obtain 
9a(z+y)=(c-y). 53. We have to eliminate m between 
m (a* ~ 3”) m (a* ~ b*) 


yma Tas mith? OME MYT Ee Tinta SU 
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Square and add ; we shall obtain after reduction 
(a? + b*) (a? — b°)? 


a’? (m Z -) + (at +B) 


Also (y—mz)* (a* + mb") = (my + x)” (m'a* +B’) ; 

by reduction we obtain 
(a*y? — b°2:") (m - -) =— Lary (0? + U")...ccseeeees (2). 

From (1) and (2) 

(a’ 4s b*) (ac" + y’) (a?y? a b*x:*)? ass (a” a b”)? (a*y? ae b7an")*, 

54. Suppose the figure in Art. 192 to represent the isa 
and the conjugate diameters, Take the equation in Example 23 
of Chapter 1x. for the equation to the normal at J, and an ana- 
logous equation for the equation to the normal at D. Let Y 
denote the point of intersection of these normals, and «, y its co- 
ordinates. ‘Then it will be found that 

ax = (a* — b*) sin d cos ¢ (sin ¢ — cos ¢), 

by = (b’ — a’) sin ¢ cos ¢ (sin } + cos ¢). 
Similarly we can determine the co-ordinates of the point of inter- 
section of the normals at P’ and D; denote this point by #. Then 


express the area of the triangle CQR, which is one-fourth of the 
required area, . 


y+ oF = 


55. Take the centre of the square as the origin, and the axes 
parallel to the sides of the square. Then for the equation to the 
circle take 2" +y"= 2a’, and for the equation to the conic take 
y*'—a’?=X(z'—a’). The equation to the tangent to the circle at 
the point (x, y,) is 7,+yy,=2a", The equation to the tangent 
to the conic at the point (2’, y’) is yy’—Axz'=a'(1—A). These 
equations must represent the same straight line. Hence elimi- 
nating A and a, and y, we shall arrive at an equation which deter- 
mines the required locus. It will be found that this equation 
may be written {(x" + y’ — 2a*)} {a* (a? + y'%) — 2x'7 y’*| = 0, 


56. The former part follows from Art. 288. For the latter 
part proceed thus: Let a perpendicular be drawn from H on 
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the tangent 7Q, and let A denote the intersection of this per- 
pendicular with SQ produced. Then SR=SQ0+QRh=2a; and 
TR=TH. We have to find the value of the perpendicular from 
T on SR; denote it by r; then r2a=twice the area of the tri- 
angle 7S. Let 7Y=:¢,, and 7H or TH=c,; then by using the 
known expression for the area of # triangle in terms of its sides, 
we have 4ra = ,/(2c,’¢,' + 8a’c,’ + 8a’c,' — ¢,' —¢,4- 16a‘), This will 
lead to the required result, Or thus: Let @ denote the angle 
between HP and 2'P; then we shall have r= 7? sin 6=7P x 1, 
where CD is conjugate to CP; see Arts. 181 and 193. And it 
thay be shewn by Art, 208 that oF = = + y ] 
CD) a i 

58. Determine the co-ordinates of the points of intersection 
of the tangents by Art. 288; it will be seen that they satisfy the 
given equation, 


CHAPTER XV. 


6. a+ /B+/y=0. 10. The equation to the conic sec- 
tion being [By + mya + nafs :: 0, that to A’B is (m+n)atly=0, 
that to A’C is (m+n)a+/B=0, and that to AB is 
(m rn ee pesea 13. dmut+1=0. 


te 


2 
910 ae i ed re, aecae a Me — 


iis.” My ™, 


“(1 +2!) + 7, + “J +e) +m,) J(L- + mn,*) /(1 +m, a 
or (1+m,') (y-mae- )(y- mgt — | *) —m,)+...=9. 


94. Suppose the focus S is to lie on the straight line 
la+ mp + ny = 0. Let a’, f’, y denote the values of a, B, y re- 
spectively for the other foc H of one of the ellipses, Then, by 
Art. 181, aa’=BR’=-+yy' = the square of the semi-axis minor. Hence, 


20, 


l 
substituting in the given equation we obtain = re # eas ,=0, that 


is, [B’y' + mya’ +naB'=0. This shews that the locus of 1/ is a 
conic section passing through the angular points of the triangle, 


T.C. 8. 23 
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25, It will be found that the conic sections may be repre- 
sented by the equations a 
(1) By-at=0, (2) ya-Bt=0, (8) aB-7'=0. 
Now, (1) may be written f(y +8 — 2a) - (a- B)* = 0, 
(2) may be written y (a + y— 28)-(B—y)*=0, 
(3) may be written a (6 +a—2y) —(y—a)’=0; 


this shews that the tangents to the conic sections at the common 
point are given by 


yt+P-2a=0, at+y—26 =0, Bta-Ivy=0; | 
these three straight lines intersect respectively the straight lines 
a=0, B=0, y=0, 


at three points which all lie on the straight line a+ B+y=0. 
Again, (1) may be written B (y + 4a + 4) — (a + 28)* = 0, and (2) 
may be written a (y+ 4a+ 48) —(@+2a)*=0; and this shews that 
y+4a+48 = 0 is a common tangent of (1) and (2), and this com- 
mon tangent meets y=0 at the point where B +a—2y=0 meets 
it, And so on. 


26. The equation to the first hyperbola is By = 4A” sin’ 4 ; 


similarly for the others. 27. See Art. 274. 


- 


28 and 29. These may be solved by taking oblique axes cojn- 
ciding with the sides of the triangle. For instance, consider 2%). 
We have aa+bB+cy=—absinC. Thus the equation may be 
written enaB — (IB + ma) (absin C+aa+bB)=0; and taking CA 
for the axis of 2, and CB for the axis of y, we have a=xsin C, 
B=ysinC, Substitute for a and B and then to the equation in 
x and y we may apply the ordinary test; see Arts. 272 and 278. 

A 
con’ 5 A 
30. a (aa +bB + cy)’, where S denotes a* cos‘ — +... ; 


2 
see Art. 334. 
31. w(ma’ — i'n) = v (nl’ — n'l) = w (Im’ — Um). 
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32. Let S,=0 be the equation to the inscribed circle, S, = 0 
the equation to the circumscribed circle, these equations not being 
necessarily in their simplest forms; see Art. 110. Then, if & be 
a suitable constant, S,—4&S,=0 will represent the straight line 
required. In this way we shall have 


A B 
a” cos‘ 5+ B? cos* zt y' cos* : — 2By cos’ : cos" 4 


3B 


Ce 3A A 
~ ya cos’ Fy cos” 5° 2a8 cos* = cos 9 


9 


a 


—k(Bysin A+ yasin B+ af sin () 
=(aa + bB + cy) (la + mB + ny), 


where J, m, n, are to be found. Then by comparing like terms we 
can find /, m, n. 

+ na 
b 
represents a diameter ; for this equation reprosents a straight line 
passing through the intersection of the tangents at A and #, and 
through the middle point of AZ. Hence the centre of the conic 

oe pee + l +/ 
section is determined by ast = J Pes = eee ; and then 


the required equation can be found. It is 


33. It may be shewn that the equation sl = ly 


m (al —bm-+en) 1 (al+bm—cn)’ 


34. Assume for the required equation y= constant, thut is 
y=k(aa+bB+ cy). Then by applying the result of Art. 322 we 
shall obtain for the required equation (lb + ma) (aa + 6B) — naby = 0. 
36. It may be shewn that the equation to the conic section is 


if + a + oF 0: then apply the condition given in Example 29. 


37. The Example depends chiefly on the fact that a straight line 
can be drawn through the intersection of PA and QS so as to bisect 
both PQ and RS. 38. It may he shewn that the equation 
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to the secant through the points (¢’, u’, v', w’) and (t”, u”,.v”, w”) 
is (¢—¢') (u—w”’) ~ (v—v’) (w— w”) = tu— vw; from this we can ob- 
tain the equation to the tangent. 39. Since the conic 
section touches a=0, B=0, and y=0, we may assume for its 
equation ,/(la)+/(mB)+ /(my)=0; then apply the conditions 
given in Art. 322 under which the conic section touches the other 
sides. 40. It may be shewn that the expression for the 
length of the perpendicular on DF from the point (a, B, +) is 
asin A + ies B—ysin 
28inC 
line which bisects the angle EDF is 


. Hence the equation to the straight 


asinA+BsinB-ysinC asin A — - sin B+ ysin@ 


1 Aare ae Nae at etn oem = Saemen = 


sin C ~ 2sin B 


41. J(aa)+,/(bB)+ J/(cy)=9. 42. The equation to the conic 
section may be taken to be aB=ky’; and the equation to the 
straight line ?Q will be a-B--0. The equation to the chord 
will bo a—B=i’y. Thus k(a—f)’=k%aB will represent the 
straight lines joining ? with the points of intersection of the chord 
and the conic section, From the symmetrical form of the last 
equation we infer that one straight line makes the same angle 
with the straight line a=0 which the other mekes with the 
straight line B = 0. 


CHAPTER XVI. 


1. See Example 35 of Chapter xrv. 2. Suppose the conic 
section to be an ellipse. Let S denote the point of contact of the 
plane with the sphere which is between the plane and the vertex 
of the cone ; and let J/ denote the poitit of contact of the plane 
with the sphere which is on the other side of the plane. Join any 
point P of the conic section with S and #/ and with the vertex 0: 
then we shall shew that SP+PH is constant. Since all tan- 
gents to a sphere from a given point are of equal length, PS is 
equal to that portion of PO which is between P and that 
point of PO which is common to the smaller sphere and the cone, 
Similarly PH is equal to that portion of OP produced which ia 
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between P and that point of OP produced which is common to 
the larger sphere and the cone. Thus SP + P// is equal to the part 
of a generating line of the cone which is terminated by the two 
spheres, and is therefore constant. 

Next, let A be that vertex of the ellipse which is the nearer to 
S. Let T be the point in OA where the cone is touched by the 
smaller sphere, . the intersection of SA produced with the plane 
of contact of the smaller sphere and cone. Then AS and A7' are 
equal, being tangents from A to the sphere, And with the 
notation of Art. 344 we have a ‘ aie a a : .  There- 


g 


A 4 s e e ° e 
fore AY =- . Thus X is the intersection of the axis of the conic 
€ 


section with the directrix corresponding to 8S. In a similar man- 
ner the other directrix is determined. 

If the conic section is an hyperbola the demonstration remains 
substantially the same. For the Jistory of this theorem see 
Hutton’s Course of Mathematics by T. 8. Davies, Vol. 1. page 208, 

3. In Art, 344 if the section be a parabola, it will be found 
that the latus rectuin varies as OA. Hence so long as we keep to 
sections perpendicular to the same plane OBC, the required locus 
consists of two straight lines passing through O. Thus on the 

Whole the locus is the surface of a certain right cone which has 
the same axis and vertex as the given cone. 

6. BycosA+yacos B+aBcos(’=0. 7. Take the figure of 
Art. 292. Let u=0 denote AC, v=0 denote BD, w=0 denote 
EF; then we may assume lu+mv=0 as the equation to FG, 
and lu +mv+nw=0 as the equation to FA, Then by Arts, 358 
and 359, the equation to FB is lu+mv—nw=0. It may now be 
shewn that lu — mv + nw = 0 denotes EC, and that mv + nw — lu 0 


denotes £'ZB. 


CHAPTER XVII. 
2. It is easily seen that the triangle ACL is the projection 


ade 


of a triangle of constant area in a circle. Since the area of a 


triangle is half the product of the base into the perpendicular 
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from the vertex on the base, the result may be put in thig form : 
the length of the perpendicular from C on PD varies inverwely as 
the semidiameter parallel to PD. 8. This is to be considered 
in the first place with respect to concentric circles and rectangles. 
Let C denote the centre of the circles, Z a corner of the in- 
scribed rectangle, so that Z is on the circumference of the inner 
circle. Let 7 be the radius of this circle, and & the radius of the 
outer circle; let « and y be the co-ordinates of Z. Draw through 
L a straight line parallel to the axis of x meeting the outer 
circumference at MM, and a straight line parallel to the axis of y 
meeting the outer circumference at V. Complete the rectaygle 
of which LA and LN are adjacent sides; and let P denote the 
other corner of this rectangle. Then the abscissa of M is 
»/(2?— y"), and the ordinate of WV is ,/(#?— 2"); and these are 
the co-ordinates of P. Thus CP? = A -—2°+ Ht-y'=2R'— +r"; so 
that the locus of P is a concentric circle, the radius of which 
is independent of the original rectangle. 


THE END, 
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